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The usual random-phase approximation combined with an equations-of-motion technique for the many- 
electron problem is extended, yielding many of the known results of series summation methods in a straight- 
forward manner. The method should apply to other types of many-body problems as well. 





INTRODUCTION 


N recent years the approach to the ground-state 
problem of the free electron gas known as the 
‘“‘random-phase approximation”! (hereafter called RPA) 
has been vindicated by rigorous partial summation of 
perturbation series.2~’ It was shown, particularly in 
reference 3, that at high electron densities the dominant 
term in the correlation energy may be derived either by 
formal summation of the most divergent integrals in the 
expansion in powers of the interaction parameter, or 
else by a consistent application of the RPA. 

However, the summation methods have also answered 
questions that are out of reach of the ordinary RPA. 
Two cases in point are the damping of plasma oscilla- 
tions,’ and the Du Bois result for the ground-state 
energy of a free electron gas.* Similarly, the result of 
Gell-Mann for the specific heat of an electron gas is 
inaccessible from the RPA, which would predict only 
the Hartree-Fock single-particle exchange correction 
with its logarithmic singularity near the Fermi surface, 


* National Science Foundation Predoctoral Fellow. 

'D. Bohm and D. Pines, Phys. Rev. 92, 626 (1953). 

2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957). 

3K. Sawada, Phys. Rev. 106, 372 (1957). 

4K. Sawada, K. A. Brueckner, N. Fukuda, and R. Brout, Phys. 
Rev. 108, 507 (1957). 

5 R. Brout, Phys. Rev. 108, 515 (1957). 

® G. Wentzel,-Phys. Rev. 108, 1593 (1957). 

7 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957); 
A243, 336 (1958) ; A244, 199 (1958). 

8D. F. Du Bois, Ann. Phys. 7, 174 (1959); 8, 24 (1959). 

® M. Gell-Mann, Phys. Rev. 106, 369 (1957). 


and hence zero specific heat." This paper demonstrates 
that at least some of these defects of the RPA can be 
remedied by extending it just one step." Specifically, we 
demonstrate that the extension reproduces the result of 
Du Bois® for the ground state energy, and the result of 
Gell-Mann’ for the specific heat of a degenerate electron 
gas. 

Our procedure is based on the well-known fact that if 
O is an operator such that its commutator with the 
Hamiltonian Z satisfies 


[H,0]=00, (1) 


then Og is an excited eigenstate of the system, with 
excitation energy w above the energy of the true ground- 
state Wg. This is seen by operating on yg with both sides 
of Eq. (1). As an example, one may consider the motion 
of a hole in an existing electron cloud. In that case, w (or 
rather its derivative), as the momentum of the added 
electron approaches the Fermi momentum, is the 
quantity needed in a calculation of the specific heat. It 
then seems natural to try for O the operator C, which 
destroys an electron with momentum 2." One then finds 

10 The ordinary RPA, when used to decompose the electron 
motions into collective modes and screened single-particle motions, 
will of course lead to an at least qualitatively correct modification 
of the Hartree-Fock energy ; the point here is that the RPA applied 
directly to the motion of an excess electron (or hole) does not. 

" H. Suhl, Bull. Am. Phys. Soc. 5, 279 (1960). 

12 Actually the spin index, o, can be considered as incorporated 


into the momentum subscript provided we alter the definition (11) 
of the potential to read 


2(pqrs) =4[0(p—r)dcp, c-—0(p— 8)dep, 02 bpiq,r+s: 
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360 H. SUSL 
that the commutator with the kinetic energy part of H 
is consistent with Eq. (1), while the commutator with 
the potential energy is not. We have 


H=>° e.C.*Cy 
k 


2re?* 


1 
eanen cea —Cp*Cu—p*Ci Cy =K+V, (2) 
Qk, k’.p~0 p? 
and 
4tre? 1 
[H,C,]= = €,C,-+—_ _ —Crip*CripCr. (3) 


QQ &.px0 P 


In fact, only in trivial cases is there an exact relation 
like (1). The ordinary RPA now proceeds by retaining, 
of the offending triple terms, only those which may be 
“linearized,” i.e., those in which the momentum sub- 
script of one of the two C’s coincides with that of the 
single C*. The resultant combination is replaced by its 
expectation value in the ground state. Equation (1) then 
takes the form 

dre? 
w=—e,+— D> m,,/P=— en’. (4) 


Q px0 


The expectation value m,,, in the true ground state is 
not known. Therefore, it is usual to make the further 
approximation that the n’s may be replaced by their 
values appropriate to the ground state of the non- 
interacting gas, that is by unity below, and zero above, 
the Fermi surface. The excitation energy then becomes 
equal to the ordinary Hartree-Fock separation energy. 
A familiar difficulty now results: The sum has a deriva- 
tive with logarithmic singularity when 4=k,y, the 
Fermi momentum, leading to a zero in the density of 
states and therefore zero specific heat. The reason is of 
course that the Coulomb interaction should be shielded 
so as to yield a finite limit as p > 0. The work of Gell- 
Mann based on a summation of selected terms in a 
perturbation series, effectively produced a shielding. 
On the other hand, we may also remove the difficulty 
by retaining in the commutator (3) not only the usual 
RPA terms, but also all the residual terms of the form 


Crrp*Cruy pC; k¥2, (5) 
as well as the fluctuations, 
br pCr= (mr4p—Crrp*Crsp)Cr, (6) 


about the RPA terms normally retained. Next we form 
the commutators of these quantities with H and demand 
that they be, respectively, equal to wCx4p*Cr4pCx and 
w6ny4~C,, for reasons to be explained presently. Con- 
sider first the commutator 


(ACuy "Crt »Cx]. 


The kinetic energy portion of this commutator is again 
simply proportional to Cxi)*Cx4,Cx. But the commu- 
tator with the potential energy leads to a superposition 
of terms of the form C*C*CCC. At this point we make 
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what may be termed the “second random-phase ap- 
proximation” in the following way. Of the quintuple 
terms C*C*CCC we retain only two restricted classes: 


I. Terms in which the momentum subscript of one of 
the C*’s coincides with that of one of the C’s, replacing 
this C*C combination by its expectation value m in the 
true ground state. 

II. Terms in which the total momentum (i.e., the 
sum of the subscripts) of two C*’s equals the sum of the 
subscripts of two C’s. Any such C*C*CC combination 
will in general have a nonvanishing expectation value m 
in the true ground state, since it carries zero net 
momentum. 

Procedure I leaves us with triple terms times average 
occupation numbers, which product may be regarded as 
the “reaction” of the medium. Procedure II leaves us 
with a single C (and because of momentum conservation 
it must be Cy), multiplied by an m number; this we re- 
gard as a “driving” term. All quintuple terms that do 
not conform with I or II are discarded. 

Disregarding the fluctuation terms (6) for the mo- 
ment, we see that the equations 


[H,C) ] = w hb 


; i a — (7) 
[H,Cu+p*C +p « |= wl k+p °C d+ pt ky 


form a closed system, quintuple terms having been dis- 
carded. We may solve the second of Eqs. (7) for the 
triples in terms of the “driving” term C,, and substitute 
the solution in the first of Eqs. (7). We thereby obtain 
a new quasi-energy ¢€,’ (or in the general case of a 
bounded system, a quasi-Hamiltonian). The new e&)’ 
turns out to incorporate the correct shielding and yields 
a density of states in agreement with the series result of 
Gell-Mann. 

The fluctuation terms turn out to have no effect on 
the shielding problem. Should they be needed in more 
general cases, they can be included by supplementing 
Eqs. (7) with 

(Hbnrx4Cx J=womrs Cr, (7’) 
and manipulating the commutator according to rules I 
and II. Then Eqs. (7) and (7’) allow triple and fluctua- 
tion terms to be eliminated in favor of the single hole, 
again yielding a quasi-energy or Hamiltonian. 

Two different types of m values may be distinguished 
under rule IT: one in which the subscript of each of the 
two C*’s is exactly matched by the subscript of one of 
the two C’s, and another (more numerous) type in 
which the restriction is merely to net momentum zero. 
The former class is simply the product of two m numbers 
(corrected for fluctuation), and m’s of this type will 
always be finite even in the limit of vanishing inter- 
action. The latter type differs from zero only in the 
presence of the interaction. It will be shown that the 
series results for the specific heat and the Du Bois result 
for the ground state energy follow only if such averages 
are neglected. For the superconducting case, on the 
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other hand, the inclusion of such averages is of the 
essence (see Conclusions), since some of them have the 
form (Cu*C_xu*CyC_x). 

One may ask what meaning is to be attached to 
solving for an operator C*CC in terms of the operator C. 
This procedure is purely formal ; what is really meant is 
that the Eqs. (7) and (7’) are to be diagonalized by 
forming appropriate linear superpositions of C, C*CC, 
and 6nC. The coefficients in the superposition turn out 
to satisfy exactly the same Eqs. (7), (7’), but with the 
matrix of the whole set replaced by the transposed 
matrix. Our procedure thus amounts to “dressing” the 
state Ci with triples, etc.; in this sense it is a version 
of the Tamm-Dancoff method, but a Tamm-Dancoff 
method that considers excitations above the true ground 
state, not the Fermi state. Beginning with the Fermi 
state, in fact, gives results that in the first few orders do 
not agree with the series results. 

A remark about self-consistency is in order here: We 
have spoken of averages (C*C) in the ground state as 
though these were known. In actual fact, we take them 
to be occupation numbers appropriate to the non- 
interacting gas, wherever we expect the result for 
physical reasons to be insensitive to deviations from 
these numbers. But there exists the possibility of doing 
better, at least in principle. We note that (C*C) is the 
overlap integral of CWq¢ with itself. Now Cyz¢ is not an 
eigenstate of the system, but it may be expanded in 
terms of the eigenstates (C+3> C*CC)¥q of set (7) 
[supplemented by (7’) if necessary ]. Then (C*C) is just 
the sum of the squares of the expansion coefficients. 
These, however, are themselves nontrivial functions of 
(C*C) and so a set of self-consistent, nonlinear equations 
for these averages is obtained. Similar remarks apply to 
averages such as (C*C*CC) which are overlap integrals 
of CCW. These are expansible in terms of eigenfunctions 
made up of two holes, two holes with an electron-hole 
pair, etc. No attempt at solving such self-consistent 
equations is actually made in this paper. 


SPECIFIC HEAT OF THE ELECTRON GAS 


As the simplest specific example of the method out- 
lined in the previous section, we may calculate the 
single-particle excitation energies of a degenerate 
Coulomb gas. This spectrum finds application in com- 
puting the specific heat of the gas, which is inversely 
proportional to the derivative of the separation energy, 
or single-particle energy at the Fermi surface. We show 
that our method reproduces the well-known results of 


w[ tx—C(k; k) ]C,=(A, (m.—C(k; k))Cy] 
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Gell-Mann. We also investigate in detail the fluctua- 
tions of number operators from their expectation values, 
and justify for large systems the contraction of these 
operators described above. 

It proves convenient at this point to alter the notation 
slightly. We write the Hamiltonian for this problem 


H=> exC(k; k) 
ae ES 


ki kokgk, 


o(ki kok sk,)C (kik. ; ksk,). (8) 


We further adopt the notations 
C(pq---; rs---)=C,*C,*---CiCy- +; (9) 


e(pq:-+; 1r8---)=e,teqgt:::—&r—&s—***,> (10) 


where e, is the kinetic energy p?/2m; 
o(pqrs)=}[0(p—r)—0(p—S) prqres, (11) 


where v(p) is the Fourier transform of the two-body 
potential, which for the Coulomb interaction with 
neutralizing positive background is given by 


v(p)=4rei?/Qp? if px¥0 


=0 if me 


p=0. 


The volume of the system is denoted by . Spin indices 
have been ignored for notational simplicity.” 

We choose to consider the effect of an added hole, of 
momentum 2. The equation of motion (1) for this hole 
in our new notation becomes 


wl = (H.C) ] = £)C) + 2 V(AA AAs IC (Ay ; A2r3) 


AlAgAs 


=—[e—d mo(k—2) 1C, 


+ | De v(A1—As)C (A; A2r3) 


A A2A3 


-— > o(k—2)[.—C(k; k) ]C,, (13) 


where the prime on the summation means 4:4 A243. 

The approach to this equation of the usual RPA, and 
its attendant difficulties, were discussed in the previous 
section. To extend the RPA we write equations of 
motion for the remaining terms in Eq. (13). We first do 
this for the last term, which involves the fluctuations of 
C(k; k) about its mean value. The equation of motion 
reads 


= [.—C(k; k) |[- @,C,+ : is V(AAaAvAS)C (21; Aor3) | 


AiA2A3 


a > 


v(kikoksk,) (5%, «;—d«, &3)C(Kiks; Ksky) JC,. (14) 


k) kokgk4 


Since we expect the fluctuation to be small, we need only calculate it approximately ; making contractions on the 
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right-hand side of Eq. (14) is thus assumed valid. We further discard all remaining terms involving the product of 
five creation and destruction operators as being of higher order. The resulting equation becomes 


[e,tw lL, —C(k; k) l¢ *»\=-(1 —Ny— Ny) Lx v(AkAL23)C (k; ors) 


AgAs 


+2(m~e—my) d> 0(AAKAs)C (21; kAs) +04 (2~—1)0(k—A)C). 


(15) 


AAs 


Substituting the resulting expression for the fluctuation into Eq. (13), we find 


v(k—2)(2n,—1) 
wl, = —1e,—T mv(k—2)] 1 Cy 
« €,+w ad 


eB v(A1— Az) 1-— 
hod 


l 


2(ny—ny)v(AAkKAs) + (1 -—i,.— Ny) (A-— 1) 


nine C(A1; reds). 


But since in a cube of side 2!; we have p>707-!, and since 
~ 


Qe, +o mv(k—2)~eke/h, 
P 


therefore 


(17) 


v(p)/(ex+w)SQ-*h/ke~N 


Thus for a large number of electrons, NV, in the system, the fluctuation terms are negligible. From now on, therefore, 
we will feel justified in making contractions whenever possible. 

Turning now to the remaining term in Eq. (13), we write an equation of motion for a particle-plus-pair excitation. 
Evaluating the commutator, making all possible contractions, and discarding uncontractable products of five 


creation and destruction operators, we find 
wC (21; Aods) = LH, C(A1; 22d 
7 


) fe (ar; Ads) — Do ma fo(k— 21) —2(k— a) 


KX C(1 5 Aors) — Do’ 1(AoAghtshey)(1— rx2— 2r3)C(A1; kghkty) — 2 2’ [o(AokoArk,)(ra, 


kak, 


x ¢ ‘( k - ks 


This integral equation for a triple may be substantially 
simplified by noting that it occurs in Eq. (13) multiplied 
by a Coulomb potential factor. Since that factor is 
singular for 4:=2;, to a good approximation we need 
only substitute an expression for the triple valid in this 
region. Thus, retaining in its kernel only terms singular 
as 41—%3 — 0, our equation for a triple now reads 


[e(a1; doA3) —w |C(a1 } Aor ) 


SS v(A1:—As) (ay—marsz)C (ko; Ack«) 
kok, 


+0(21—As)[Mr2(Mrx1—Mr3)— Mr (1—mMrz) ICy. (19) 
An additional, somewhat ad hoc, justification for the 
approximations leading to Eq. (19) comes from noting 
that the Hartree-Fock separation energy has an infinite 
derivative because of the singularity of the Coulomb 
potential in the exchange term; if the potential were 
shielded, the specific heat would be finite. In obtaining 
the approximate Eq. (19), we have in fact discarded 


)— 0 (gk odiky) (7201—1r3)C (Keo; Kyde) | 


kok, 


— 20(A1AALAS)[ a1 (1— wr2— mr (18) 


only terms which do not contribute to shielding the ex- 
change self-energy. If we further restrict ourselves just 
to calculating this shielding, so as to obtain consistently 
the lowest order nonzero specific heat, then we must 
also discard the terms in Eq. (19) of the form n(1—n). 
These latter terms, furthermore, lead in Eq. (13) to one 
higher power of the coupling parameter e than the 
others. Although the potential factor in them is not 
shielded in this order, it is anticipated that retaining 
quintuple terms in Eq. (18), at least to lowest approxi- 
mation, supplies the desired shielding. 

In this event, Eq. (19) can be solved algebraically: 
Dd C1; Aer) 


AAs 
= 1d20(A— Ao) X (A2,2)/[ 1 — 0(A— Ao) x (22,2) | 
where 


X (22,2) = d> (mrar— rsz)/Le( a1; Avdrs) —w |, 
AiA3 
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the summation being restricted by the condition 4+ 
= A2+ 3. 
Substituting this result into Eq. (13), we find 


wC),=—{e,— >> mo(k—2)/ 
k 
[1—v(k—2)x(k,a) ]}C). 


Thus the exchange self-energy is indeed shielded, x 
being nonzero for k= 2. 

In order to match explicitly this expression for w with 
that of Gell-Mann’s paper,’ we must retain in a con- 
sistent manner only the same low orders in the coupling 
as is done there. This involves the approximate re- 
placements: 


(22) 


(a) x(k,2) — x(2,2), (shielding term replaced by its 
value for vanishing momentum transfer). 

(b) w—> —e) in the denominator of x. 

(c) m— its value in the unperturbed Fermi state. 


When these are carried out, Eq. (22) corresponds pre- 
cisely to the result of Gell-Mann. 


THE GROUND STATE VS FERMI STATE 


Point (c) requires very careful consideration. An 
exact evaluation of x would require a knowledge of the 
expectation values my in the ‘rue ground state. Replacing 
them by values appropriate to the Fermi state assumes 
that x is not a very sensitive functional of the actual 
distribution for n’s, At this point we stress the profound 
difference between our present result and what would 
have been obtained had we based the excitations on the 
Fermi state (instead of the true ground state), simply 
diagonalizing the Hamiltonian within the manifold 
formed by Cyr and all states C*CCyr. In that case, the 
formula for x would have read 


- > 


Ai>k PF; A3<ke 


fe(ry > Adz) —w |, (23) 


only “half” the present result. 

This point becomes particularly striking in the case 
of an attractive potential. The equations of motion for 
“Cooper pairs” Cy*C_y*, when operating on the true 
ground state, lead (in the ordinary RPA) to a charac- 
teristic equation for a collective root w. The charac- 
teristic equation depends on the distribution of n’s; if 


fe 
e*? \ 2r 0 


e de”? 1 
AE=-—lim f -> - 
0 


70 
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x 


dw Im— —3N > (a). 
» 
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these are taken to have Fermi values, the possible roots 
w are +in, where 7 is real. This indicates that the Fermi 
state is unstable against addition of two particles. On 
the other hand, diagonalizing the Hamiltonian within 
the manifold of all states Cy*C_x*~r leads to bound 


eigenstates of the kind discovered by Cooper.” 


GROUND-STATE ENERGY OF THE ELECTRON GAS 


A further example of the application of the extended 
RPA to the electron gas problem is the computation of 
the ground-state energy. It is well known" that this 
quantity may be obtained from the spectrum of single- 
particle excitations by a suitable integration with re- 
spect to density, but for our purposes it is more in- 
structive to investigate ground-state properties by the 
equally well-known" method of calculating the dielectric 
constant, in which the ground-state energy, for example, 
is related to the response of the system to a given im- 
posed change in density. Both approaches are especially 
suited to, and in fact necessitated by, the equations of 
motion technique we are using, which can only yield the 
spectrum of excited states above the correct, but not 
directly calculable, ground state. 

Specifically, we apply by external means a density 
wave a(A) expli#—(X-r—wt) ]+cc of wave number \ 
and frequency w. The interaction of this density wave 
with the gas leads to an additional term in the 
Hamiltonian 

v(2)A > C(k—4; k)+ cc, (24) 

k 
where 
A=a(aje-iat, 

A dielectric constant €(2,w) is defined by Noziéres and 
Pines'® as the ratio of the perturbation to the total 
density response with wave number 2, and we shall 
adhere to this definition : 


«(2,w) = A/TA+E. C(a’+2; 2). (26) 
~ 


The difference in ground-state energies of interacting 
and noninteracting systems is then shown" to depend on 
the analytic properties of the dielectric constant through 
the equation: 


1 
(27) 
€(2, wt+in) 


Thus the ground-state energy is obtainable once we have an expression for a density element C(’+2; 2’); but 
this we calculate approximately using the equation of motion method along with contractions, as outlined in the 


18 L. N. Cooper, Phys. Rev. 104, 1189 (1956). 
4 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 
16 P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958). 
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Introduction. Making use of the general formula of the Appendix, 


we (2’+2; 2”) =(H, CX’ +4, 2’) J= (e(a’+-2; AV+D m[v(k—2’)—0(k-—2—2']} 
k 


XC(a’+2; 


x) =—D [0(A)—0(k— 2’) (y-4..— ty) C(K+2; kk) —0(2) (20-4, —1y/) A 
k 


+> v(k—4’) & [C(a’+4, k’; kk’) —C(k+4, k”; 0’k’)). 
ik k’k’’ 


After some algebraic manipulations, we find for the quantity of interest in Eq. (26 


=} 0(2)x(A)A+ DE 0(Au— 


D C(a’ +4; 2’) = —_ 
» 1—v(2)x() AAs 


X((mars +rx—mrz)C (Ai +2; a)- > 


where we define 


x(a)= = (m pra my)/Le(w +a; 2)—w]. (30) 
If the last term in (29) were absent, this would repre- 
sent a linear inhomogeneous integral equation for 
C(’+2.; 2”) ;an approximate solution has been shown’'® 
to reproduce the results of Gell-Mann and Brueckner,’ 
and Sawada and Brout,*~* for the ground-state energy. 
By taking terms of the form C(21+4, 22; A324) into 
account, however, we obtain the higher-order correc- 
tions computed by Du Bois.* 


wC(A12r2; Asr«) = (H, C(a; 


so that 


 # C(a1+2, 2; a3 A= > 
ods el (1 +4, be: a: ree 


v(A2— a) 


XC(As +2; Xz)+[r3(Mr2— rg) — Mr2(1— a4) JC (Ar +2; A1)}. 


3) —[re(1—rxz3— rg) + rgitrg IC (21; As +2u—Az)}, 


1 
af -- —] 
e(1 +2; A1)—w e(da-+2; 43) —w 


(Ar +d, Ae; 200}, (29) 


2 ¢ 


A consistent treatment of the last term is again to 
write an equation of motion for it. However, since it is 
of higher order, we may treat its motion approximately ; 
because of the singular nature of the Coulomb potential 
at vanishing momentum transfer, the term only con- 
tributes strongly for 4:—2; Hence in the 
equation of motion, we need only retain terms promi- 
nent in this region. A further approximation is to discard 
terms which couple the quadruple to itself, instead of to 
pairs; they lead merely to additional shielding, un- 
necessary in the order to which Du Bois has worked. We 
then find, again referring to the Appendix, 


A4— ALO. 


423 Asda) KXe (Aire; Agra)C (Air; Azra) —v(Xo— Xa) { [a4(1 =e Nr2) +n Mr» | 


(31) 


—{ [ri +(tro— 104) +r4(1—mr2) J 


(32) 


The summation is restricted by the condition 2:+22.=As+ Au. 


Inserting this result into Eq. (29), we reobtain an integral equation for the density response. 


However, pair 


correlations which shield the potential at small distances have already been included, so that it is legitimate to 
provide an iterative solution. Substituting on the right-hand side 


v(d) 


Ny'4x— Ny’ 





C(A’+2; WS 


—:A, (33) 


1—v(2)x(2) e(A/ +2; 2’)—w 


we have 
DL C(a’ +2; 2)/AS 
+ 

where 


xM(A)=3 L 
A1A3 


1 
v(a —a9- 
(1-42; )- Ww 
and 


x (2) = 


1 
v(A1— Az) v(an—24)| — — 
(2 


rAgdsd4 +2; “aor 


1—0(2)x(2) 


-— -— —| (Mr14+— 21) (1434+A— Mrs), 
e(As +a; 43) —w 


1 Nr3+r 
e(ast2; 43) — Ww e(As+2:; %'s 


anne ee eR. aio 
FT aax(a) 


1 


x) 
@) ; (34) 


~ (a) 
(35) 


—d3 
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RANDOM-PHASE APPROXIMATIONS 


Equation (34) now matches Du Bois’ Eq. (C2)* if we 
make the identifications 


xX —Q%, 


x2<> —Q®, (37) 


The first two of these correspondences may be verified in 
detail from Du Bois’ Eqs. (1.39) and (A4), provided our 
occupation numbers n are given their values in the 
Fermi state. However, Du Bois does not give an explicit 
expression for Q®, As Du Bois points out, for purposes of 
calculating the ground-state energy in this approximation, 
the effect of Q® (being additive) may be calculated by 
the usual third-order perturbation theory. 

Note added in proof. At the suggestion of Dr. DuBois, 
we re-examined x®), and found that we had omitted one 
contribution to it. This additional contribution is 


xo —(Qo, 


My'4rx— Nye 


. 
— 
w 


e(/+2;24/)—w 


Nip Me Nyy Me 


€(2’+2; 2’)—w ena 
and arises from the need for iterating the term 
C(Ai +A; A.) in Eq. (29) to one order higher than that 
implied by Eq. (33). 

Also we wish to point out a self-consistent set of 
misprints in Appendix C of reference 8. The develop- 
ment following Eq. (C2) reads correctly provided the 
second and third terms within the square brackets of 
this equation are interchanged. 


x{z vth—2)] 
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CONCLUSIONS 


It must be emphasized that in spite of its apparent 
success in reproducing results previously obtained by 
perturbation theory, the present procedure is subject to 
the same criticisms as similar “truncation” methods 
that have been suggested in the past: The “expansion 
parameter” is not given. It is not clear what criterion 
should be used in the decision to terminate the chain of 
equations at a particular stage. Thus the stage to which 
the process was carried in this paper was the lowest 
which contained the results of perturbation theory, but 
it also contained a good deal more. The extra informa- 
tion was not needed in the expansion in the first few 
powers of the interaction parameter, and at this point it 
is not clear in what critical direction the extra informa- 
tion improves the result. However, further experimenta- 
tion with the method may throw light on these more 
fundamental aspects. 

The case of superconductivity may prove particularly 
interesting. Following the Bardeen-Cooper-Schrieffer'® 
theory of superconductivity, one will here retain aver- 
ages, not only of Cy*Cx, but also of Cy*C_y* and C_xCx. 
The ordinary RPA amended in this way has already 
been studied by Anderson.'” For the added particle 


16 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). 
17 P, W. Anderson, Phys. Rev. 112, 1900 (1958). 
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problem it yields two coupled equations for C,* and 
C_,, with excitation energy equal to the familiar square 
root expression. Retention of the terms neglected in 
RPA leads to coupled equations linking C,* and C_, 
with terms of the forms C*CC, C*C*C, C*C*C*, and 
CCC, Eliminating the latter four terms in favor of the 
former two should improve the excitation spectrum. We 
may conjecture what this process means physically by 
again considering the normal case. There the C*CC 
terms were driven by C), and in solving for C*CC, the 
sums were replaced by integrals. Then, as a first ap- 
proximation, the energy was replaced by the uncor- 
rected energy ©) in the solution. The replacement of 
summation by integration picks out the collective re- 
sponse of the medium to C) (it is easily seen that in the 
approximation of section two, the corresponding natural 
frequency is the plasma frequency plus a single-particle 
frequency) and the replacement of w by ¢, means that 
the collective response is being driven “off-resonance,” 
resulting in the shielding of the exchange terms. In the 
same way, in the superconducting case the correction 
will stem from an off-resonance excitation of a collective 
response to C,* and C_,, the relevant modes being 
combinations of single-particles with the collective 
modes considered by Bardasis and Schrieffer.'* 

Finally we note that the present method resembles 
the Green’s function method of Martin and Schwinger.” 
It also is closely related to the density matrix method of 
Ehrenreich and Cohen.” In fact, the results in the pre- 
sent paper can also be derived by writing down the equa- 
tions for successive partial traces of the density matrix 
in an m representation, stopping at a particular stage 
and replacing elements like (mms --|p|mme'ns’-- -) 
by (mi|p|m1)(noms: ++ |p| me'ns’---). However, these 
authors carry their procedures only to the point reached 
by the ordinary random phase approximation, 
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APPENDIX 


General Commutator with Contractions 


In this Appendix, we exhibit a general formula for the 
commutator with the Hamiltonian of a product of 
creation and destruction operators, arbitrary except for 
the requirement that all indices shall be distinct (no 
contractions possible), In the resulting commutator, we 
make all possible contractions, that is, isolate all terms 
in which a C* and a C have the same index and replace 
the operator product C,*C; by the number my. With the 


18 Bardasis and Schrieffer, International Conference on Many- 
Body Problems, Utrecht, 1960 (to be published). 

1” P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 

2% H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 
J. Goldstone and K. Gottfried, Nuovo cimento 13, 849 (1959). 
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commutation and contraction operations performed, we find 
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The notation ---();:--, and ---( );---, means: Re- 
place Cb; by Cy, and by (—1)', respectively 

It is of interest to note the three types of “reaction” 
terms in Eq. (A.1), which have been enclosed in square 
brackets. If an iterative solution for the corresponding 
integral equation is written down, and the iterations clas- 


sified diagramatically, then these three sections of the 


‘by)}. (A.1) 


kernel lead to three different types of diagrams. The 
first, involving the sum i<j to M, produces only 
particle-particle scattering, the second (i<j to NV) only 
hole-hole scattering, and the third only particle-hole 
pair scattering. In the case of the Coulomb potential, 
we have seen that only the third type of term plays an 
important role, since it alone contains the dominant 
singularity for small momentum transfers 
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It has been possible to observe the occurrence of diamagnetism in active discharges by measuring shifts in 
spin absorption resonance frequencies of foreign substances located near the plasma. Narrow spin electronic 
resonances in DPPH have been used to show that the magnetization of a gaseous discharge in low-pressure 
mercury vapor increases linearly with applied magnetic field up to about 40 gauss, where maximization 
occurs. Observation of the phase change in the Larmor precession of protons in a strong homogeneous field 
showed that the diamagnetism in a modified Penning ionization gauge (P.1.G.) discharge increased linearly 
with power input and decreased approximately as 1/H. Irradiation of the plasma with high-power micro- 
waves with frequency near the free-electron gyrofrequency resulted in an increase of diamagnetism of the 
discharge. The discharge magnetic moment ranged from —0.001 to —0.32 erg/cm*-gauss, depending on 
experimental conditions. The sensitivity of the nuclear resonance technique is one part in 10°, and it permits 
observation of diamagnetism to be deferred until the discharge is over. The theory of plasma diamagnetism 


is summarized. 


I. INTRODUCTION 


E report here the results of an experimental 
study of the diamagnetism of gaseous plasmas 
immersed in magnetic fields. This diamagnetism arises 
principally from the electronic component of the 
plasma, the ionic contribution being negligible except 
under special high-energy conditions. In a brief survey 
of the theories on plasma diamagnetism, we shall show 
that the energy density of the plasma may be inferred 
from experimental data. The purpose of this work is 
therefore to gain further understanding of the plasma- 
medium and to establish the potentialities of plasma 
diamagnetism experiments for diagnostic means as well. 
Although the individual free electrons of either a 
metal or a gaseous plasma immersed in a magnetic 
field have orbital magnetic moments given by 


M,=—mV ?/2H=—W,/H, 


where V2=V2+V,?, W, is the transverse electronic 
kinetic energy, and H, the magnetic field, is directed 
along the z axis, it is incorrect to conclude that a 
macroscopic ensemble of 7 electrons per cm* in a metal 
or a plasma must possess a moment m times as large as 
that in Eq. (1). Bohr' argued that the large magnetic 
moment of the free electron gas in the interior of a 
metal which was then thought to be classical — kT ./H, 
(W,)=kT, (T.=electron temperature), was exactly 
canceled by a reversed surface electronic currgnt formed 
by those electrons which make elastic impacts with the 
boundary potential of the metal. On this account, Bohr 
reasoned that the moment of such a system must be 
zero. Van Leeuwen? reached the same conclusion, by 


(1) 


~ 
“ 


* Work supported by Air Force Cambridge Research Center. 

+ This article is based on a thesis submitted to the Graduate 
College of the University of Illinois by T. C. Marshall in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

t National Science Foundation Predoctoral Fellow. 

!'N. Bohr, dissertation, Copenhagen, 1911. 

2 J. H. Van Leeuwen, dissertation, Leiden, 1919. See also J. 
phys. radium, 2, 361 (1921). 


noting that the energy of a system of charges is un- 
changed by a static magnetic field. Then, using the 
partition function Z, for a Maxwell-Boltzmann 
distribution 

Z=5 wae, (2) 
t 


where the energies of each of the i states of the system 
are W,, one finds 


0 
M,=nkT—(InZ)=0. (3) 
0H 


The assumption of thermal equilibrium allows one 
to disregard the detailed behavior of the electron 
trajectories near the boundary, since the walls must 
then act like more matter. The absence of a magnetic 
moment in such an “infinite” sample arises from the 
microscopic cancellation of all the random free elec- 
tronic currents in the material. 

Landau,* who recognized that the magnetic field 
provides an axis of quantization for electronic motion, 
rejected the above classical approach. He found that 
the transverse electronic energy, W,, depended on H 
and could assume only the ‘“‘harmonic-oscillator” values 


W.() (4) 


eh 
—(2p+1)H, p=0,1,2,--: 
2mc 


Landau’s equilibrium calculations predicted a small 
moment per electron in the metal compared with Eq. 
(1). One may regard the small ‘“quantum-mechanical” 
moment which he calculated as a consequence of the 
uncertainty principle, which requires that the can- 
cellation of the “volume” and “surface” currents of 
charge angular momentum can be exact only to =h, 

To treat plasma diamagnetism, we must further 
dispense with the restriction of thermal equilibrium; 
this complicates the theory in certain aspects which 
will be summarized below. 


3L. Landau, Z. Physik 64, 629, (1930). 
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II. BRIEF REVIEW OF THE THEORY OF 
THE MAGNETIC MOMENT OF A 
GASEOUS PLASMA 


While several theories*~’ about the magnetic moment 
of plasmas have been proposed, experimental data have 
been too scarce to allow a satisfactory check to be made. 
The first successful experiments were conducted by 
Steenbeck, whose results agree with part of the data 
collected by the authors. However, Steenbeck’s theory 
is questionable and would appear to contradict van 
Leeuwen’s theorem. 

Most theories agree that a plasma in a strong mag- 
netic field must have a diamagnetic moment which 
approaches —nkT./H as H grows large. A good deri- 
vation of this has been presented by Alfvén. Suppose 
the plasma is confined in a discharge tube in a magnetic 
field; if the walls of the tube are removed suddenly, 
the magnetostatic pressure inside the plasma is 
(1+-4:x)H?/4r and H?/4r outside, where x is the 
plasma susceptibility. Neglecting dynamical effects, 
which is valid if particle collisions are infrequent, the 
balance between the magnetostatic pressure and the 
gas kinetic pressure of the electrons and ions gives 


— xH?= (n/3)((mV?);+(me*),.)=nk(Te+T7;), (5) 


which is the desired result. We have taken n=n,= nj. 

Another approach to the “‘diffusionless” plasma may 
be made using the quantum mechanical treatment 
outlined by Van Vleck* and Teller? for metals. If 
diffusion is absent in a plasma, then the effective radial 
electric potential g(r) arising from the density gradients 
and space charge fields caused by diffusion does not 
enter into the particle Hamiltonian, and Eq. (4) 
correctly gives the energy of the electrons. Thus the 
moment per particle is 


ow, hi W, 
agp a _LSgayep aps 
oH 


2mc H 


Van Vleck showed that it was possible to break up 
the average moment for the electronic system into 
separate volume and surface contributions. Summation 
over p and averaging in the equilibrium case gives 
results identical with Landau’s treatment in the calcu- 
lation for metals. However, collisions of electrons with 
walls in a gaseous plasma are absorbing rather than 
reflecting, hence the charge concentration is in general 
very low near the plasma surface; furthermore, unlike 
a metal, both electrons and ions can move tangentially 


4M. Steenbeck, Wiss. Veréffent! Siemens-Werken 15, 2, 1 
(1936). 

5H. Alfvén, Cosmical Electrodynamics (Oxford University Press, 
New York, 1950) 1st ed. 

*L. Tonks, Phys. Rev. 56, 360 (1939). 

7E. I. Gordon, Research Laboratory of Electronics Quart. 
Progr. Rept, July 15, 1957 (unpublished), p. 13. 

8 J. H. Van Vleck, The Theory of Electric and Magnetic Susce pti- 
bilities (Oxford University Press, New York, 1932). 

*E. Teller, Z. fur Phys. 67, 311 (1931). 
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in whatever radial static electric field exists in the 
boundary sheath, and thus the net magnetic moment 
of such motion is zero to the extent that collisions are 
infrequent [that is, we require (v/wy).,<<1, where y 
is the momentum-transfer collision frequency and wy 
is the cyclotron frequency of the electrons (e) and ions 
(i), respectively ]. Thus the surface current is sup- 
pressed, and 


) 


n 
(M,)=— f WalP)f.(dp 
0 


on 
— { —Walp) floras, (7) 
o H 


where f is the normalized distribution function for 
either ions or electrons, and integrals have been em- 
ployed because of the close spacing of the Landau 
energy levels. In our experiments, (W .;)>(W4). The 
advantage of the quantum treatment lies in the fact 
that the energy of an orbiting charge does in fact 
depend on H;; this clarifies some of the misconceptions 
of “classical” arguments. 

Alternatively, it is easy to show that owing to a 
radial gradient in electronic concentration and/or 
temperature throughout the plasma, the microscopic 
azimuthal currents of the particles no longer exactly 
cancel at every point in space (as with Bohr’s model), 
but instead gradually accumulate over the radius to 
yield a net diamagnetic susceptibility given by (5). 

A calculation of the moment where radial ambipolar 
diffusion predominates has been made by Tonks, 
Alfvén, and Allis and Gordon. Allis’ result, which holds 
even for weak H, 


=~ 
i 4 


nk(T.+T;) 1 
li tear ata F ope =e (8) 
H 1+ ».»;/onwni 


where we have assumed H>>4rM. The electrons now 
move in trochoidal paths around H under the influence 
of the potential g(r), rather than the former elliptical 
gyration. However, the field —d¢/dr itself exerts no 
azimuthal torque on the charges, hence the angular 
momentum and magnetic moment of the plasma remain 
unchanged for large H, whether ¢(r)=0 or not. After 
maximizing in magnitude near y,»;~wydexi, the 
moment from Eq. (8) decreases linearly with H to 
zero for H=0. The latter effects arise from the different 
mobilities of ions and electrons, and hence Eq. (8) is 
probably sensitive to the assumptions on diffusion for 
weak fields. In an active mercury-vapor plasma at 5- 
pressure, the maximum of M occurs at ~=50 gauss. 

As Simon” has pointed out, under certain conditions 
electrons in gaseous discharges may cross the magnetic 
field by diffusing along the magnetic lines of force to a 
conducting electrode. This mechanism “short-circuits” 


© A. Simon, Phys. Rev. 98, 317 (1955). 
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the conventional transverse ambipolar diffusion process ; 
the usual restriction that the diffusive flow of charges 
must equalize separately in each coordinate direction 
is replaced by the more general statement that the sum 
of charged particle fluxes over all directions be zero. 
Therefore, by suitable choice of gas pressure, magnetic 
field, and discharge dimensions, it is possible to cause 
¢(r)=0 in the plasma. The transition between the 
strong magnetic field condition (g(r)=0), and the 
weak field region where ambipoiar diffusion predomi- 
nates can be determined approximately by setting the 
time required for an electron to diffuse along the 
magnetic field or transverse to it by the ambipolar 
process equal: 


I? 


mc 8 4 
Hansson ~"~(18364)!(——1) (v.»;)}, (9) 
e R 


where A is the mass number of the ion, and Z and R 
are the length and radius of the discharge plasma, 
respectively." The collision frequency v, will be deter- 
mined by the momentum transfer impacts with neutral 
atoms, because the electronic kinetic energy will be 
high and the degree of ionization low. While our work 
has been done primarily where H> A transition, the most 
significant results for magnetic conditions of plasmas 
in “low” magnetic field (H < Htransition) will be reported 
presently. 

It should not be surprising that for large H the 
magnetic moment calculated from the undisturbed 
orbits of the charges should reduce to that predicted 
by diffusion arguments, since the effective force field 
for electronic diffusion is radial and the creation of a 
purely radial force field cannot alter the azimuthal 
angular momentum of a system of charges. 


Ill. INTRODUCTION TO THE EXPERIMENTAL 
SECTIONS 


Plasma diamagnetism has been observed by detecting 
the disturbance in the magnetic field near a discharge 
tube and on its axis with a small sensitive spin-resonance 
“gaussmeter” probe. In the presence of magnetized 
matter, the magnetic field measured by such a probe 
is given b 

7 (M-n)fo 
B=Heooiest4eM+ f ———_d§ 

s 


r. 
(divM)f. 
- i} ———4V, (10) 
rT 


where n is the unit normal to the magnetized surface 
and #» is the usual unit radius vector. Since the probe 
was located outside the plasma, the term 47M is zero. 
The spin probe will therefore observe only a fraction 
of the maximum change in local field, 4nM, owing to 
magnetic depolarization effects. The data for M re- 


i This derivation is only approximate, and Eq. (9) is not ex- 
pected to be valid for L/RS1. : 
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ported here has had a correction applied (deduced 
from the experimental geometry and/or a separate 
experiment) to compensate for this depolarization. 

From Eq. (7) or (8), taking n~ 10" cm~*, kT =6 ev, 
and H= 10° gauss, we find 44M = 1 gauss, a field change 
which is easily detected by spin resonance methods. 
Field shifts B= 1/10 to 1 gauss may easily be observed 
by electron spin resonance gaussmeters, where the rf 
spin absorption resonance linewidth may be as low as 
<1 gauss; with these methods, an rf frequency of 100 
Mc/sec corresponds to a magnetic field of 36 gauss. 
Owing to the heavier mass of nuclei, magnetic fields 
= 1000-10 000 gauss may be easily explored by nuclear 
resonance methods which, because of the very narrow 
absorption resonance, allow field shifts as low as 10-* 
gauss to be detected. 

Unlike a pickup coil, the spin-resonance probe may 
be easily shielded electromagnetically from the plasma, 
which is often a troublesome noise source in these 
measurements. The spin-resonance equipment can be 
operated in this manner because the changes in local 
magnetic field from the plasma have been made static 
or quasi-static. 


IV. OBSERVATION OF PLASMA DIAMAGNETISM 
IN WEAK MAGNETIC FIELDS 


A few simple experiments were performed under the 
weak magnetic field and ¢#0 conditions with a long 
hot-cathode mercury-vapor discharge plasma. One 
such experiment has been discussed in a previous note.” 
An electron spin resonance was produced in a small 
coil containing roughly 0.1 g of a, a, diphenyl 6 picryl 
hydrazyl (DPPH) ™ placed on the axis and between 
two series-connected discharge tubes located within 
large Helmholtz coils. The magnetic field from the 
latter, up to 60 gauss, was sawtooth modulated repeti- 
tively to allow oscilloscopic display of the spin absorp- 
tion resonance. The DPPH coil formed one arm of a 
balanced rf bridge such as described by Thomas and 
Huntoon.” As the spin system was passing through 
resonance, a pulsed dc plasma was produced in the 
discharge tubes by a specially designed pulser.’ By 
pulsing the plasma at half the field-modulation fre- 
quency, a displacement of the spin resonance peak could 
be observed (Fig. 1). The pulsing sequence was syn- 
chronized to the 60-cps line frequency. The displace- 
ment of the spin resonance resulted from diamagnetism 
in the nearby plasma and was not from currents passing 
through the leads of the discharge tube. This conclusion 
may be easily verified by reversing the direction of the 
magnetic field. The field shift from diamagnetism re- 
verses in sense if the applied magnetic field be reversed, 


whereas the spurious field shift does not. 


122T. C. Marshall, R. A. Kawcyn, and L. Goldstein, Nature 
187, 584 (1960). 

‘8 C. H. Townes and K. J. Turkevich, Phys. Rev. 77, 148 (1950). 

4H. A. Thomas and R. C. Huntoon, Rev. Sci. Instr. 20, 516 
(1949). 

1° R. A. Kawcyn, Rev. Sci. Instr. (to be published). 
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Fic. 1. Shift of the spin resonance field in DPPH from dia- 
magnetism of a mercury vapor argon plasma. Horizontal scale, 
1 gauss/cm. 


Field changes of 1/10 to 1/2 gauss were observed for 
the hot cathode discharge; measurement was made 
photographically by comparing the shift of the DPPH 
absorption maximum with its linewidth. A linear in- 
crease in diamagnetism was observed up to a field =55 
gauss, where a ‘“‘maximum”’ occurred. The value of M 
measured at this point set nkT,=2.8 erg/cm* whereas 
2.6 erg/cm*® was measured using a pulsed Langmuir 
probe technique.’® Theoretical values of ionic and 
electronic cross sections gave v.v;/wy 4oni~3/4 at this 
field and vapor pressure ~ 5u. 

The precision of the above experiment was improved 
by subjecting the spin system to magnetic field modu- 
lation with amplitude considerably less than the spin 
absorption line width. Figure 2 shows a clearly defined 
“maximum” of the plasma magnetic moment for a cold- 
cathode mercury vapor discharge at ~3y pressure. 
The “maximum” has shifted to a weaker field than 
above because of the reduced mercury vapor pressure. 
The magnetization is of course zero at zero field because 
of the vanishing of the electronic orbital angular 
momentum. 


V. OBSERVATION OF PLASMA DIAMAGNETISM 
IN STRONG MAGNETIC FIELDS 


Measurement of diamagnetism of plasmas in strong 
fields is of greatest interest because the plasma energy 
density may be directly inferred uncomplicated by 
collision effects. For these observations, a nuclear 
magnetic resonance (NMR) technique, which can 
detect field changes as small as one part per million, 
has been found convenient. This technique permits the 
observer to measure the plasma magnetization after 
the plasma, the chief noise source in such investigations, 
has become inactive. 

The NMR apparatus is based on a variant of the 
pulsed rf spin flip and nuclear induction method such 
as discussed by Hahn"? and Spokas and Slichter."® 


16 J. F, Waymouth, J. Appl. Phys. 30, 1404 (1959). 
17 —. L. Hahn, Phys. Rev. 80, 580 (1950). 
18 J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959). 
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About 1/10 cm’ of glycerine is enclosed in a small coil 
placed between the polefaces of a large Varian electro- 
magnet (Fig. 3). In the static magnetic field, the protons 
in the glycerine precess with frequency 


Wspins= YH, y=2.68X10' (gauss sec)“; (11) 


if, however, a strong pulse of rf with frequency near 
Wspins be applied to the coil, the proton spins will be 
nutated by H,, the rf magnetic field, 7/2 into the plane 
perpendicular to H in a time 


t' =a/2yH;. (12) 
The rf field, Hj, lies perpendicular to H; in practice, 
the pulse width /’/=5-10 usec for an rf pulse of a few 
hundred watts power. This technique allows the largest 
component of the net nuclear magnetization to be 
observed. 

After this high-level rf signal has been removed, the 
receiver detects the nuclear induction signal from the 
freely precessing spins by a phase detection method in 
which the precession frequency of the spins is compared 
with the frequency of the coherent rf source which 
flipped them. A sizeable decaying audio beat signal, 
with frequency dependent on how far the rf source is 
detuned from spins, can be displayed on the oscilloscope. 
Should the magnetic field change by an amount 6B 
while the spins are precessing, the shift in phase of the 
beat signal is 


0 f yb B (id, 


where 6B persists for an interval r. These concepts are 
illustrated in Fig. 4, which shows the progressive shift 
in phase of the nuclear induction signal when the spin 
probe is located in an appropriate position near an 
active plasma. The nuclear signal persists in meas- 
urable amplitude for several milliseconds, and the 
active discharge, from which 6B is derived, is over 
before the NMR signal decays. The plasma was pulsed 
at half the pulsed NMR frequency (20 pps) to permit 
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Itc. 2. Diamagnetism of a cold cathode mercury vapor plasma. 
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Fic. 3. Block diagram of pulse NMR equipment. 


immediate display of the phase shift on an oscilloscope. 
In the instance illustrated by Fig. 4, the field is 1650 
gauss, and the frequency of the rf source, about 7 
Mc/sec, is within 4 kc/sec of resonance.’ A 5-kc/sec 
low-pass filter improved the NMR signal/noise. 

The plasma was produced in a modified Penning 
ionization gauge (P.I.G.) discharge tube, a section of 
which is shown in Fig. 5. In addition to the electrical 
configuration, the principal features are: (1) the trans- 
verse cylindrical cavity which allows probing and/or 
































Fic. 4. Phase displacement of proton spin induction beat signal 
from a diamagnetic plasma. Discharge current pulse lasts about 
2 msec. 

' For further information, the reader is referred to Tech. Rept, 
No. 8, AF2152, University of Illinois, by T. C. Marshall, R. A. 
Kawcyn, and L. Goldstein (unpublished). 


disturbing 4500-Mc/sec microwaves to propagate 
across the magnetic field through the plasma in a 
geometry which permits the angle between the rf 
electric field and the dc magnetic field to be varied 
continuously, and (2) the demountable metal con- 
struction, which permits ready repair and alteration. 
Currents as high as 5 amp could be passed through 
helium gas at a pressure as low as 10 uw. Operation of 
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Fic. 5. Section of the modified P.I.G. discharge tube. 
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pulsing circuits to display diamag- 
netic phase shift such as given in 
Fig. 4. 
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the tube is little affected by changes in magnetic field, 
for field strengths > 1000 gauss. 

Most of the plasma is located in the electric field-free 
central region of 50 cm* volume, where Langmuir probe 
measurements revealed a flat radial electronic con- 
centration even at rather weak magnetic fields. Con- 
sequently, the plasma magnetization may be replaced 
by an equivalent surface current density, cM. The 
sensitivity of the NMR probe to the plasma 6B was 
determined in situ by observing the change in applied 
field from a pulsed-current copper strap bent to the 
same dimensions as the plasma, with a cathode inter- 
posed between strap and probe. Eddy currents from the 
quasi-static 6B were broken up by slitting the brass 
cathode disks and the anode block, and packing the 
slits vacuum-tight with a nonconducting compound. 
The NMR probe was located between the magnet 
poleface and the cathode on the discharge tube axis, 
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. 7, The dependence of plasma diamagnetism upon 
power input to the discharge. 
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and was surrounded by a Faraday shield (pulsing 
equipment for this part of the experiment is shown in 
Fig. 6). Gas pressure was determined for the noble 
gases with an RCA 1946 thermocouple gauge which 
had been calibrated against a McLeod gauge standard. 

Previous observations’ suggested that the energy 
density in such a discharge should increase linearly with 
the power or current input to the pulsed de discharge. 
Figure 7 shows representative linear dependence of the 
plasma diamagnetism upon power input to the dis- 
charge, confirming the prediction of the theory. The 
largest diamagnetism observed occurred in an argon 
plasma, which implied nkT.< 500 erg/cm*. The change 
in local field from this source amounts to =3 gauss in 
1600 inside the plasma. 

The dependence of diamagnetism (or the energy 
density) upon power input to the discharge and gas 
pressure is shown in the graph Fig. 8. To determine 
whether this dependence of the magnetization is caused 
by peculiar discharge conditions or not, it is necessary 
to make an independent observation of the electron 
concentration as a function of pressure. Observations 
of the discharge current required to produce an electron 
concentration n= 9X10" cm~ as a function of pressure 
(Fig. 9), determined with ~30-kMc/sec probing micro- 
waves, provide a partial verification of Fig. 8. Pulsed 
Langmuir probe studies indicated the electronic energy 
distribution was remarkably Maxwellian, and tem- 
peratures ranging from 50 000°K in argon to 120 000°K 
in helium were measured. A combination of the electron 
concentration and temperature studies showed that the 
energy density from these sources was in fair agreement 
with the values of nkT,, deduced from the diamagnetism 
theory and experimental results. 

Figure 10 shows the typical dependence of the active 
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Fic. 8. The dependence of plasma diamagnetism upon 
gas pressure and power input. 


plasma diamagnetism upon magnetic field. The theo- 
retical 1/H behavior of the diamagnetism: fits the data 
reasonably well; however, only if the operation of the 
discharge tube is relatively insensitive to magnetic field 
changes can the above be valid. In view of our preceding 
remarks, we believe this comparison is justified. It was 
also possible to observe the change in local field while 
the plasma was present using a variation of the simple 
marginal oscillator NMR gaussmeter described by 
Hopkins.” This circuit may be easily tuned to the 
NMR absorption for a wide range of magnetic fields. 
The magnetization can be inferred by the phase change 
of the “wiggles” following a nuclear resonance in water, 
displayed on the oscilloscope by weakly modulating the 
static magnetic field at low frequency. The size of this 
probe is, however, larger than the gylcerine probe and 
the circuit is more sensitive to interference than the one 
discussed previously. 

By inserting an insulating glass sleeve into the dis- 
charge cavity, it was established that the metallic 
lateral walls of the discharge tube had little effect on 
the plasma diamagnetism. 


VI. PLASMA DIAMAGNETISM UNDER THE INFLUENCE 
OF MICROWAVE ENERGY OF FREQUENCY 
NEAR THE ELECTRON CYCLOTRON 
FREQUENCY 


If the frequency of an intense microwave beam is 
tuned at or near the gyrofrequency of the electrons in 
a plasma w=wy=eH/mc, a considerable resonance 
increase of the plasma electron kinetic energy density 


2” N. J. Hopkins, Rev. Sci. Instr. 20, 401 (1949). 


DIAMAGNETISM 





DISCHARGE TUBE CURRENT, amperes 














GAS PRESSURE, » 


Fic. 9. The discharge current required to produce an electron 
concentration of about 910" cm™ in the P.I.G. tube at 1600 
gauss field. 


is to be expected. In principle, an observation of the 
enhanced plasma diamagnetism resulting from this 
source then may be used, in conjunction with other 
independent measurements, to yield data on the energy 
relaxation processes in the plasma. We shall be inter- 
ested in studying this enhancement, which for the 
following treatment will be defined by the second term 
of 


M tota= —( (kT ./H) dc piasmat (Apw/H)rt], (14) 


where Apw is the enhanced kinetic energy density in 
the plane perpendicular to H. 

The absorption of rf energy may be estimated from 
an expression for the transverse rf conductivity o, of 
the plasma near the electron cyclotron resonance: 


-~| v?/w? (1+-wy?/w* + v*/w*) (15) 
; mv (wy? /2®— 1+ v?/w*)?+-4?/e? 





Equation (15) was obtained as a solution of the simple 
Langevin equation, and has the typical resonance form. 
In Fig. 11, a very narrow cyclotron resonance absorp- 
tion profile is shown, which follows Eq. (15) in form. 
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Fic. 11. Simultaneous display of free electron (g=2) orbital 
cyclotron resonance absorption of microwave energy and an 
electron spin resonance in DPPH (g=2.0043), the DPPH located 
in a capsule inside the P.I.G. tube. Horizontal scale, 2.3 gauss/cm. 


This resonance was observed in low pressure air (< 10) 
with an exceedingly low-energy density plasma in the 
discharge tube; there was no shift in the resonance 
frequency eH/mc as the electron concentration was 
increased. Broadening of the absorption resonance was, 
however, much greater than that predicted by Eq. (15) 
on the basis of collisions alone as the de plasma energy 
density was increased to ~10-50 erg/cm*. This is 
possibly due to the Doppler effect of the random 
electronic motions or the interaction of the electrons 
with the thermal radiation field near the cyclotron 
frequency. The latter effect arises from'the broadening 
of the electronic Landau levels from random induced 
transitions, and amounts to 


32% 


Af/ f=—fkT | er|* nn’, (16) 
2.3 


3h 

where |er|nn» is the electric dipole matrix element 
between two Landau states and ff is the radiation fre- 
quency. Equation (16) is approximate because it 
assumes first order perturbation theory and radiative 
equilibrium (which requires an opaque plasma). The 
resonance width from this source is ~ 100 gauss for the 
higher electronic temperatures. 

An increase of the diamagnetism of an existing dc 
plasma was observed with the NMR probe when the 
plasma was disturbed by absorption of microwave 
energy (4500 Mc/sec) radiated by a cw magnetron 
(Raytheon QK 273). Figure 12 shows that the addi- 
tional NMR beat signal phase displacement, corre- 
sponding to a plasma energy density increase, from the 
absorption of ~1 watt/cm* (50 w) of rf is comparable 
with the phase displacement from the existing plasma 
energy density of 200 w of dc power. In this example, 
the NMR pulsing rate was 20 pps, the dc discharge, 
10 pps, and the magnetron, 5 pps. Changes in the dc 
current through the discharge tube when the magnetron 
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was switched on were negligibly small because of a large 
resistance in series with the discharge tube. The pulse 
duration of the magnetron was the same as that for the 
de current discharge, 2 msec. 

Langmuir probe and optical studies of the plasma 
showed that the electronic kinetic energy was on the 
average little influenced by the rf. This is plausible, 
because in a hot, weakly ionized active plasma a small 
increase in electronic kinetic 
paratively large increase in the number (v,) of electrons 
capable of ionization, and therefore a large increase in 
n. This number, m;, is roughly 


2 W;7 
n;/n~ |« haba 
\/ a kT 


assuming a purely Maxwellian energy distribution, and 
taking W;, as the ionization energy for the atom. The 
Maxwell distribution results from the rapid thermali- 
zation of the kinetic energy gained from the rf field. 

In the steady state, since electron loss under these 
conditions is due mainly to diffusion along H, Eq. (17) 
must be combined with the diffusion equation 


energy yields a com- 


(17) 


On/ dt=0= — Dy 2” Vn+ndV3)/Xrj, (18) 


where D,,“™» is the ambipolar diffusion constant for 
motion parallel to H, and the energy conservation 
equation 
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Here, Py; and Py. are the absorbed rf and de input 
power densities, respectively, \.,;,2 and (V.,;,z) are the 
mean free path and average velocity for collision, 
ionization, and excitation; and mn, is the number of 
electrons which may inelastically excite the neutral 
atom of mass M,. If we take as typical experimental 
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Fic. 12. Enhanced phase displacement of NMR beat signal 
from an active plasma irradiated by high power gyro-resonant 
microwaves. Helium gas, pressure 0.2 mm; discharge current, 
0.3 amp. 
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data for helium a gas pressure of 1004, n=5X10"! 
cm=*, Py“fective = 4 watt/cm®, P,.=0, D,,@™ =5x 10° 
cm*/sec, then Eqs. (18) and (19) give W, the average 
electronic energy, =10 ev. Further rf heating with 
P.=1 watt/cm* power density will cause an increase 
of only 2 ev in W, but this increase nearly doubles 
n/N. 

Figure 13(a) shows the influence of the relatively 
high-level rf energy on the* plasma diamagnetism near 
cyclotron resonance, which is thus seen to be enhanced, 
and 13(b) shows the effects for rf frequencies con- 
siderably below resonance. Complete absorption was 
obtained in the first case, but only about 50% absorp- 
tion in the second instance. The “saturation” effect 
shown in 13(a) has been attributed to a local break- 
down of the gas near the plasma surface; the region 
between the microwave port and the plasma was stuffed 
with glass wool. In the limit of zero power, i.e., E,,— 0, 
the ratio of the slopes of 13(a) and 13(b) is given by 
Eq. (15): 


(20) 


~= a", ( ¥” )effec tive, 


slope of (a) 
slope of (6) ‘z:.—0 


where wy=w(1+6), and we take 2v¢f¢/w as the observed 
resonance breadth from all causes. Here 6=0.2 and 
2v/w=AH/H=1/10 from the radiation effect which 
dominates the purely collisional resonance broadening 
for these pressures and electron temperatures (kT = 10 
ev) in helium. Thus &w*/v? eff=16, whereas the experi- 
mental data yield = 14. 

Assuming the energy density in the plasma responds 
exponentially in time when the rf power is altered, 
the steady state power balance between rf power input 
P,;, and the losses is 

P= ZApw/tw, (21) 
which defines the kinetic energy relaxation time, rw 
[see Eq. (14)]. Photomultiplier studies of the initial 
decay of excitation light from the plasma as all power 
was removed suggested rw=10-5 sec. This relaxation 
time is consistent with D,,“™». At 1650 gauss field, a 
maximum augmented magnetization of —0.047 erg/ 
cm*-gauss could result from complete absorption 
(=1 watt/cm*) of microwave energy, which corre- 
sponds to a plasma energy density increase of 75 
erg/cm® (reflection of the microwaves at the vacuum- 
plasma interface has been accounted for). A linear 
extrapolation of the graph in Fig. 13(a) yields 
M=-—0.035 at 70 watts input, which appears to be 
fair agreement. 


Vil. CONCLUSION 


On the basis of these experiments, the authors believe 
that substantial agreement exists between theory and 
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Fic. 13. Enhanced magnetization of the discharge as a function 
of microwave power incident upon the plasma (a) near cyclotron 
resonance; (b) considerably below resonance (upper figure). 


experiment for gaseous plasma diamagnetism. At low 
fields, the behavior of the magnetic moment agrees 
with the diffusion theory of Allis and Gordon, and is in 
reasonable agreement with the tabulated values of 
electron mobility in mercury vapor for this example. 
When the magnetic field is strong, the gas pressure 
sufficiently low, and the plasma short compared to 
its diameter, ambipolar diffusion of electrons directly 
across the field in the plasma is unfavored ; nevertheless, 
a strong diamagnetism is observed, in agreement with 
the predicted behavior nkT,./H. This must arise in- 
directly from the electronic orbits and the lack of a 
“reverse” plasma boundary current. 

The measurement of diamagnetism in a plasma in a 
strong magnetic field affords an excellent method for 
determining the total energy density of the plasma 
charges. The observations can be made with a small 
NMR probe which need not be inserted directly into 
the plasma, nor need it be an integral part of the 
particular plasma experiment being performed. Since 
the nuclear resonance absorption linewidth of protons 
in liquids is very narrow, it is little affected by the 
electromagnetic interactions among plasma constitu- 
ents. Figure 11 implies that the narrow electron 
cyclotron absorption resonance of a weak low-pressure 
discharge may also be used as a sensitive gaussmeter to 
detect the diamagnetic field shift from a more energetic 
nearby plasma. 

Although this need have no connection with diamag- 
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netism measurements, we point out that the NMR 
technique may be used for probing the transient, 
quasi-static magnetic fields in a plasma. The NMR 
apparatus yields /6B,(¢)dt directly; the integration is 
done by the spin “memory” of the protons, and not 
by an external circuit. Of course, 5B, should not con- 
tain important Fourier components above wspins. A 
considerable advantage of this method resides in the 
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fact that the observations may be postponed until the 
noisy transient plasma has been deactivated. 
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Electrical Breakdown in Hydrogen at Low Pressures* 
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Experimental and theoretical determinations of the static voltage-current characteristics, extending from 
the region of the Townsend (self-maintained) discharge to the normal glow discharge, have been carried out 
in hydrogen at low pressures, (7-25 mm Hg). The calculations, made on an electronic computer, were based 
on the distortion of the electric field by space charge, and used the experimentally determined variation of 
both the primary and secondary Townsend ionization coefficients on the ratio of the field to pressure. Good 
agreement is obtained between the measured and calculated breakdown and glow voltages, and both the 
experimental and theoretical curves of the characteristic are of similar shape. 


I, INTRODUCTION 


HE breakdown potential of a gas between parallel 

plate electrodes was derived by Townsend, who 
gave a criterion which expressed the condition that 
internal ionization processes, in the gas and at the 
cathode, just replace the externally initiated current.' 
However, the actual breakdown transition, i.e., the 
lowering of the potential with the increase of current, 
is less well understood. 

The voltage-current characteristic of a discharge in 
this region of transition from breakdown to glow voltage 
is difficult to obtain experimentally. Mathematical 
calculations for this region are complex because of the 
behavior of the space-charge field and its subsequent 
effect on the discharge parameters. However, with the 
aid of an electronic computer, Ward? has calculated 
static characteristics which extend well into the glow 
region at low pressures. The present paper introduces 
certain improvements into these calculations and com- 
pares such theoretica] characteristics with those deter- 
mined experimentally in hydrogen at low pressures. 
Measurements and calculations extend from breakdown 
to the normal glow discharge. 

* Supported in part by the Office of Ordnance Research. 

+ Now at CERN, European Organization for Nuclear Research, 
Geneva, Switzerland. 

1 See, for example, F. Llewellyn-Jones, Jonization and Break- 


down in Gases (Methuen and Company, London, 1957). 
2A. L. Ward, Phys. Rev. 112, 1852 (1958). 


A report on a similar comparison for hydrogen at 
high pressure, but restricted to the breakdown region 
and below, has been published recently.® 


II. DESCRIPTION OF APPARATUS 
(a) Discharge Tube and Vacuum System 


The experiments were carried out in a simple two- 
electrode parallel plate discharge tube. The electrodes 
were made of copper in the shape of disks 3 cm in diam, 
rounded at the edges to prevent local field intensifica- 
tion, mounted parallel and 0.195 cm apart. The elec- 
trodes were first cleaned by washing in grease solvents 
and then carefully polished. The final polishing was 
carried out with a Selvyt cloth with micro-alumina as 
the polishing agent. After further washing in distilled 
water and drying, the electrodes were sealed into a 
borosilicate glass envelope which was quickly sealed into 
a vacuum system and pumped down to a pressure of the 
order of 10-* mm Hg with the aid of an oil diffusion 
pump and a conventional backing pump. Liquid air 
traps were always used to prevent back diffusion of oil 
into the discharge tube. 

The gas used in the experiments was hydrogen pro- 
duced by electrolysis of pure barium hydroxide dissolved 
in distilled water. The gas was dried by many hours 


3D. J. De Bitetto, L. H. Fisher, and A. L. Ward, Phys. Rev. 
118, 920 (1960). 





ELECTRICAL BREAKDOWN 
contact with phosphorous pentoxide and was then 
passed through a heated palladium thimble and into the 
discharge tube via a liquid air trap. Gas pressures were 
measured with an oil manometer and this too was 
isolated from the discharge tube by means of a liquid 
air trap. 


(b) Voltage and Current Measurement 


The voltage source, a stabilized 3-kv power supply, 
the output of which was varied by means of a potential 
divider, has been described in detail elsewhere.* By 
continuously monitoring the output, a stability of better 
than 0.01% was obtained. The voltage across the gap 
was measured with the very high impedance (~ 10" 
ohm) electrometer voltmeter shown in Fig. 1. Such a 
voltmeter had to be used because of the high impedance 
of the discharge gap. It proved to be more suitable than 
an electrostatic voltmeter, the relatively large capaci- 
tance of the latter tending to produce oscillations in the 
discharge. The voltmeter could be calibrated directly 
by simply applying an accurately known voltage across 
the resistors and adjusting the sensitivity of the elec- 
trometer to give a suitable deflection on the galvanom- 
eter marked G in Fig. 1. The voltmeter was found to be 
linear to well within +1% and the drift inherent in all 
electrometer devices was reduced to _ negligible 
proportions. 

Discharge currents were measured with a Pye scalamp 
galvanometer (marked I in Fig. 1) and care was taken 
to ensure that leakage currents were eliminated from 
the measurements. 


Ill. EXPERIMENTAL PROCEDURE AND RESULTS 


The voltage-current characteristics were measured at 
a given pressure by the following procedure. 

Ultraviolet light was allowed to fall on the cathode of 
the discharge gap and the voltage increased until the 
current in the gap grew to some tenths of a microampere. 
At this stage the ultraviolet light was switched off so 
that the production of externally produced electrons 
ceased. If the discharge current persisted, and did not 
oscillate, the experiment was continued by continually 
increasing the voltage of the power supply in small steps 
(~0.1 volt). The measurements of the voltage at the 
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Fic. 1. Block diagram of apparatus used for determining 
V —I characteristics. 


*C. G. Morgan, Phys. Rev. 104, 566, (1956). 
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Fic. 2, Experimental voltage-current static characteristics for 
hydrogen, for a 0.195-cm gap. The pressure corrected to 0°C is 
shown for each curve. 


corresponding current flowing in the gap were then 
carried out using the apparatus described in the pre- 
ceding section. 

It was usual, in the initial stages of the experiments, 
to find that the discharge currents oscillated and were 
not consistently self maintained after the source of 
initiatory electrons, produced by ultraviolet light, was 
switched off. This behavior was attributed to an unclean 
and unstable cathode surface. Thus a long and careful 
cathode cleaning procedure was evolved which entailed 
first a baking and heating of the electrodes in vacuo and 
afterwards bombarding the cathode with positive ions 
by running a glow discharge of 50 ma in hydrogen over 
a period of several tens of hours. After glow discharging, 
the discharge tube was evacuated, fresh hydrogen intro- 
duced and the voltage-current measurements again 
attempted. If the discharge was self-sustaining at low 
current values without oscillations then the voltage- 
current characteristic was measured. If it was not able 
to sustain itself, the cathode was again subjected to the 
heating and glow discharge treatment until the stable 
self-sustaining conditions were realized. Only under 
these conditions were the voltage-current characteristics 
measured. 

The results of the experiments are shown in Fig. 2 in 
which the voltage is plotted versus the current. In these 
experiments, the cross-sectional areas of the discharges 
were not measured. 


IV. CALCULATIONS 
(a) Formulation 


The general method of calculation is given in refer- 
ence 2. The two differential equations for the electron 
current density, J_, and the electric field, E, which have 
been solved with the aid of the computer are 


dJ_/dx=a(x)J_(x), (1) 





WARD AND 


dE 1, J—J-(x) J-(2) 
W(x) 


dx €0 


W_(x) 


(2) 


where x is the distance measured from the cathode, J is 
the: total current density, €9 is the permittivity of free 
space, and W, and W_ are the drift velocities of the 
positive ions and electrons, respectively. The depend- 
ence of Townsend’s first ionization coefficient, a/ po, on 
E/ po is given by 

(3a) 


a/po= Ai exp(—Bipo/E), E/poSK;, 


a po= Az exp(— Bopo E), E ‘po> Ky, (3b) 
where A;, As, Bi, Bs, and K, are constants and pp is 
the gas pressure corrected to 0°C. The boundary con- 
ditions are J_(d)=J (d is the anode distance), and 


Jo+(w/a)J 
J_(0)= (4) 


1 T Ww a) 


where w/a is the general secondary ionization coefficient 
and Jo is the externally initiated current density. 

An important improvement has been made over 
previously reported calculations. The dependence of the 
positive ion mobility on E/p» has been expressed as a 
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Fic. 3. Variation of Townsend’s first coefficient, a, as a function 
of the field, F. Points shown are experimental data; straight lines 
indicate calculation parameters. 
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Fic. 4. Secondary coefficients, w/a, calculated from breakdown 


fields are shown as points. Solid and dashed lines show the two 
assumed variations which were used in calculations 
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function of the form 
Wi=Cipo 1E(1—Dypo lf ’ 
W=Copo 1FV(1—DplkF i ; 


E Pos Ko, 


(5a) 


(5b) 


where C,, Co, Di, Do, and K2 are constants. The electron 
mobility, the variation of which plays a comparatively 
minor role in the calculations, has 
constant. 


been assumed 


(b) Parameters for Calculations 


The coefficient a was measured in the same gas system 
as that in which the static characteristics were meas- 
ured.® The results are shown in Fig. 3, where the slopes 
and intercepts yield the values of the constants: 
A,=5.05 cm (mm Hg)-', B,;=146 volt cm (mm 
Hg)~', A2=3.30 cm™ (mm Hg)", By was calculated 
internally by the computer to satisfy the continuity of a, 
and K,=133 volt cm~ (mm Hg)-". Calculations were 
also made for K,= 10° volt cm™ (mm Hg), i.e., only 
the constants A, and B, were used in this case. 

The secondary coefficient, w/a, at breakdown was 
determined from these constants determining a/ po, and 
the breakdown potential, V,, at each pressure, assuming 
no space charge distortion. The Townsend breakdown 
condition is then 


1+ (w/a)"=exp[A pod exp(— Bpod/V,)], (6) 


where the values used for A and B depend on whether 
V ,/ pod is greater or less than K,. A plot of w/a vs E/po 
determined in this manner is shown as a solid line in 


» E. Jones and F. Llewellyn-Jones, Proc. Phys. Soc. (London) 


72, 363 (1958). 
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Fic. 5. Variation of positive-ion velocity, W,, with field £. 
Points are from reference 6; solid lines show variation used in 
calculations. 


Fig. 4. The curve using entirely the constants A; and B,, 
even for V,/pod>133 volt cm (mm Hg)", is shown as 
a dashed line in Fig. 4. The extrapolation to higher 
values of E/po is arbitrary, and will receive later 
comment. 

The externally initiated current density, Jo, was 
assumed to be 10~" amp cm. A change of two orders 
of magnitude in either direction for Jp does not notice- 
ably (less than 0.1 volt at most) change the calculated 
voltage in the region of the experimental measurements. 

The measurements of Rose* were used to determine 
the constants of Eq. (5) for the variation of the positive 
ion drift velocity with E/o. The constants chosen were 
C,=6X 10° cm? (mm Hg) volt~ sec™!, Dj= — 1.97 10-7 
volt? cm (mm Hg), C.=1.0X10® cm! (mm Hg)! 
volt sec, and K,=48 volt cm™ (mm Hg)". D, was 
calculated internally by the computer. The fit to Rose’s 
data is shown in Fig. 5. The electron mobility was 
chosen as 3.5 10® cm? volt sec! at 1 mm Hg. 


(c) Method of Calculations 


The formulation as programmed for computation 
permits calculations only for a constant w/a. Figure 4 
shows that the experimentally measured w/a is a 


strongly-varying function of E/po. Consequently, 
families of static characteristics were calculated at each 
pressure with w/a as a parameter. Such a family for 
po=25 mm Hg is shown in Fig. 6. It was then assumed 
that the effective w/a was determined by the field exist- 
ing at the cathode. This means, in effect, that a positive- 
ion secondary coefficient was used. 

The method of determining the value of J at which 
each w/a static curve is valid is somewhat indirect. An 


®D. J. Rose, J. Appl. Phys. 31, 643 (1960). 
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example, using w/a= 1.5 10-, will be used to illustrate 
the procedure. Figure 4 shows that w/a=1.5X10- for 
an E/ po value of 125 volts cm (mm Hg)~". Hence the 
w/a=1.5X10~ static characteristic is valid only for the 
current density which corresponds to that E/ po value at 
the cathode, i.e., Ei/po= 125 volts cm™ (mm Hg)" in 
our example. The family of Ey/po vs J curves, with w/a 
as parameter, is also plotted in Fig. 6. In our example, 
the w/a=1.5X10- curve has E,/po= 125 for a current 
density of 1.15X10-* amp cm™~. The current density 
values thus determined are marked by crosses in Fig. 6. 
Finally from the static characteristic for w/a= 1.5 10 
one finds that V= 407 volts for J= 1.15 10-* amp cm. 
Other points on the static characteristic for a varying 
w/a are calculated in this manner and indicated by open 
points in Fig. 6, The heavy solid line is drawn through 
these points. The calculated static characteristics for 
the three pressures are shown in Fig. 7. The dashed line 
was calculated using K,= 133, while the solid line was 
calculated for K,= 10° volt cm™ (mm Hg)". 

The extrapolation of w/a in Fig. 4 to higher E/po 
values than obtained experimentally at breakdown de- 
serves some comment. The extrapolation used was 
chosen with the guide of published data and specifically 
to give approximate agreement between the calculated 
voltage minimum and the experimentally measured 
normal glow voltage at the highest pressure. If a curve 
through w/a=10~' at E/p=500 volts cm™ (mm Hg)" 
is used, a minimum voltage of 315 volts at ~4xK107 
amp cm? is calculated for that pressure. Calculations to 
higher current densities than the highest values plotted 
are beyond the capability of the computer as the prob- 
lem is presently programmed. 


V. DISCUSSION AND CONCLUSIONS 


The above calculations necessarily yield voltage vs 
current density static characteristics, while one must 
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Fic. 6. Calculated voltage vs current density, J, characteristics 
are shown in light solid lines for the constant w/a values shown on 
each curve. The dashed lines show calculated cathode fields, Fx, 
(right scale) as a function of J. The derived static characteristic 
for a varying w/a is shown in the heavy solid line. 
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Fic. 7. Solid and dashed lines show calculated voltage-current 
density static characteristics (see text). The points show corre- 
sponding experimental data for comparison, under the assumption 
of a constant discharge area for each pressure. 


experimentally measure voltage vs current static charac- 
teristics. As mentioned in part III, no attempt to meas- 
ure discharge areas was made; indeed, such measure- 
ments present a number of serious problems. 

Completely apart from the question of the discharge 
area, one may compare the experimental and calculated 
normal glow voltages. The agreement is quite good, the 
errors being less than 15 volts for p= 16.8 mm Hg and 
10 volts for pp>=7.17 mm Hg. Also, the general shape 
and symmetry of the calculated curves are similar to 
the experimental ones, though, of course, these are not 
independent of the discharge area. 

In order to display the experimental and calculated 
curves on the same graph, we have chosen to use the 
curves for the lowest pressure, since the area changes 
less with current than at higher pressures. Arbitrarily 
choosing V = 250 volts for comparison, one obtains an 
experimental current from Fig. 2 of 3X10~* amp, and 
a calculated current density of 2.5 10~* amp cm~ from 
Fig. 7. One then requires an area of 1.2 10~* cm? for 
agreement. Using this area, the experimental data for 
the lowest pressure of Fig. 2 is converted to current 
density values and plotted also in Fig. 7. Since diffusion 
is inversely proportional to pressure, one may expect 
the discharge area to be similarly related. Consequently, 
areas of (7.17/25) 1.210? cm? and (7.17/16.8) 1.2 
 10-* cm? were chosen for use in plotting the experi- 
mental data for pressures of 25 and 16.8 mm Hg, re- 
spectively, in Fig. 7. One may note that the change of 
area expected from diffusion gives satisfactory agree- 
ment between the calculated and experimental charac- 
teristics. Moreover, one may note a steeper slope of 
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experimental data than for the calculated data at the 
higher pressures, indicating a decrease in discharge area 
with increasing current, as one observes experimentally. 

An effective discharge diameter of a little more than 
one millimeter at the lowest pressure is indicated by the 
above comparisons. Recollection of the visible dis- 
charges in this pressure range indicate a diameter per- 
haps five times larger than this. It seems reasonable that 
visible discharge area might be considerably larger than 
the region of sensibly constant current density. How- 
ever, no truly satisfactory explanation seems possible 
at present. A three-dimensional calculation including 
diffusion does not seem feasible even with a computer. 
The only parameter upon which the calculated area 
depends strongly is the positive-ion mobility, u,. No 
substantial error in uw, is thought probable. 

An equally serious question is that of the effective 
secondary coefficient. The calculations assumed that the 
field at the cathode completely determined w/a. This 
is true only for a positive-ion secondary process. 
Morgan‘ and Jones and Llewellyn-Jones’ have shown 
that for E/po~100, approximately 50% of the total 
secondary coefficient is due to the action of positive ions 
at the cathode. This result is obtained from a comparison 
between experimental and calculated temporal growth 
of discharges. It is difficult to estimate what effect a 
photoelectric contribution to the secondary coefficient 
would have upon calculations, when the field where the 
photons are created varies across the gap. In the light 
of the present agreement between experimental and 
calculated characteristics, the assumption of a total ion 
secondary process seems adequate. 

There does not seem to be sufficient difference be- 
tween results of calculations using K;= 133 and K,= 10° 
to enable one to make a definite choice for a/ po values 
at high E/ po. 

Experimental measurements of the distribution of 
current density over the cathode surface would enable 
a more critical test to be made of the calculations. 
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Effect of Configuration Mixing and Covalency on the Energy Spectrum of Ruby 
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For the purpose of improving the analysis hitherto done of the optical and microwave spectrum of ruby, 
a calculation has been performed in the strong cubic field scheme, taking into account the effect of con- 
figuration mixing of the higher excited #;e states into the /,* states. In the calculation, covalency of the fs 
and ¢ electrons is also introduced in a simplified fashion besides the spin-orbit interaction, trigonal field 
and Zeeman energy. The result shows that configuration mixing and covalency play a very important role 
in giving zero-field splittings and g values of the ¢,* states. It is also found that there is not much difference 
between the degrees of covalency for the #2 and e electrons, although they are fairly large for both electrons. 
The best zero-field splitting of the ground state thus obtained is 0.24 cm™ with the correct sign. 





INTRODUCTION 


ECENTLY the optical and paramagnetic reso- 
nance spectrum of ruby has been intensively 
studied, and it has given detailed knowledge of both 
the excited states and the ground state of this system. 
The analysis of the spectrum hitherto done! is based 
on the crystal field theory in the strong cubic field 
scheme, treating the spin-orbit interaction and the 
low symmetry crystal field as perturbations. In the 
analysis, the effect of configuration mixing’? of the 
higher excited states (above ~ 25 000 cm” in energy) 
into the optically important excited states (below 
~25 000 cm in energy) is entirely neglected. This 
means that the problem is treated in the strong cubic 
field limit. Although such a treatment has explained 
many aspects of the observed spectrum fairly well, 
some optical absorption lines have not been identified 
and some quantitative discrepancies associated with 
the identified lines have not been removed. 

Generally, we can expect that configuration inter- 
action plays an important role in the states with a 
half-filled electron configuration such as those giving 
rise to the sharp optical absorption lines in ruby. 
This fact is explained as follows: In these states, the 
spin-orbit and low-symmetry crystal field perturbations 
give no first-order effect, so that the effect on energy is 
expected to be at most of the order of magnitude of 
H'*/C, which is the second order: H’ stands for the 
magnitude of either spin-orbit or low symmetry crystal 
field perturbations, and C for the strength of the 
Coulomb interaction which gives rise to the energy 
separation between states with the same. electron 
configuration. On the other hand, if the configuration 
interaction is combined with the perturbations men- 


* On leave from the Department of Physics, Tokyo University, 
Tokyo. 

+A preliminary account of this work was presented at the 
American Physical Society Meeting, November 25-26, 1960, at 
the University of Chicago, Chicago, Illinois. 

1S, Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 

2 The mixing is due to the Coulomb interaction among states 
with the same symmetry ST but with different electron con- 
figurations f2"e¥—". Particularly in our paper, the mixing between 
the states with the ¢,° and #,’e configuration will henceforth be 
referred to as configurati6n mixing, which is abbreviated as C.M. 


tioned above, the effect is at most of the order of 
magnitude of H’C/A, where A represents the strength 
of the cubic field. By inserting the rough values H’~300 
em, C~5000 cm, A~20000 cm™, we can easily 
see the importance of the configuration interaction. 

Recent success of the microwave resonance experi- 
ment in the lower Kramers doublet of the /.* 2Z excited 
state of ruby performed by Geschwind, Collins, and 
Schawlow® may be considered to indicate the importance 
of the configuration mixing, because otherwise for- 
bidden magnetic dipole transitions between the Zeeman 
levels are made possible mainly by the effect of the 
configuration mixing as Clogston’s calculation‘ has 
shown [the processes (4) and (5) in his paper are 
dominant ]. 

In view of these circumstances, it is felt that a more 
detailed calculation involving the configuration inter- 
action is necessary, if the observed energy spectrum of 
ruby is to be accounted for completely. In this paper, 
therefore, we shall mention results of a numerical 
calculation which involves Coulomb interactions be- 
tween states with the /,* and ¢,’e electron configurations 
as well as the spin-orbit and trigonal field interactions. 
In the calculation the covalency of d electrons shall 
be introduced in a conventional manner, as will be 
explained in the next section. The results shall be 
compared with the quantities experimentally deter- 
mined by the use of optical and microwave resonance 
techniques. 


METHOD OF CALCULATION 


The energy levels of ruby may be classified as 
follows: 


ground level: t8 4A 9; 


excited levels I: ,°*E(=,*£E), 
te’ *7)(=.°T)), 
A Ae t2°T:(=2T:), 
3S. Geschwind, R. J. Collins, and A. L. Schawlow, Phys. Rev. 


Letters 3, 545 (1959). 
4A. M. Clogston, Phys. Rev. 118, 1229 (1960). 
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te *T:, 


toe ‘T ° 


1? (1A ,)e*E(=7B), 
t?(‘E)e 2E(=E), 
tl? (®T e271 (=eT)), 
t?('T2)e *7\(=2T)), 
t?(°T))e ?T2(=FT>2), 
t?('T2)e°T2(=2T2), 


excited levels II: 


bee* *T ; 


where the energies of the excited levels I fall in the 
visible spectral region and the energies of the excited 
levels II are considered to fall in the ultraviolet region. 
The other excited levels with the ¢,e* and eé® con- 
figurations are supposed to lie higher than the so-called 
charge-transfer levels.* Therefore, except for the fe? 47; 
state in group II, the significant crystal field levels 
may be considered to be those with electron con- 
figurations ¢.° and #,7e. 

As already mentioned in the previous section, we 
here take all these significant crystal field levels into 
account (except for the fe?*7, state), and solve a 
80X80 secular determinant numerically which involves 
the trigonal field and the spin-orbit interaction as well 
as the cubic field and the Coulomb interaction. In order 
to obtain the g values of these levels, matrix elements 
of the Zeeman energy with the magnetic field parallel 
or perpendicular to the trigonal axis are further intro- 
duced into this determinant. The reason why the 
toe? 4T, state is neglected is simply that, since there is 
no matrix element, for any interaction considered 
above, between the f:e?47; state and the state with 
the /.* configuration responsible for the spectral lines, 
inclusion of this state does not affect significantly the 
results concerning the properties of the microwave 
spectrum and of the sharp optical lines, which we are 
going to discuss in this paper. 

For constructing the secular determinant, Tanabe 
and Kamimura’s table’ was used. Double-barred 
matrices of spin-orbit interaction for f:"e¥—"-systems 
(n=1,---,6; N—n=1,---,4) have been already cal- 
culated by Tanabe.’ Newly calculated double-barred 
matrices of the trigonal field and the angular momen- 
tum operator are listed in the Appendix. Here it is 
assumed that the trigonal field has the symmetry 7»: 
the trigonal fields with the other symmetries A» and 7; 


°D. S. McClure, Solid State Physics edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1960), Vol. 9, 
p. 399. 

6Y. Tanabe and H. Kamimura, J. Phys. Soc. Japan 13, 394 
(1958). 

7 Y. Tanabe, Supplement Prog. Theoret. Phys. (Kyoto) No. 14, 
17 (1960). 
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are considered weak because they commence, respec- 
tively, from the sixth- and fourth-order terms in the 
expansion in the electron coordinates. 

The parameters introduced in the secular equations 
are: cubic field parameter Dg, Racah’s parameters A, 
B, and C, which denote the Coulomb interaction 
between the electrons, ¢ and ¢ for the spin-orbit 
interaction defined as 


|e}, ), 
K and K’ for the trigonal field defined as 
K ( lox, Verig lox, ) 


K’ = — (1/V2) (tory | Derig| ets) 


and orbital angular momentum reduction factors k and 
k’ defined as 
k= —(tox,|I,| tox,), 


k’ = — (1/v2) (tox, |1,| eu,), 


where ¥5.0., Ytrig, and /, are the single electron operators 
of the spin-orbit interaction, the trigonal field and the 
z-component (along the trigonal axis) of the orbital 
angular momentum, respectively, x, and mu, are the 
trigonal bases given in reference 1. In case the ty and e 
orbitals are constructed from 3d-orbitals, we have 


¢ = of K=K’', k=}’=1. 


Further we introduce the covalency parameter « 
after Koide and Pryce,* which was used successfully 
by Stout® for the analysis of the manganous fluoride 
spectrum. This parameter was originally introduced 
in the sense that in the evaluation of the Coulomb and 


TABLE I. The location of the #3 states in absence of 
a magnetic field. 


Calc. I Calc. I 
with C.M.* without C.M.* 
Energy levels (cm) (cm 


Obs 
cm) 


0.00 
0.06 


0.00 
0.38» 


+3 0.00 
+3 0.16 
13550 
13576 


14588 
14626 


+$uz (Ri) 
+$u, (Ro) 


14418° 
14447° 


219 14711 
340 14709 
356 14713 


+4ay (R;’) 14 
+4a, (R2') 14 
+4a, (R,’) 14 


21643 
21749 
22055 


24540 
24526 
24452 


20993¢ 
21068° 
213574 


+4$x, (B:) 
+4$rz (Be) 
+4x9 (Bs) 


* The used values of the parameters are Dg =1667, B=700, ¢ =170, 
K = —330 (cm), ¢ =0.19, and k =0.62. 
b A. A. Manenkov and A. M. Prokhorov, J. Exptl. 
(U.S.S.R.), 762 (1955); Soviet Phys.-JETP 1, 611 (1955) 
¢ S, Sugano and I. Tsujikawa, J. Phys. Soc. Japan 13, 899 (1958) 
4 Reference 12. 


Theoret. Phys. 


*S. Koide and M. H. L. Pryce, Phil. Mag. 3, 607 (1958). 
9J. W. Stout, J. Chem. Phys. 31, 709 (1959) 





EFFECT OF 


CONFIGURATION’ MIXING 


TABLE II. The zero-field splittings of the f° states for various calculations. 








Calc. I 
with C.M. 
Energy levels (cm~) (cm™) 


Calc. IT 


with C.M.* 


Calc. I 
without C.M. 
(cm™) 


Calc. A 
with C.M. 


(cm™!) (cm™) 


Calc. A» 





W (1/2) —W (3/2) 0.16 0.24 
W (R2) —W (Ri) 26 32 
W (Rj) —W(R:’) —121 —123 
W (Ro’) —W (Ry) — 16 — 22 


4Ao: 
JE: 
e T; ° 


a’T2: W(B3)—W(B2) 306 304 
W (B2) —W (Bi) 106 127 





* The used values of the parameters are Dg = 1667, B =700, § =207, K = —330 (cm™), e =0.19 and k =0.76. 





0.06 0.01 0.12 
37 30 22 
2 53 — 142 
— 4 15 — 15 
—74 — 200 313 
—14 45 101 


» The perturbation calculation without C.M.; Dg =1800, (B =740), § =140, K = —350 (cm™) and ¢ =0. It should be noticed that the factor (2/3)3 in the 
third term of the formula for the zero-field splitting of the ground state given in reference 1 should be omitted. 


© These values are derived from Table I. 


exchange integrals the amplitude of each e orbital is 
diminished by the factor (1—«)! compared to the 
amplitude of each ¢, orbital. Note that this does not 
mean that the ¢, orbital is not deformed: We may 
introduce the covalency of the ¢, orbital through the 
reduction of the B, ¢, and k values compared to those 
of the free ion. In our calculation, simply to decrease 
the number of the appearing parameters, we extend 
this idea to the evaluation of ¢, K, and & putting 
(’=(1-e)&, K’=(1—6)!K, and k’=(1—6)'k. The 
theoretical justification of these relations is not clear, 
but, considering the fact that the quantities we shall 
be mainly concerned with are rather insensitive to the 
values of the primed parameters, we will use these 
tentative relations. 

The number of the parameters can be further 
reduced by the relation C=4B which is usually used 
and seems reasonable. The parameters A and Dg 
appear always in the combination 10Dq—2¢A in the 
diagonal elements of the states with the /’e con- 
figuration. The effect of A can, therefore, be included 
in the cubic field strength by modifying the definition 
of Dg. It should, however, be noticed that, since A 
comes from the Coulomb interaction between the 
electrons, the modified Dg can no longer be defined as 
the energy separation between the e and fy molecular 
orbitals in a single electron system. 

The remaining adjustable parameters are now Dg, 
B, ¢, K, e, and k. 


NUMERICAL CALCULATION AND RESULTS 


In the numerical calculation, we can further reduce 
the number of the effective parameters in the following 
way: The excitation energies to the ,*E and ,’7» states 
are almost determined by the value of parameter B 
alone, so that the B value can be estimated by using 
the experimental positions of the R and B lines. Then, 
« is determined so as to give the observed separation 
between the U and Y bands! because this separation 
is to be approximately equal to 12(i—e)B. By the use 
of these values of B and e, we can estimate the value 
of Dg from the position of the U band: The excitation 
energy to the ‘7; state is ~(10Dg+10eB).” The K 


This Dg is the newly defined Dg including the effect of A. 


value should fall in the neighborhood of —350 cm 
because this value reproduces the trigonal splitting 
of each band which has been observed." Then, by 
using the fact that the initial splitting of the ,*E state 
is not very sensitive to the effect of the configuration 
mixing and is given as a function of Kf, we can estimate 
the ¢ value from the observed splitting. 

Thus, we can estimate fairly good values of Dg, B, 
e, K, and ¢ from the beginning: actually these values 
were settled in the first few trials of the calculation. 
The only remaining parameter, k, is sensitively related 
to the g values of the excited states, especially of the 
a’/'2 state, in combination with the effect of the con- 
figuration mixing. Therefore, in the last few trials, we 
adjusted only the & value so as to give reasonable 
g values. 

The programming of the diagonalization problem 
for the IBM 7090 computer was carried out by Miss 
B. B. Cetlin. Details on the computational procedures 
used are to be published elsewhere. 

The eigenvalues of the /.° states obtained in the 
calculation (denoted as “Calc. I with C.M.”), which 
seems best among many trials in giving reasonable 
agreement with every aspect of the experimental data, 
are listed in Table I. In Table II, the zero-field splittings 
obtained in several trials of the calculation are sum- 
marized. “Calc. II with C.M.” also gives reasonable 
agreement in the zero-field splittings but it is worse 
than “Calc. I with C.M.” in giving the g values 
(Table IIT). “Calc. A with C.M.” is the direct improve- 
ment of “Calc. A” by inclusion of the configuration 
interaction. The calculated g values with magnetic 
fields parallel and perpendicular to the trigonal axis are 
given in Tables III and IV, respectively. The listed 
g;, and g, values of the ground state are those used in 
the usual spin Hamiltonian. The definition of the g;, 
values of the excited states is explained in reference 1, 
and g, values are given in their absolute values. It 
should be noticed that the applied magnetic field 
strength in our calculation is 1/8 cm™ so that the 
Zeeman energy is always very small compared with 
the zero-field splittings of the excited states. 

In order to see clearly the effect of the configuration 

' G. Kuwabara ef al. (to be published). 
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TABLE III. The gi; values of the #,* states for various calculations. 








with C.M. 


Calc. I 


1.9869 


— 2.59 
1.23 


—0.92 
3.93 
3.11 


0.96 
—2.97 
1.65 


Ww 


Calc. II 
rith C.M. 


Calc. I 
without C.M. 





“1.9806 


—2.72 
1.03 


—1, 
4.: 
3. 


0. 
—3. 
1. 


1.9870 


—3.20 
0.43 


0.96 
4.35 
1.48 


0.62 
—3.28 
1.52 


PETER 


Calc. A* 
with C.M. 


1.9789 
— 2.88 
0.93 


0.49 
5.07 
2.79 


0.12 
—3.76 
1.69 





* This is calculated with k =1. > Reference b in Table I. 
interaction, a 44X44 secular determinant, in which 
the excited levels II were neglected, was also solved by 
using the same values of the parameters as those used 
for “Calc. I with C.M.” The results are given in Tables 
I, II, and III for the sake of comparison. The experi- 
mental values are also listed for comparison, when 
available. 


DISCUSSION 
A. Location of the Energy Levels 


We shall discuss the positions of the 2, 27), and 
aT, cubic states (all with the /,’ configuration): The 
positions of the ‘7, and ‘7, states are calculated to 
give the observed positions by adjusting Dg and e, so 
that they need no further discussion. 

In the strong cubic field limit, it is expected that 
the ,’E and ,’7 states are nearly degenerate and the 
energy ratio of the .’7, to the .?F state is 5/3. The 
degeneracy is removed and the ratio is reduced by the 
effect of configuration mixing in the real system. 
However, since the B value, which determines the 
magnitude of the configuration mixing, is confined to 
a limited range in order to give the proper energy of 
the 2E£ state (~21B if C/B=4 is assumed), the 
obtainable reduction of the ratio and the separation 
of the ,’7\ state from the .?£ state are rather limited 
as long as the ratio C/B remains fixed. As the column 
of “Calc. I with C.M.” in Table I shows, the ratio 


TABLE IV. The | ¢,| values of the #,* states. 





Energy levels 


gi (4As) 
gi (Ri) 
gi (Ro) 
1 (Ri’) 


Calc. I with C.M. 
1.9890 
0.004 
0.04 
1.35 
0.89 
2.36 
0.01 
0.13 
2.10 


Obs 


1.9867 +0.0006" 
<0.06 





gi (Bi) 
gi (Ba) 
gx (Bs) 








* Reference } in Table I. > Reference 3, 


Obs 
1.9840-+0.0006> 


— 2.44+0.08° 
1.48+0.084 


0.8+0.2¢ 
—3.4+0.44 


° Reference 3. 4 Reference c in Table I. 

can be reduced to 1.60 against the observed 1.45 but 
it is found impossible to reduce the ratio further 
without sacrificing the agreement with respect to the 
position of the ,’£ state. 

The only possible way to get better agreement in 
calculating both the positions of the ,’- state and of 
the 272 state is to assume a smaller value for C/B. 
For example, assuming C/ B= 2.9, it has been found that 
we can obtain 14 500 cm™ for 2 and 22 500 cm for 
«12, which gives the ratio 1.55. However, we did not 
go farther along this line because of two reasons; 
(1) It does not seem plausible to use the small value 
of 2.9 for C/B although we have no definite reason to 
reject this possibility. (2) It is found that the use of 
C/B=2.9 makes the zero-field splittings of the .’72 
state quantitatively worse. 

Therefore, it should be noted that all the results 
quoted in this paper are derived assuming C/B=4. 


B. Zero-Field Splittings 


The zero-field splitting of the ground state happens 
to be almost zero if we neglect the excited states II. 
Inclusion of these excited states improves the splitting 
tremendously as Table II shows. This fact should not 
be interpreted as being entirely due to the effect of 
configuration mixing. Instead, it is partly due to the 
inclusion of the ;272 state which connects with the 
ground state through spin-orbit interaction. However, 
the improved splitting is still smaller than the observed 
one, and it is likely that the remaining discrepancy 
could only be removed by taking into account such 
other effects as the spin-spin interaction and the 
anisotropy of the spin-orbit interaction." 

The zero-field splitting of the ,?F state is slightly 
decreased by inclusion of the higher excited states. 
Therefore, the previously determined value of ¢, 140 
cm, is found to be too small. 

The configuration mixing most strongly affects the 
zero-field splitting of the 27: state. Especially, the 
relative position of the B; component to those of the 
B, and B, components is inverted by inclusion of the 





EFFECT OF 


configuration mixing. The energy separation between 
the B; and B, components is found to be ~300 cm, 
which indicates that a little broad line found by 
Deutschbein” at 21 357 cm may be ascribed to the 
transition to the B; component. Thus, the puzzle, 
that one component of the .?7: state cannot be 
identified in the previous calculation, seems to be 
removed. The B; component shifts further toward 
the shorter wavelength side if we assume a smaller 
value of C/B such as 2.9. The calculated splitting of 
the B, and B; components, which was too small in the 
previous calculation, is now too large compared with 
the experimental value. This discrepancy cannot be 
removed by any reasonable choice of parameter values 
and seems to indicate some failure of our approximation. 

The calculated zero-field splittings of the U and Y 
bands are shown in Fig. 1. Although the observed 
widths of these bands are broad, compared with the 
spin-orbit splittings of each trigonal component, the 
U band shows a fairly sharp vibrational structure 
called a precursor.* One vibrational structure, which 
is located at the long wavelength end of the precursor, 
has a spectral width of ~40 cm“, and the next structure 
separated from the first one by ~200 cm™ has the 
width ~60 cm." The spectral width of the first one 
is much smaller than the expected over-all spin-orbit 
splittings, ~80 cm, of the *€ (*72) trigonal component : 
all split components are expected to have equal 
intensities. This fact provides us an interesting problem, 
namely, why are spin-orbit splittings not observable 
when associated with vibrational structures. Roughly 
speaking, this could be due to strong vibronic coupling 
in degenerate states compared with the spin-orbit 


2 


' 
2%0 


“| 








Fic. 1. The schematic diagram of the splittings of the 
‘T, and *T; states in “Calc. I with C.M.” 


12 EF. O. Deutschbein, Ann. Physik 14, 729 (1932). 

13 Recently, W. Low [J. Chem. Phys. 33, 1162 (1960)] has 
also arrived at the same conclusion, but his discussion is based on 
the calculation involving no trigonal field. 

4B. N. Grechushnikow and P. P. Feofilov, J. Exptl. Theoret. 
Phys. (USSR) 29, 384 (1955) [translation: Soviet Phys.-JETP 
2, 330 (1956) }. 
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coupling, but a rigorous answer should be submitted 
after more detailed consideration. 


C. g Values 


The g values of the ground state turn out to be in 
fair agreement with the experimental values as Tables 
III and IV show. 

The deviation of the absolute g values of the .” 
components from the free spin value is sensitive to 
both the relative position of the ,?7; and ,’EF states 
and to the orbital angular momentum reduction 
factor k. The former is essentially determined by the 
effect of configuration mixing. We have found that the 
“Calc. I with C.M.,” in which a small k value such as 
0.62 is used, furnishes the best g values among those 
given by many trials. 

The g values of the .27, components depend upon 
the amount of configuration mixing and the & value, 
but are more sensitive to the latter. Considering large 
experimental errors due to the width of the spectral 
lines, we may think that the “Calc. I with C.M.” gives 
rough agreement with the observed values. 


D. Concluding Survey 


Assuming suitable values of the parameters in our 
calculation scheme, we have calculated out the whole 
energy spectrum of ruby in the visible region both for 
the field free case and for external magnetic fields 
parallel and perpendicular to the trigonal axis. The 
calculated spectrum for example, that of “Calc. I with 
C.M.,” may be considered to be in fair agreement 
with observation. 

It has been shown that a mixture of the higher 
excited states II into the excited states I lying in the 
visible spectral region is essential in giving the correct 
relative position of the B; component of the ,’7¢ state 
to the B, and Bz components." Furthermore, it has 
also been found that both the configuration mixing 
and covalency of the é. electron introduced through k 
play very important roles in giving g values of the 
excited states. Inclusion of excited states II improves 
the zero-field splitting of the ground state, which has 
been found to be almost zero in the approximation 
neglecting excited states II. 

The fact that the value of k (k=0.62) is close to the 
value previously found in “Calc. A” (Table IT), seems 
accidental, because the g values of the .?7; states are 
expected to depend upon the effect of the configuration 
mixing. The large deviation of k and k’ from unity is 
an indication that both the /, and e orbitals show 
remarkable covalency. On the other hand, the small 
value of e (e=0.19), according to the original idea of 
Koide and Pryce,* means that the amplitude of the e 
orbital is diminished by a factor of only 0.9 compared 
to the amplitude of fo. 

These facts seem to tell us that there is not so much 
difference as usually expected between the degrees of 
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covalency for the /, and e electrons though they are 
fairly large for both electrons. 

It should, however, be borne in mind that the energy 
ratio of the .272 to the 24 state and the zero-field 
splitting between the B,; and By components of the 
al» state are not in satisfactory agreement with the 
experimental data: For example, if we assume C/ B= 2.9 
in order to improve the energy ratio as mentioned 
previously, the above-mentioned conclusion concerning 
the covalency should be changed. Therefore, it is 
desirable to look for origins of these discrepancies, 
which would probably be beyond the scope of our 
approximation. 

The finding of no spin-orbit splitting associated 
with vibrational structures of the absorption band 
necessitates detailed studies of the dynamical Jahn- 
Teller effect involving spin-orbit interaction. 
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Superconducting Transition Temperature of High-Purity Tantalum Metal 


J. G. C. Mine 
Department of Physics, The University of Sheffield, Sheffield, England 
(Received October 3, 1960) 


The superconducting transition temperature of a high-purity sample of tantalum has been measured and 
a zero-field value of 4.457°K+0.003°K obtained. The ratio of room temperature resistivity p25 to the 
residual resistivity p42 gave a measure of the purity of the sample, a value of 250 being obtained. These 
results compare very well with those of Budnick. The value of (dH./dT) near the zero-field transition 
temperature was —358 oersteds/°K. An approximate theoretical estimate similar to that done by Pippard 
for tin shows that small amounts of impurity as measured by the residual resistance ratio will give a decrease 
in transition temperature of about half that observed experimentally. 





OME recent experiments in this laboratory on a 
single crystal of high-purity tantalum have given 
a value of the superconducting transition temperature, 
T., considerably higher than the usually accepted value 
of 4.39°K.! The sample of tantalum used in our experi- 
ments was made by zone refining some high-purity 
tantalum obtained from Ciba Limited. Analysis of the 
starting material showed a purity of 99.9%. The zone- 
refined single crystal was in the form of a rod 5.7 cm 
long and of circular cross section with mean diameter 
0.29 cm. This rod was then vacuum annealed at 1200°C 
at 10-* mm Hg. A measure of the purity of the specimen 
is given by the ratio po 5/ps.2, where p95 is the room 
temperature resistivity and p42 is the resistivity at 
4.2°K for the normal metal. The value of p295/p4.2 for 
this specimen was 250, p4.2 being determined in a mag- 
netic field of 110 oersted. 

The superconducting transition temperatures were 
determined magnetically using the Meissner effect,? the 
temperatures being measured with a carbon resistor® 
calibrated using the formula of Clement and Quinnell.‘ 
A check on this was provided by the vapor pressure of 
the surrounding liquid helium bath. 

For the zero-field transition a small magnetic field of 
1.1 oersteds was used and this gave a temperature of 
4.454°K for the mid-point of the transition. The width 
of the transition was about 0.007°K. Extrapolation to 
zero applied field gave a transition temperature of 
4.457°K+0.003°K. The ratio of length to diameter of 
the specimen was such that effects from the demagne- 
tizing field could be neglected. 

The critical fields for various temperatures just below 
7. were also determined. Curves of the magnetic induc- 
tion B against applied field H were determined at con- 
stant temperature, the field being applied parallel to 
the long axis of the specimen. Values of B were measured 
for both switching on and switching off the applied 


1 J. Eisenstein, Revs. Modern Phys. 26, 277 (1954). 

2 D. Shoenberg, Superconductivity (Cambridge University Press 
New York, 1952), p. 55. 

8 The carbon resistor was of 110-ohm nominal resistance, }-watt 
type 5B, made by the Erie Resistor Company Limited. At 77°K 
its resistance was 152 ohms; at 20.4°K, 281 ohms; at 14°K, 377 
ohms; at 4.2°K, 1955 ohms. The resistance at 4.2°K was inde- 
pendent of the measuring current provided this was less than 30 ya. 

4 J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 1952. 


field. No frozen-in flux effects were observed. It was 
also found that the B-H curve for the normal phase 
was a straight line which, when extrapolated, passed 
through the origin independent of the temperature. 
This shows that any small local inclusions of super- 
conducting material at fields above H, for the bulk 
material were too small to be detected. The value of 
(dH ./dT) for temperatures near T, obtained from the 
H, values is —358 oersteds/°K. This gives a value of 
Ho, the critical field at 0°K, of 800 oersteds if a parabolic 
H.—T curve is assumed. The critical field curve was 
not extensive enough to determine any departure from 
a parabola. 

Some recent work by Budnick ef al.5 and Budnick® 
also shows an increase in T, for high-purity tantalum. 
Budnick et al.® give a T, value of 4.476°K for poos/pa.2 
~700 and Budnick* gives a maximum 7, value of 
4.483°K with p295/ps4.2~ 10000. If a graph is plotted 
of T, against p4.2/p295 using these results and our result, 
a straight line can be drawn (see the work on impure 
tin by Lynton, Serin, and Zucker’), which extrapolates 
to give 7.=4.418°K for a specimen with p4.2/p295= 10, 
i.e., a decrease in 7. of 0.065°K. A theoretical estimate 
of the change in JT, can be made by performing a calcu- 
lation similar to that done by Pippard for tin.* If we 
consider a tantalum alloy with p4.2/p295= 10~, the elec- 
tron mean free path, /, is approximately 2X10-° cm. 
This will affect the electron-phonon interaction re- 
sponsible for superconductivity. Following Pippard,® we 
estimate the average wave number, k, of the phonons 
responsible for this interaction and obtain a value for 
kl of about 10°. This gives a decrease of about 10°% 
in the interaction. Now T,.~@e—/"Y” from the theory 
of Bardeen, Cooper, and Schrieffer, where © is the 
Debye temperature (245°K) for Ta, V (0) is the density 
of states at the Fermi surface, and V is the total electron 
interaction energy resulting from Coulomb repulsion’ 


*J. I. Budnick, W. B. Ittner, and D. P. Seraphim, Suppl. 
Physica 24, $151 (1958). 

6 J. I. Budnick, Phys. Rev. 119, 1578 (1960). 

7E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. 
Solids 3, 165 (1957). 

§ A. B. Pippard, J. Phys. Chem. Solids 3, 175 (1957). 

® J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 
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and electron-phonon induced attraction. If we use the 
expression given by Pines” to calculate the interaction 
energy, we obtain a value of 0.51 for that part of V(0)V 
due to the electron-phonon interaction. Hence V(0)V 
decreases by about 5X 10~. Taking T,.~4.5°K, N(0)V 
(0.25 and the decrease in 7, is about 0.039°K. This is 


10 TD). Pines, Phys. Rev. 109, 280 (1958). 
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a little more than half the experimental value, so that 

the agreement is satisfactory considering the difficulty 

in estimating / and the simple nature of the calculation. 
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Specific Heat of Yttrium Iron Garnet from 1.5° to 4.2°K* 


SAMUEL S. SHINozAkit 
Department of Physics, University of California, Berkeley, California 
(Received December 19, 1960) 


The specific heats of two samples of yttrium iron garnet have been measured between 1.5 and 4.2°K 


The data have been analyzed into lattice- and spin-wave contributions characterized, respectively, by the 
Debye temperatures @;=538°K, 02.=567°K, and by D,=0.81X10-* erg-cm*, D.=0.85X10~** erg-cm?, 
where D is defined by the dispersion relation for spin waves, w= Dk’. 


I. INTRODUCTION 


HE low-temperature specific heat of yttrium iron 

garnet (YIG) is of interest in connection with 
the expected spin-wave contribution to the thermal 
properties. Recently, several specific-heat measure- 
ments have been reported, but the results are not in 
agreement with one another. In order to check the 
former results, measurements on two samples of YIG 
were carried out in the temperature range 1.5° to 
4.2°K, 


Il. EXPERIMENTAL 


In order to avoid errors associated with the desorption 
of exchange gas during the heating periods, a mechanical 
heat switch was used to cool the samples to 1.1°K. The 
switch consisted of two copper jaws connected to the 
helium bath by flexible copper wires. The jaws could be 
closed on a small copper sample holder which made 
thermal contact to the sample. The motion of the jaws 
was controlled by applying tension to a piano wire 
which went directly to the top of the apparatus and out 
into the atmosphere through a bellows. Half an hour 
was required to cool the sample from 77° to 4.2°K. 
When the switch was opened, a temperature increase 
in the sample was observed which corresponded to a 
heat input of between 10 ergs and 100 ergs. The sample 
was mounted rigidly in the cryostat with cotton thread. 

The thermometer was an American Ohmite resistor 
(} watt, 47 ohms), which was found to be more sensitive 
than the Allen-Bradley resistor. It was calibrated 


* Supported in part by the National Science Foundation. 
7 Present address: Ford Scientific Laboratory, Dearborn, 
Michigan. 


against the vapor pressure of the helium bath at 22 
. - go , oho) "4 : ~alj ¢ 
points between 1.5° and 4.2°K. During the calibra- 
tion, power was supplied to the bottom of the bath at 
a rate of 0.04 watt and a correction for the hydrostatic 
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Fic. 1. The specific heat of the two YIG samples. The points 
for sample 1 give the results obtained in one experiment. The 


points for sample 2 give the results obtained in two separate 
experiments. 
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TaBLe I, Comparison of experimental results for YIG. The 
values of a and b in the fourth and fifth rows were calculated 
using the x-ray density.* 





C (lattice) 
C(spin wave) =aT*” = bT* 
a b 
erg/cm? D A 
deg’? erg/cm? erg/cm 


68.9 0.51X10-% 0.2710 


erg/cm* © 
deg °K 


29.3 454 


Edmonds and 
Petersen 
Meyer and 
Harris 
Kunzler, Walker, 
and Galt 
Shinozaki (1) 
Shinozaki (2) 
Calculated from 
sound velocity 


0.48 0.25 12.8 599 


0.83 0.44 20.5 510 
0.81 


0.85 


0.43 
0.45 


17.6 538 
15.1 567 
15.2 566 





* F, Bertant and F. Forrat, Compt. rend. 242, 382 (1956). 


head was made. At the end of the experiment exchange 
gas was introduced and several calibration points were 
checked. The resistance was measured with a 43-cps 
resistance bridge, together with a lock-in detector and 
dc galvanometer. Power dissipation in the thermometer 
was less than 3X10~-* watt. The rate of temperature 
drift of the sample was about 0.003 deg/min at 2°K. 


III. RESULTS 


Samples 1 and 2 were polycrystalline specimens of 
pure YIG weighing 10.34 and 22.25 g, respectively. 
Sample 1 was obtained from Bell Telephone Labora- 
tories and was the sample used by Kunzler, Walker, and 
Galt.! The experimental results are presented in Fig. 1. 
The specific heat is analyzed into the spin wave (7*’?) 
and lattice (T*) parts by plotting CT-*” vs T**. Our 
results between 1.5°K and 4.2°K can be represented 
by C=aT*"+-bT*, with the values of @ and } shown in 
Table I. Our experimental specific heats are consider- 
ably smaller than those measured by Edmonds and 

1 J. E. Kunzler, L. R. Walker, and J. K. Galt, Phys. Rev. 119, 
1609 (1960). 
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Petersen? and by Meyer and Harris,’ but are in reason- 
able agreement with that of Kunzler, Walker, and Galt.! 
It has been suggested that the larger spin-wave specific 
heat is the result of magnetic impurities,!* but this 
would not explain the discrepancies in the lattice term. 
It seems probable that the high values of the total 
specific heat observed by Edmonds and Petersen and 
by Meyer and Harris are associated with the absorption 
of exchange gas by the sintered samples. 

The lattice contribution is in good agreement with 
that calculated from the sound-velocity measurements 
of McSkimin‘ on the assumption that YIG is isotropic. 

On the assumption that the dispersion relation for 
spin waves is 


t= Dk’, 
one can obtain the following equation for b: 
b= ($5) (1.341 9”) kp (Re/D)*?=0.113kp(ke/D)*?, 


where the constant D may be expressed by the Landau- 
Lifschitz exchange constant A as® 


D= 2Ag(up 'M,). 


kg is the Boltzmann constant. We take 4rM,= 2449 
gauss,°:? wg is the Bohr magneton, and g is the spectro- 
scopic splitting factor. Thus the constant D and 
Landau-Lifschitz exchange constant A can be evaluated 
as shown in Table I. 
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A method for calculating the density of states for an infinite, one-dimensional random alloy is obtained 
by investigating the asymptotic behavior of the trace of the “transmission”’ matrix which relates the values 
taken on by the wave function and its derivative at either end of the crystal. This matrix can be calculated 
if the potentials of the constituent A and B atoms, V4 and Vz, are given. The equations are first derived for 
a very general case, and then the results of a calculation for an alloy in which the A and B atoms have equal 
concentrations is shown for the case that V4 and Vg are 8-function potentials. Certain generalizations of the 
method for treating other nonperiodic problems are discussed briefly. 


I. INTRODUCTION 


N order to investigate qualitatively the band struc- 

ture of random alloys, while minimizing the mathe- 
matical difficulties, we consider a one-dimensional 
model. The method to be developed gives an asymptotic 
expression for the density of states in the limit as the 
length of the crystal approaches infinity, and does not 
rely on perturbation theory. 

Other investigations of various one-dimensional 
models have appeared in the recent literature. Schmidt! 
has derived an equation for the density of states of an 
infinite random alloy which may be solved by iteration, 
although no calculations were shown. Landauer and 
Helland? have used a method first suggested by James 
to calculate the density of states of a random alloy made 
up of 150 atoms. They used the same method to treat a 
one-dimensional liquid metal made up of 150 atoms. 
Frisch and Lloyd,‘ and Ford® have investigated the 
latter problem for the infinite case. Domb, Maradudin, 
Montroll, and Weiss® studied the vibration spectrum 
of a disordered linear chain. They used the “moment- 
trace method” ; with machine calculations they obtained 
results closely related to some of ours. 

Our method can be applied to a variety of non- 
periodic models, but we will emphasize the one described 
in Sec. II. We will also present a certain amount of 
background material there. In Sec. III the basic 
equations are developed; in Sec. IV these are applied 
to the special case of delta-function potentials. In 
Sec. V we discuss some generalizations of the method. 


* This work was supported by the U. S. Air Force Office of 
Scientific Research, and submitted to the Department of Physics 
and Astronomy, The Ohio State University, in partial fulfillment 
of the requirements for the Ph.D. degree. 

+t Now with the Department of Physics and the Quantum 
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' H. Schmidt, Phys. Rev. 105, 425 (1957). 

?R. Landauer and J. C. Helland, J. Chem. Phys. 
(1954). 

3H. M. James and A. S. Ginsbarg, J. 
(1953). 

4H. L. Frisch and S. P. Lloyd, Phys. Rev. 120, 1175 (1960). 

5 J. Ford, J. Chem. Phys. 30, 1546 (1959). 

* C. Domb, A. A. Maradudin, E. W. Montroll, and G. H. Weiss, 
J. Phys. Chem. Solids 8, 419 (1959). 
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II. GENERAL PROPERTIES OF THE MODEL 


We will investigate the eigenvalues of the one-electron 
Schrédinger equation, 


; hi? @&? 
|- -——+V (x) |v 
2m dx? 


with certain boundary conditions. The x axis is divided 
into cells of length d, the mth cell being the interval 
nd<x<(n+1)d; a local coordinate system for the nth 
cell is given by 


: EW, (1) 


Xn=x—nd. 


The one-electron potential function, V(x), is specified 
by giving its form in each cell: 


V(x)=Valxn), nd<x<(n+1)d. 


In our model of a random alloy, the V,,(x,) may take 
on two possible forms. If V.(*,)=Va4(x,), the mth cell 
is said to contain an A atom, and if V,(x,)=Va(xn), 
the nth cell is said to contain a B atom. (The condition 
that the potential depends only on the type of atom in 
the cell neglects the variations due to the environment 
of the atoms.) We specify further that V4(x,) and 
V »(x,) are symmetric about the center of the cells, and 
that V4(0)= V4(d)=V 2(0)=V a(d) V(x) isa 
continuous function of x. The arrangement of the A 
and B atoms in the lattice is random, but the concen- 
tration of A atoms, C4, and the concentration of B 
atoms, Cg=1—C4, are fixed numbers. 

Boundary conditions are imposed on Eq. (1) by 
considering a finite crystal 0<*«<.Vd, where JN, the 
number of atoms in the crystal, is large enough that 
end effects can be ignored. We will use the periodic 
boundary conditions 


so that 


V(O) 
v’(0) 


WV ( Vd . 
Vv’ Vd). 

A simple choice for the form of the functions V 4(*,) 
and V (x,), which is used in the Kronig-Penney model 
of a random alloy, is 


V a= (h?/md)P 45(x,—}4d), 


wee ) (3) 
if B= (h? md) P p6(xn— +d), 
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where P4 and Pz, are real constants. This model was 
considered by Saxon and Hutner? who were led to 
conjecture that an energy band which is forbidden for 
both the pure crystal made up of A atoms and the pure 
crystal made up of B atoms is also forbidden for a 
random AB alloy. This was later verified by Luttinger,*® 
whose proof remains valid for potentials that do not 
have the simple form of Eq. (3). 

In order to explain the motivation behind the method 
that we will use, it is necessary to employ certain 
theorems concerning the eigenvalues of Eq. (1) which 
are proved in a paper by Kramers.’ Kramers considered 
a very general case in which the only restrictions on the 
potential function, V(x), are that it should be real and 
continuous. His theorems deal with the energy- 
dependence of the trace of a certain matrix which, in a 
manner that will be described, yields the eigenvalues 
of Eq. (1). 

Let ¢:(*) and ¢2(x) be the two linearly independent 
solutions of Eq. (1), for a given energy, on the interval 
§<x<é&+L. A “transmission” matrix A with elements 
a;; is defined by the equation 


®(é+L)=A(E+L, §) ®(8), (4) 
gi(x) gi’ (x) 
w()=| | 


g(x) ge" (x) 


where 


A typical element of A is 
L{gi(E+L)  ga(€) | 
au=- ’ 
Ale (E+L)  ¢2'(€) 
where A (=det ®) is the Wronskian of ¢; and gp. Since 
A(i+L)=A(6), it follows from Eq. (4) that 
detA= 1. 
Solutions of Eq. (1) of the form 
x (x) = crpi (x) +c2G2(x) 


can be formed which satisfy the generalized boundary 
conditions 


x(€+L)=Ax(é), 
x’ (+L) =x’ (8); 
provided d is a solution of the secular equation 
A—)l| =0. 


Here I is the unit matrix. Using Eq. (5), the solutions 
of this equation are found to be 


Az =43Lf+(f?—-4)4], (6) 
where 


f=traceA. 


7D. S. Saxon and R. A. Hutner, Philips Research Repts 4, 81 
(1949). 

* J. M. Luttinger, Philips Research Repts. 6, 303 (1951). 

* H. A. Kramers, Physica 2, 483 (1935). 
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It can easily be shown that the trace, /, is independent 
of the particular choice of basis functions, g: and ¢2, 
among all the linear combinations x. Thus, for any 
given potential function, f depends only on the energy. 
Since ¢; and ¢g» may be chosen real, f is real. 

Kramers proved the following theorems: (a) The 
trace, f, is a continuous function of the energy, E. 
(b) There exists an energy Eo such that, if E< Zo, then 
f>2. (c) If E> Eo, then f is an oscillating function of 
the energy with an infinite number of maxima and 
minima. (d) At the maxima, f> 2, while at the minima, 
f<-—2. (e) When /(£)=2, the eigenvalue £ of (1) is 
nondegenerate unless ¢//8E=0, in which case the 
eigenvalue is twofold degenerate. 

These theorems can be used in two ways: If L is set 
equal to d (the length of a cell), they may be made the 
basis for a discussion of the band structure of a periodic 
lattice. Writing f4=traceA[(n+1)d, nd] and 


A, ?=exp(+ikd), (7) 


we see from Eq. (6) that & is real in those energy 
regions for which | fa| <2 (the allowed bands), and that 
k is imaginary for | fa| >2 (the forbidden bands). That 
any periodic lattice will exhibit a sequence of allowed 
and forbidden bands as the energy increases from Eo on, 
follows from the behavior of f(£). This is the use that 
Kramers made of the theorems. 

If L is set equal to Nd, then the periodic boundary 
conditions of Eq. (2) can be satisfied for those values 
of E for which A=1 (or f=2). 

For the periodic lattice, it can be shown that the 
trace of A(Nd,0), fwa? is given by 


fra’ =2 cos(Nkd), 


where & is defined in Eq. (7). The quantity kd varies 
monotonically from 0 to (or w to 0) as the energy 
traverses an allowed band. Thus, in an allowed band, 
twa” has the energy-dependence as shown by the upper 
curve in Fig. 1. Except for the highest and lowest 
values, the energy eigenvalues in the band are twofold 
degenerate according to theorem (e). These degeneracies 
for the periodic crystal with periodic boundary condi- 
tions are due ‘to the invariance of the system under 
translations and reflection”; they are likely to be 
absent in a random alloy. Thus, in accordance with 
theorems (a)-(e), the trace of A(Vd,0) for a random 
alloy, fwe®, will have the energy dependence in an 
allowed band as shown by the lower curve in Fig. 1. 
One can see from the preceding how the eigenvalues 
of Eq. (1) with boundary conditions (2) can be obtained 
from the trace of A(Nd,0) and, in a qualitative way, 
how this trace varies with the energy. In order to carry 
the investigation further, it is necessary to construct 
this matrix for the model described at the beginning 
of this section. This can be done as follows. A matrix, 


1 J. C. Slater, Technical Note No. 4, Solid State and Molecular 
Theory Group, Massachusetts, 1953 (unpublished). 
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Fic. 1. Qualitative behavior of the trace f as a function of the 
energy for a periodic and for a random lattice. 


X,, that depends on the shape of the potential in the 
nth cell and on the energy (i.e., is independent of the 
choice of basis function yg; and g») can be defined by 


X,= ®" (nd)A[(n+1)d, nd] ®(nd). (8) 
If the mth cell contains an A atom, we write X,=, and 


if it contains a B atom, X,,=%. For a given crystal made 
up of .V atoms, r of them being B atoms, we define 


V—1 
Pi(N,r)= IT X,=AAB-- BAB, (9) 


n=) 
where the order in which the & and 8 matrices appear 


in this product is the same as the order in which the A 
and B atoms occur in the crystal. The superscript i 


indicates which of the () ) distinct crystals that can be 
r 


formed from (V—r) atoms of type A and r atoms of 
type B is meant. It is easily seen that the A matrix for 
that crystal, A‘ is given by 

Ai= ©(0)P'®"(0), 
and 


f'=traceA‘=traceP", 


(10) 


The &% and 8 matrices defined in the previous 
paragraph are the transpose of similar matrices intro- 
duced in a paper by James," and a prescription for 
calculating them for any potential is given in that paper. 

Ill. ASYMPTOTIC EVALUATION OF THE 
ENSEMBLE AVERAGE OF f' 


One could, in principle, write down the matrix 
product P‘(N,r), Eq. (9), and then investigate the 
1H. M. James, Phys. Rev. 76, 1602 (1949). 
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eigenvalues of Eq. (1) by taking the trace of this 
product. This approach would be quite arduous, and 
it would require that we specify the exact sequence of 
atoms in the crystal whereas, in practice, only the 
concentrations C4 and Cz are measurable quantities 
for a random alloy. The basic assumption in an energy- 
band investigation of a random alloy is that the distri- 
bution of energy eigenvalues approaches a limiting 
distribution as NV — « which is the same for almost all 
sequences of atoms (i.e., except for a fraction that goes 
to zero as NV — ~) so long as the concentrations remain 
fixed. This assumption has been justified in several 
papers.'*? Due to the connection between the trace, 
f'(N,r), and the energy eigenvalues, we assert that 
the traces also approach a limit. This limit, if it exists, 
will be given by the ensemble average, (f), (i.e., the 
average of the traces for all sequences which have the 
given concentrations) in the limit as The 
existence of the limit can be inferred from the asymp- 
totic behavior of (f) to be discussed for an example in 
the next section. One would expect a smoothing out of 
the rapid oscillations of the individual traces (see 
Fig. 1) if the random phase factors shifted the eigen- 
values, for a finite fraction of sequences, by an amount 
comparable to their separation. From the existence of a 
limit of (f), we can infer that this is not the case. 

We will now derive an expression for the average 
trace, (f). The sum of all possible products that can be 
formed by permutation of (V—r) & matrices and r B 
matrices is equal to the coefficient of 2” in the expansion 
of (M%+:2B)*. The average of all these products, 


(P), is thus given by the contour integral 


1 sN\— 
( ) gp +28) %2-"—"dz, (11) 
2nri\r 


where the contour of integration goes once around the 
origin. The trace of the sum of a set of matrices is equal 
to the sum of the traces; therefore: 


> 


(P)= 


(f)=trace(P). (12) 
The average matrix, (P), can be put in a more useful 
form by bringing &{-+28 in exponential form. We have 


D?= det (A+-2B) = 14+ 262+2", 
where 

B= ab—}(Aw2Bit+An Br), 
with 


a=} traceM, b=} traceB. 


The determinant takes this relatively simple form 
because M and B are unimodular Eqs. (5) and 
(8) ]. We introduce the matrix 


q > 
| See 


M+-2B—D Icosp 
"Pann thence 
iD sinp 
2 F, J. Dyson, Phys. Rev. 92, 1331 (1953). 


(14) 
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where p(z) is defined by 


cosp= (a+2b)/D. (15) 


The functions p(z) and D(z) can be made single-valued 
by a choice of Riemann sheets, It can easily be shown 
that 

traceG(z)=0, (16) 


G2(z)=1. (17) 


for any value of zs. From Eqs. (14) and (17) it follows 
that 


and 


M+2B =D exp(ipG), (18) 


and hence 
(M+2B)* = D*[I cosN p+iG sinN p J. 
We can now find the average trace, (f), by inserting 
Eq. (19) into Eq. (11) and making use of Eqs. (12), 
(14), and (16): 


1sNy\"" 
(p= -( ) go cosN p 2-*"'dz. (20) 
im\r 


An asymptotic expression for (f) can be found by 
using the saddle point method of integration. We first 
break up the integral into the sum of two integrals, 


()=Kt+R>, 


(19) 


where 


N\" 
K+= —( ) g expVhxdz, 
2ri\r 


hs=+ip+|nD—Cz Inz. 


with 


The quantity Cg in the last equation is equal to 
(r+1)/N which is, in the limit as N— «, just the 
concentration of B atoms. The saddle points of hy and h_ 
can be found from the equations 

dhs. dz= 0. 


By manipulation of either of these equations one 
obtains the following sixth degree algebraic equation 
for the saddle points of 4, and h_: 


6 
>. ¢n3"=0, 


co= (1—a’)x?, co=1-—B, 
¢1= 2[ (8—ab)a*+ (1—a?)Bx(x—1) ], 
cs= 2[B—ab+ (1—8)8(1—x) ], 
C.= (1—8*)x° +48 (8—ab)x(x—1) 

+ (1—a*)[6?(x—1)?— 2x ]+ (a8—b)?(1+2°), 
co=1—a?+48(8—ab)(1—x) 

+ (1—8)[8?(«—1)?—2x]+ (68—a)?(1+2°), 
c= 2{ (1—B)Bx(x—1) 

+ (1—a*)8(1—x)+ (8—ab)[*(x—1)?— 2x] 
+ (aB—6)(a—08)(1+2*)}. 


(21) 
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In this equation 8 is given by Eq. (13a) and «=Cs/C4. 
Since the coefficients are real, the complex roots of 
Eq. (21) occur in conjugate pairs. 

If the Riemann sheets that make h,(z) single-valued 
are chosen such that 


h_(2*)=h,*(2), (22) 


then the conjugate of any saddle point of h, is a saddle 
point of h_. If we consider the contribution to the 
integrals of just one complex saddle point, z:;, we have 


Evaluating ( Y )by the saddle point method gives 


[2rh” (2) in exph, (2). 


Ny! . 
( ) = 2rCz C4! exp(— Ny), 
r 

where 


p= InC 4 +Cep In (C4 ‘C). 


Thus, the contribution to (f) from one complex con- 
jugate pair of saddle points is 


(f):=Q1 cos(N6+5) expVy1, (23) 


where 
6=Im h,(2:), 


5= —} argh’’(z:), 
Q1=2Ca!C 53h!" (21) |- 
yi= Re hy (21)—yn. 


It can be shown that a saddle point of 4, or h_ which 
is real will in general fall on a branch cut if the Riemann 
sheets are taken so that Eq. (22) is satisfied. For this 
case it is convenient to choose the Riemann sheets 
differently in evaluating the integrals. A real saddle 
point of 4, will of course not also be a saddle point of 
h_, and hence the integrals K+ and A™~ are quite 
different. The contribution to (f) from the real saddle 
point z of h, is 

(f)2=Q2 expN 72, (24) 
where 
y2=h,(%2)—h, 
Q2=CalC a3 (h" (z2))3. 


The quantity (f)2 is real since 4,(z2) is either real or 
contains an imaginary part of the form mm/N, where 
m is an integer. The contribution to (f) from a real 
saddle point of A_ is also real. 

For a given energy, all of the saddle points of A, 
and A_ are roots of Eq. (21) with the coefficients 
evaluated at that energy. It is necessary to know the 
form of the function Re A,(z) at that energy to see 
through which saddle points the path of integration 


18 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953). 
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must pass. It can be seen from Eqs. (23) and (24) 
that, of these, the complex saddle points for which 
Re /,(z:)< and the real saddle points for which 
h,(z2)< will contribute nothing in the limit as NV 
approaches infinity. 

If, in a given energy region, the only contribution to 
(f) is from one conjugate pair of saddle points, and 
if one has calculated these saddle points and also 
h,(2:) for a sufficient number of values of the energies 
in that region to plot @ as a smooth function of the 
energy, then the number of allowed states between two 
energies £, and £2 in that region can be found from 


N 
n(E,,E2)= 6(E1:)—@(E,)|. 


T 


(25) 


The quantity y; can be interpreted as a measure of the 
degree to which the degeneracy that occurs for the 
pure crystal (see Fig. 1) is removed. An energy region 
for which the only contribution to (f) is from a real 
saddle point is obviously a forbidden zone for the 
random alloy. An interpretation of the results for 
energy regions in which various combinations of the 
different types of saddle points contribute can also be 
made in a straightforward manner, although for this 
case (f) may not have the form required by Kramers’ 
theorems. It would then be necessary to conclude that 
the traces f' do not approach a limit. In the following 
example no such problem arises. 


IV. APPLICATION TO THE KRONIG-PENNEY MODEL 


We have made a calculation of the energy band 
structure for a Kronig-Penney model of a random alloy 
[see Eq. (3) for the potentials; we took P4 and Ps, 
negative as did Saxon and Hutner]. This case is 
particularly simple because 8 [see Eq. (13a) ] is equal 
to unity for all values of the energy. Due to this 
simplification, the sixth degree algebraic equation for 
the saddle points of 4, and h_ is replaced by the following 
cubic equation: 


>, ca’ 8*=0, 


n=) 


(26) 


co = (1 — a*) x, c;’ =1-—P 
cy = (1—2ab+a*)x?—2(1—a”)x, 
Cy’ = (1— 246+ 8")? — 2(1—B*)x, 


, 


where x=Cp/Ca, as before. A qualitative, graphical 
study of the functions Re h,(z) at various energies, 
aided by a calculation of the roots of Eq. (26), shows 
that: (1) In the doubly forbidden energy region," 
|a|>1 and |6|>1, Eq. (26) has three real roots. Two 
of these roots correspond to saddle points through 
which the path of integration must pass, but for one 


‘4 Since trace M=2a, an energy region for which |a!>1 is a 
forbidden band for a crystal made up of A atoms, while a region 
for which | a|<1 is an allowed band. 
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of them A,(z2)<y so that it contributes nothing in the 
limit as VN — , Thus, the only contribution to (f/f) 
is from one real saddle point and therefore the doubly 
forbidden region is a forbidden band for the random 
alloy. (2) In the singly allowed region, |a|>1 and 
|b|<1, there are two different cases that arise. For 
energies above a certain critical energy, E., Eq. (26) 
has three real roots and the situation is the same as it is 
for the doubly forbidden region. For energies less than 
E., Eq. (26) has one real and two complex conjugate 
roots and the situation is the same as it is for the 
doubly allowed region that will be discussed next. (3) 
In the doubly allowed region, |a|<1 and |6/<1, Eq. 
(26) has one real and two complex conjugate roots. 
The real root does not contribute and one of the complex 
roots is a saddle point of 4, while the other is a saddle 
point of h_ so that (f) is given by Eq. (23). Energies in 
this region are in an allowed band for the random alloy. 

Since the energy regions for which the random alloy 
has a forbidden band correspond to the regions for 
which Eq. (26) has three real roots, while regions for 
which the random alloy has an allowed band correspond 
to the regions for which Eq. (26) has one real and two 
complex roots, it follows that the allowed and forbidden 
bands can be specified by an investigation of the energy 
dependence of the discriminant of this cubic equation 
alone. Thus, we have a relatively simple criterion for 
specifying the forbidden bands of a Kronig-Penney 
random alloy that is more restrictive than the one 


cos @ 














Fic. 2. Cos@ as a function of the reduced energy e= (8md?/h?) E 
for a Kronig-Penney model with P4=z, Pa=x/2, Ca=Ca=}. 
Solid curve represents present theory; dashed curved, virtual- 
crystal method. 
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proved by Luttinger, although therevis no™conflict 
between the two criteria. 

In order to get more detailed information about the 
number of states in each allowed band and about the 
distribution of these states within the band, we have 
determined numerically the energy dependence of @, 
and used Eq. (25). It is convenient to plot cos@ versus 
E rather than @ itself, and this is shown in Fig. 2 for 
the case Pa=—a, Pp=—2/2, and Ca=Cpg=}. For 
comparison we also plot in that figure a calculation of 
cos@ using the virtual-crystal approximation of Nord- 
heim'® and Muto,'* The virtual-crystal approximation, 
which is based on perturbation theory, reduces for the 
simple Kronig-Penney case to replacing the random 
lattice with the potential 


V n(Xn) = (h®/md)(CaPat+CpP p)i(xn—}d). (27) 


For a periodic lattice we have, from Eq. (7), 6=kd. 

In Fig. 3 we show the allowed and forbidden bands 
of the random alloy compared with those of the pure A 
crystal, the pure B crystal, and the ordered AB alloy. 
The number that appears in each allowed band is the 
number of states in that band. 


PURE A 
PURE B 
ORDERED 4B {///// / 
RANDOM AB }\\\\\\\\\\\ 
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Fic. 3. Allowed and forbidden bands in a one-dimensional 


crystal. The numbers in blank spaces which represent the allowed 
bands, give the number of states. 


The results of this investigation can be summarized 
as follows: (1) The lowest lying allowed band of the 
random alloy, which is in a region of negative energy, 
contains a number of states equal to the number of A 
atoms in the crystal. (The A atom in our example has 
the deeper well.) (2) The next allowed band contains a 
number of states equal to the number of B atoms in 
the crystal. (Of course, the factors of $ occur in these 
zones in Fig. 2 because C4a=Cp=}.) (3) The allowed 
bands that lie in higher energy regions each contain V 
states and @ behaves qualitatively as in the higher band 
shown. (4) The distribution of the states within these 
high energy allowed zones is quite like the distribution 
that is obtained from the Nordheim-Muto virtual- 
crystal model except that the density of states tails off 
more slowly at the high-energy end of the allowed zone. 
Results 1 and 2 corresponds to the appearance of 
localized states associated with the bound state of the 
A or B atoms, while result 4 is in agreement with the 


18 L. Nordheim, Ann. Physik 9, 607 and 641 (1931). 
‘6 T. Muto, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 34, 
377 (1938). 
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Fic. 4. The parameter y; as a function of the reduced energy e. 


suggestions of Parmenter’ as to the corrections that 
should be made to the Nordheim-Muto theory. 

Additional calculations show that the two low-energy 
sub-bands each containing N/2 states coalesce into one 
band with N states when the difference in potentials, 
P4—Pp, is made smaller. 

The quantity y:, as can be seen from Fig. 4, is large 
in the two low-lying allowed zones. In the allowed 
zone of higher energy, it is zero at the low-energy end, 
it increases slowly as the doubly allowed zone is 
traversed, and it increases more rapidly in the singly 
allowed zone. 

Although the machine calculations of Landauer and 
Helland? were for a finite crystal made up of two 
different types of square wells, certain of their results 
may be compared with ours. In particular, they also 
obtained allowed bands in the negative energy regions 
made up of localized states, whereas at higher energies 
some of the forbidden bands which occur for the ordered 
AB alloy are absent in the case of the random AB alloy. 

Thus, the band structure that our method predicts 
for the Kronig-Penney model of a random alloy is in 
agreement with that which one would expect from the 
work of Luttinger, Parmenter, and Landauer and 
Helland. 


V. GENERALIZATIONS 


In the above, only the periodic boundary conditions 
of Eq. (2) were considered. It can be shown from Eq. (4) 
that the fixed end-point boundary conditions, ¥(0) 
=W(Nd)=0, are satisfied at those energies for which 
the element P»;'‘ of the matrix P‘ [see Eq. (9) ] vanishes. 
The average of the functions P2:' over all possible 
permutations is given by 


1 sNv\- sinVp 
P= —( ) § DM art2Ba) —dz, 
2ritr sinp 


17 R. H. Parmenter, Phys. Rev. 97, 587 (1955). 
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Fic. 5. Cos@ as a function of e as obtained with the scattering 
matrix method (solid curve) (reference 18), and with the virtual- 
crystal method (dashed curve) 


where the quantities appearing in this integral are as 
defined in the preceding sections of this paper, and the 
contour of integration encloses the origin. An asymp- 
totic expression for this integral would be expected to 
reflect the properties of Pj.‘ for any random sequence, 
and could thus be made the basis of a band structure 
investigation for the fixed end-point boundary 
conditions, 

The band structure for a random alloy made up of 
more than two types of atoms can be described by 


AND J. 


KORRINGA 


replacing the contour integral of Eq. (11) with a 
multiple contour integral Also, the unit cells of the 
different types of atoms that occur in the crystal can 
have different lengths, since the properties of the 
matrices needed for the derivation of Eq. (11) are not 
affected by this change. 

Another type of random system on which band 
structure investigations have been made recently is the 
one-dimensional liquid metal. By this is meant a 
linear array of atoms which are all of one kind, but 
whose positions are random. A simple model of such 
a system to which our method can be applied is obtained 
by considering a random sequence of atoms and spacers, 
the spacers being short cells in which the potential is 
zero, 

Although the methods described in this paper can be 
applied to many one-dimensional problems of interest, 
a generalization to three-dimensional problems would 
not be straightforward. It can still be used to check the 
validity of approximate three-dimensional theories, 
such as the one developed by one of us,'* by applying 
the latter to a one-dimensional case. This was done for 
a simple Kronig-Penney model. The results are shown 
in Fig. 5, where we have plotted cos@ as a function of 
FE as found with the method of reference 18 and as 
calculated with the virtual-crystal method. Although 
we do not get the splitting of the lowest band into 
sub-bands, as predicted by our present work, the 
correction to the virtual-crystal theory in the higher 
energy bands is in the right direction. 
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Early cyclotron resonance for holes in Ge gave evidence of two resonant peaks associated with the so- 
called light and heavy holes, Luttinger and Kohn predicted, on the basis of a careful investigation of the 
theory of degenerate bands, that at low enough temperatures additional peaks should appear. Subsequent 
experiments confirmed this prediction. In this paper a comparison is made of the cyclotron resonance theory 
and the experiments ef Fletcher, Yaeger, and Merritt. Values of the effective mass constants which best fit 
the data are found. Resonant peaks additional to those found by Fletcher, Yaeger, and Merritt are pre- 


dicted and discussed. 


I. INTRODUCTION 


NE of the principal methods of describing the 

motion of charge carriers in perturbed periodic 
fields is the so-called effective-mass theory. In this 
method the effect of the periodic potential on the 
motion of a charge is replaced, under certain conditions, 
by terms which appear in the equations of motion much 
in the same way that the mass appears in the free- 
electron case. In the simplest band theory these con- 
stants take on the form of a tensor.' Several authors? 
have extended the theory to include degenerate bands 
and found that the effective-mass constants enter in a 
more complicated form. It is well known that degenerate 
band theory is required in order to describe the valence 
band for both silicon and germanium.’ Luttinger* has 
given the most general form of the Hamiltonian for 
such cases and has shown that in the presence of an 
external magnetic field five constants are needed for the 
valence band in both silicon and germanium. 

One method of finding the effective-mass constants 
is by cyclotron resonance absorption methods.® Values 
for the effective-mass constants have been reported by 
several writers.? In these experiments, however, only 
two resonant peaks appeared for both germanium and 
silicon. Luttinger and Kohn® found that more peaks 
were predicted at lower temperatures since the spacing 
of the energy levels becomes nonuniform at low quan- 
tum numbers. The experiments of Fletcher, Yaeger, and 
Merritt’ showed this to be the case for germanium. 


* This paper is based on a thesis submitted to the University of 
Michigan in partial fulfillment of the requirements for a Ph.D. 
degree. 

t Now at Colorado State University, Fort Collins, Colorado. 

1 See R. Peierls, Z. Physik 80, 736 (1933) ; 81, 186 (1933); G. H. 
Wannier, Phys. Rev. 52, 191 (1937); J. C. Slater, Phys. Rev. 76, 
1592 (1949). 

2G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 92, 827 
(1953); 95, 568 (1954); R. N. Dexter, H. J. Zeiger, and B. Lax, 
ibid. 95, 557 (1954). Throughout this paper reference to these 
papers will be made as DKK and DZL. 

3 W. Shockley, Phys. Rev. 78, 173 (1950). 

*J. M. Luttinger, Phys. Rev. 102, 1030 (1956). This reference 
will be referred to as JML throughout this paper. 

5 W. Shockley, Phys. Rev. 90, 491 (1953). 

6 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
This paper will be referred to as LK throughout the remainder of 
this paper. 

7R. C. Fletcher, W. A. Yaeger, and F. R. Merritt, Phys. Rev. 
100, 747 (1955). This paper will be referred to as FYM throughout 
the remainder of this paper. 


Their experiments gave many resonant peaks at the 
lowest temperature considered (1.3°K). These peaks 
gave way to only two prominent peaks as the tempera- 
ture was raised to 4.2°K. 

It is the purpose of this paper to fit the theory of 
JML and LK to the experimental results of FYM in 
order to determine the best values of the effective-mass 
constants. In Sec. II it is shown that for a “germanium- 
like” crystal the momentum along the direction of the 
magnetic field may be taken to be zero without intro- 
ducing appreciable error. The determination of the 
effective-mass constants is given in Sec. ITI. 

For the details of the development of the theory of 
cyclotron resonance in degenerate bands, the reader is 
referred to JML. Deviations from the equations in 
JML are mentioned as they appear. 

Il. A TEST OF THE Py=0 ASSUMPTION 

Solutions to the general equation 

Dy= EY, (1) 
where D is given by Eq. (45) in JML, are, in general, 
not known. There are, however, two special cases which 
may be solved. These are (1) if the momentum com- 
ponent along the magnetic field direction (Pg) is zero 
and (2) if the effective mass constants 2 and 3 given 
by JML are equal. In an earlier paper® it was shown 
that the assumption is valid in the classical limit and 
leads to errors of less than 3% in the cyclotron reso- 
nance absorption peaks. It will now be shown that it is 
also valid in the quantum limit for germanium. 

The rough estimate of y2 and ys; obtained from the 
classical results given in Sec. III shows that y2 and ys 
are within 20% of the same value. Thus, to a fair 
approximation, germanium may be assumed to have 
Y2=3s=¥. Cyclotron resonance in this ‘““germaniumlike” 
crystal may now be considered to see if the Py=0 
assumption holds since solutions of (1) may be found 
for both Py=0 and P70. For convenience the orienta- 
tion of the magnetic field will be along the [111] 
direction. Using methods identical with those in JML, 
P and J are rotated in order to get one component of 
P along H. The g in JML has been estimated to be 


sy. M. Luttinger and R. R. Goodman, Phys. Rev. 100, 673 
(1955). 
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~0.01 by Kohn? and will be omitted. ° 


( (r+4) (ata+}) +x —v3Fa? 
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where a factor —eH/mc has been omitted. This only 
affects the units of measure of energy in cyclotron 
resonance analysis. The solutions are of the form 


Cal tn 


| Cm? ton 
+ mm 


| 
} 


Cas en 


Cw“the 


where all symbols are the same as those given in JML 
except k is given here by P. For m<3 the solutions are 
subject to the conditions 


m=O: 
m=1: Cyi=Ci : (4) 


m=2: 


Using the properties of the creation and annihilation 
operators a' and a operating on the harmonic oscillator 
wave functions u,, and substituting (2) and (3) into 
(1), a set of determinantal equations are obtained for 
the determination of the energy levels E,. For each 
m2 3, there are four values of E,,. Thus it is necessary 
to label each EZ,, with another index p (p=1, 2, 3, 4). 
For m= 2, p=1, 2,3; for m=1, p=1, 2; and, for m=0, 
there is only one Zo. The convention chosen here for 
En, is that Eni<Emo<Em3<Em.s. These deter- 
minantal equations may be computed numerically by 
electronic computers. The special case Py=0 which 
also is of interest here is seen to be identical with that 
considered in Luttinger’s paper simply by setting Py =0 
in (2) and comparing the matrix to Luttinger’s Eq. 
(71). The labeling of levels in Luttinger’s paper is 
different from that used here, however. 

The energy levels and the wave functions are now 
known for both Py=0 and P,+0. It remains to com- 
pare the absorption line shapes for both cases. In order 
to do this we make use of the equation for the absorp- 
tion line shape derived in Appendix A. All quantities 
appearing in the line shape Eq. (A21) are in principle 
known. The matrix elements may be expressed using 


*W. Kohn (private communication) 
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‘he final matrix D is given by 
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Eq. (2) as 


Vv = 
ym,p;m+l1,o 


+m, p*Cnis.e°(m— 1)!+C, m+-1)) | 
where wo=eH/mc. Thus if the integration in (A21) is 
to be performed, it is necessary to obtain the energy 
levels Em, as well'as the coefficients in the eigenfunction 
(3). In general this requires the solution of quartic 
equations. The integrals, being too complicated to 
perform in general, were done numerically. The IBM 
650 digital computer was programmed to find the En, 
and Cw,,' as a function of Py. Several transitions were 
considered. 

Before presenting the numerical results, it is of 
interest to consider the types of transitions which are 
possible for both the Py=0 and P70 cases. It has 
already been shown that transitions may occur only if 
the final state differs from the initial state by +1 in 
the quantum number m. This must be true for both 
cases. In the P7=0 case transitions between any of the 
four levels associated with m and those with m+1. 
Some of these transitions turn out to be relatively 
improbable. For the Py=0 case, these same selection 
rules do not hold. Setting Py =0 splits the Hamiltonian 
into two independent 22 matrices. This automatically 
eliminates transitions between the levels of one 2X2 
matrix and those of the other 2X2 matrix. The Py#0 
tends to allow these forbidden transitions. (In JML’s 
notation for energy levels for Py=0, the transitions 
which are allowed for P70 but forbidden for Py=0 
are these between the ladders €;+(m) and €.*().) Since 
a comparison of line shapes for Py=0 and Py#0 is 
desired, only transitions which are allowed for both 
schemes will be considered. 

For the purpose of comparison a typical transition 
was chosen and the absorption curve for Py=0 was 
calculated for comparison with the calculated curve for 
P10. Using the method outlined above, the typical 
values of the effective-mass constants used were 
x= 4.0. 


y=13.2, 7=4.4, 


The transition m=2, p=1— m=3,p=2 was con- 
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sidered. The integration of the line-shape equation 
(A21) as well as the determination of the eigenvalues 
and eigenfunctions were done on the IBM 650 computer. 
Calculations were performed using the parameters 


w= 1.510" rad/sec, 
(wr? =S7, 
T= 1° and 3°K. 


The numerical results are plotted along with the Py =0 
results in Fig. 1. From Fig. 1 it is seen that the shift in 
the absorption peak is less than 2% when Py=0 is 
assumed. Thus, the type of transition which is allowed 
for both Py=0 and Py#0 may be found with little 
error by using the much simpler Py=0 calculations. It 
is true that only one transition of this type was con- 
sidered here; however, remembering that the classical 
absorption curves, or higher quantum transitions, are 
not shifted significantly by setting Py=0, it seems 
reasonable that none of these transitions will be 
affected appreciably. 

One of the transitions allowed for Py#0 and for- 
bidden for Py=0 was investigated. The transition line 
shape for m=0, p=1— n=1, o=1 was calculated and 
found to be of an entirely different character than the 
one presented above. It was found to be very tempera- 
ture dependent and highly asymmetric. The “Px- 
induced” type transition is, therefore, easily distin- 
guished from the Py=0 transitions. It is also estimated 
to have a relative intensity to the normal absorption 
curve of less than 10%. Figure 2 shows the line shape 
for this ““Py-induced”’ transition. 


Ill. DETERMINATION OF THE EFFECTIVE-MASS 
CONSTANTS 


With the validity of the Py=0 assumption verified, 
it is now possible}to continue on with the cyclotron 
resonance analysis. As mentioned earlier, it is possible 
to find solutions to (1) for the Py=0O case when the 


1.0 
K *H/He 


magnetic field is in the [111] direction. The other 
directions may be handled by approximation methods. 
It is the results of these calculations which will allow 
comparison with experiment. The experiments chosen 
were those of FYM. The values of y:, ye, yz, and « were 
varied until a best fit of their data was obtained. The 
experiments of FYM were done at two temperatures: 
4.2° and 1.3°K. In order to obtain estimates of these 
constants, the 4.2°, or “classical” case, was analyzed 
first. For this case the equations of DKK are valid. 
They showed that the cyclotron resonance frequencies 
in the valence band for Ge are given by 


w(o)=2n | do{ A+[B?+1C2(1+2(¢))}}7, (6) 


where 
g(¢) = (1—3 cos*@){ (cos*9—3) cos'¢+2 cos’p} (7) 


and @ is the angle of the magnetic field in the (110) 
plane measured from the [001 | axis. Equation (6) may 
be expressed in terms of complete elliptic integrals of 
the first and third kind. Since the existing tables for 
the elliptic integrals of the third kind are too incomplete 
to be of use here, Eq. (6) was expanded in terms of g(¢) 
and integrated term by term. For H in the [001 ], [111], 
and [100] directions, (6) may be written as 


w*[111]=A+(B?+42)! 


) 





o-[tonjeenfit] / {1 1C)4) (8) 


oe itojeosftt] / | 1 wii | 
bah ~ 64*[111](B2+4C2)4 1 





By using the values of w+ given in FYM for 4.2°, the 
constants A, B, and C may be determined. The values 
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w*[111]=23.75, w [111] 
give 


2.66, and w*t[100]= 22.88 


A=13.21, B?=73.03, 41C°?=38.06. (9) 
Using these values in w [100] and w*[110] and evalu- 
ating them serves as a check, giving results in good 
agreement with the values given in FYM. Using JML’s 
identities these constants give 
y2= 4.28, y3s=5.56. (10) 
The 2 and y3 must be considered as only rough esti- 
mates due to the approximations used in handling the 
expansions of (8). In order to obtain a value for C?/4, 
it is the difference between the experimental values 
§V3{ (y2—7) (at)? 
+ (y2t+7s)a*} 
(y1—v2) (ata+4) —4« 


(yity2) (ala+4)+ ix 
4V3 { (y2—vs)a? 
+ (+12) (at)?) 
0 


(vita) (ata + $) +jx — (1/v3) (y2+2y3)a? 
— (1/V3) (y2+273) (a')? (yi—7:) (ata+4) — x 
— (2)3(y3—~y2)a? 0 
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0 0 
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w*[ 111], w*[100], and wt[110] which must be used. 
It may be seen in FYM that the values of w* do not 
differ by much and, therefore, small experimental error 
shows an appreciable variation in the value of C?/4. If 
the experimental values of w~ are used, the correspond- 
ing series converge very slowly. 

For the purpose of comparing the quantum results 
with FYM’s experiments at 1.3°, the values of 2 and 
vs may be varied about the values given in (11). Using 
transformations similar to the one used in the previous 
section and taking Pxr=(, it is possible to obtain the 
desired Hamiltonians for the [110] and [100] cases. 
The Hamiltonian for the [111] 
setting Py=0 in Eq. (2). These three cases are then 
given by the Hamiltonians: 


case is obtained by 


(vi —y2) (ata+-4)+4« V3 { (y2—s) (a!)? 
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4V3{ (y2—s)a? (yit Y2) (ata+4) .z 


+ (y2+~7;) (at)*} 


— (3)#(ys—~v2) (a!) 

0 
(yi — va) (ata +4) +4« 
— (1/V3) (y2+2y:) (a‘)? 


— (1/v3) (y2+2ys)a? 


+) — 3 


(yi+v7s) (ata 


0 





1V3{(ys—v2)[ata+$4+4(at)?] |" 
+3 (ys—-2)[a*+ (af?) —4(3y2+5ys)a 
1V3 { (y3— 2) (ala+4+ ja) vit brat bya) (ala +4) — ix | 

—}(3y2+5y3) (at)?} Mys—r)La+(alys] J 





OTRON 


$ 
Fic. 3. Energy level diagram for 
[111] direction. 









































The only one of these Hamiltonians which has a known 
exact eigensolution is the Di1:. Upon inspection of (12) 
it is seen that the solution for the wave function is 


Cyr n—2 
Cin 


on 


¥n= (14) 


Cr‘u n—2 


For n=0, 1 it is understood that C,!=C,3=C,'=0, and 
for n=2,3 that C,3=0. The equation for the eigen- 
values of E, of the Schrédinger equation for n24 is 
given by a 4X4 determinant. For n=0, 1 the energy is 
given by 

En= (yi— 3) (n+) — 3k. (13) 


A 3X3 determinant is found for n=2, 3. By varying 
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the values of 2, ys, and x, it is possible to get values of 
the energy from these equations which, with the help 
of the selection rules for harmonic oscillator wave func- 
tions, may be fitted to the data of FYM. The selection 
rules for dipole transitions allow only An= +1. Energy 
levels were calculated by the use of an IBM 650 for 
the range of values 5.4¢ y3¢5.7 and 3.7<«<¢ 4.2. The 
value of y; was fixed at 13.21 and v2 was determined by 

y2=[(10.54)?—3y3?]}, (14) 
which follows from the classical analysis. The values of 
x were chosen near Kohn’s® estimate x=4. The energy 
levels of a typical calculation appear in Fig. 3. Some 
of the allowed transitions are indicated by the arrows. 
All values of y3 between 5.4 and 5.6 give good agree- 
ment for the resonant peaks w=3.01, 2.78, and 2.60 
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found by FYM. Other transitions are sensitive to varia- 
tions in y3; and « such as n=3, p=1— n=2, p=1; 
n= 3, p= 1—n=2,p=2; n=1,p=1—n=2, p=2. Three 
sets of values of ys; and « are found which give best 
agreement with FYM. These are 

3.9+0.1 


=5.55+0.02, «x= 
x=3.9+0.1 
x=4.2+0.1. 


= 5,60-+0.02, 


(15) 
= 5.61+0.02, 


Table I indicates the experimental resonant frequencies 
and those given by theory for the above values of y; 
and x. Even these values do not predict all peaks ob- 
served by FYM, and they all predict additional peaks 
not observed. More will be said concerning this later. 
These three sets of values may now be used in either 
the [100] or [110] cases to determine which fits the 
data best. The [100] direction is considered next. It has 
already been mentioned that an exact solution to (11) 
is not known. It may be noticed, however, that the 
Hamiltonian contains terms with coefficients ye+73 
and y2—73. Since it may be roughly estimated from the 


1\_ 
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1V3 (yotvy;) (al) 
Q 0 
0 0 
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Do 


is the zeroth-order Hamiltonian and the perturbation 
term is 

(O (at) 0 
la? 0 0 
10 0 (a 
0 0 OQ J 


Di = —3V3 (y3— 72) (18) 


it is seen that the problem reduces to two 2X2 per- 
turbation problems. Solutions are easily found for the 
zeroth order equations. (Each is a 2X2.) These are 


2 / Bsn hehe 
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TABLE II. A list of lines predicted which account for 
the observed lines of FYM. 


Ayn 
Ay7Un 


(19) 


10 =| 


¥3=5.60+0.02 


2.00 +0.30 
2.56 +0.12 
NP 
NP 
3.65 +0.05> 
4.20 +0.12° 
4.68 +0.030 
18.26 +0.08 
22.06>+0.26 


Observed by FYM 


NP 
3.60+0.05> 
4.00+0.20(?) 

NP 

18.09+0.08 
22.70+0.26 





® NP = not predicted. 


b Many lines are predicted near this value 
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TABLE I. A list of lines predicted which account for 
the observed lines of FYM 


Resonant 
freq. found Pare 
by FYM [111] Predicted by 
direction at +3=5.60+0.02 
T =1.3°K = x=3.9 


2.25(?) 2.164 
2.47 NP 
2.66 2.69 \' 
2.78 


0.10 


3.01 
3.22 
3.94(?) 
4.37(?) 
23.75 


$.56+0.12 
23.71% 


* NP = not predicted. 
>’ Many lines are also predicted ir 


classical results that (y;— Y3 TY 
terms as a perturbation 


\~O0.1 it is pos- 
sible to consider the (y2 
in the problem. Writing 


Djo0o= Dot D, (16) 


where 


0 0 

0 0 
(yi— 2) (ata +3)+4x 
3V3 (y2+7s) (a')? 


1V3 (yotys)a 


(¥1T Y2) 


where the (1) and (2) refer to the upper 2X2 and lower 
2X2 matrix, respectively. Numerical solutions of the 
second order perturbation were made for the energy 
levels by the use of a computer for the values of the 
vs and «x given above. The best fit to the FYM data is 
given by 5.60+0.02=y; and «=4,0+0.2. Table II 
shows results of these calculations as compared to 
FYM. For y3;=5.60+0.02 all observed peaks are 
accounted for except w=3.17 and 3.34. Most transi- 
tions are relatively insensitive to variations in x, thus 
its value could not -be narrowed down by the [100] 
analysis. 

In order to verify this choice of y3, it was used in the 
[110] analysis. The other constants were taken to be 
yi=13.21 and «=3.8. The [110] solutions may be 
obtained by a second-order perturbation exactly 
analogous to the [100] case. Numerical results show 
good agreement for the resonant peaks 3.21, 2.91, and 
2.72 of FYM. The peak at 3.83 may be accounted for 
by one transition which is predicted near 4.01 but is 
extremely sensitive to small variations in y;. Again a 
variation in x may be shown not to give significant 
changes in the predicted frequencies. The results do 
not conflict with the choice of y;. Thus the best set of 
values are given by 


v= 13.2, v2" 
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IV. DISCUSSION 


The above values of yryzy3 and « are subject to error 
for several reasons. Experimental error in FYM’s 
measurements is probably of the order of 1%. The 
P,=0 assumption causes an error which is estimated 
to be no larger than 1%. Additional error is introduced 
in the perturbation calculations in the [100] and [110 ] 
cases. The error of this is estimated to be of the order 
of 2%. Since none of the values of ys; and « fit the data 
completely, the possibility of other values, say y3=5.55, 
which also fit some of the peaks may not be altogether 
excluded. 

From Fig. 3 it may be seen that some transitions are 
predicted which are not observed in FYM. Experi- 
mental limitations could account for this. One such line 
is the transition from n=1, p=1— n=0, p=1, which, 
from Eq. (13), may be shown to have a frequency 


a= (yi1—- 73) 


and is, therefore, estimated to w= 7.6. The observation 
of this transition would simplify the analysis since it 
has such a simple functional dependence on y; and y;. 
Since the value of y; is well established, it would im- 
mediately determine y;. Similar transitions occur for 
the [100] direction (w8.9) and for the [110] direction 
(w9.0) of magnetic field. There is a possibility that 
this line was observed by Dousmanis e a/."° in an un- 
accounted-for peak in their negative-mass cyclotron 
resonance experiments. 

Some lines appear in FYM which are not predicted 
here. Some of these such as in the [100] case possibly 
could be due to the Py-induced lines previously men- 
tioned. If this is the case they could easily be identified, 
since Py-induced lines are strongly temperature de- 
pendent, by a small change in temperature. The exact 
location of these peaks at a given temperature is diffi- 
cult to determine numerically. Since in general Py- 
induced lines are not strong, it is difficult to see how 
they could account for a strong transition such as 
w= 3.34 in the [100] data. 

More detailed analysis is plausible when more com- 
plete experiments have been performed at a number of 
temperatures. This would allow identification of Py- 
induced lines, if any exist, and also give information 
concerning the population of levels at different tem- 
peratures. Hensel and Martin" have recently suggested 
that Stark shifts are plausible as a means of identifying 
cyclotron resonance transitions. An identification of 
transitions would greatly simplify the analysis. 
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APPENDIX A 


The quantum theory of line broadening is presented 
in this Appendix for the purpose of obtaining a line- 
shape equation. The mechanism for the line broadening 
is assumed to be, for simplicity, that of a simple colli- 
sion which has a relaxation time r. The formalism used 
here is similar to that of Karplus and Schwinger.” 

We begin by considering an oscillating electric field 
which perturbs a system which has an original Hamil- 
tonian KX. The electric field is given by 


E(t) = E° cosw, (Al) 


where E° is a constant vector. The Hamiltonian which 
includes the perturbation may be given by 


e 
KH=Kot—E?- v sinwt, (A2) 


w 


where v is the velocity of the system. The gauge chosen 
here is 

10 

-—A=-— E° coswi. 

C dl 


We wish to calculate the power absorbed per unit 
volume, which is easily seen to be 


P=ne{(val(t))Ea(l)}1, (A3) 


where { }, indicates an average over time and { ) indi- 
cates an averaging over the time of the last collision as 
well as a Boltzmann averaging. Thus 


(Va (t) ; = >; > 9 (Yami (A(t) ) im, (A4) 


where f(t) is the density matrix averaged over the time 
of the last collision. It is the (/(¢))jm which must be 
calculated before (A3) can be written in an explicit 
form. The precise meaning of this quantity will become 
clear in the next paragraph. 

To begin with, the strong collision assumption is made. 
Assume that such a collision occurred at a time f. 
Complete equilibrium, being reached immediately after 
the collision, allows the density matrix for ‘=¢) to be 
written 


p(to) =expl — BH (to) |/Tr expl —B% (to) ]. 


It is also true that 


(AS) 


ihdp/dt=[3,p |, (A6) 


where [ , ] is the commutator. The density matrix at 
some time ¢ clearly depends on ¢ and f. The value of p 
then must be averaged over all f. Call this averaged 
quantity p. If the probability that a collision last 


'?R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 
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occurred in the interval ‘—d to /—d3+dd is given by 


dd 


é o/r 


D 


p= p(t, t—d)e~*! "dd. 
T 


0 


It is easily shown from this that 


* Ap(t, i—d) 
J tg Od, 
TY 4 Od 


(A8) 


(A9) 


where 
po(t)=p(t,t). (A10) 

Integration of (A9) is now necessary. Define the devia- 
tion of p from p as 

D= p(t)—pv(t). (A11) 
If a representation is chosen such that the unperturbed 
Hamiltonian 5» is diagonal, it is easily seen that Eq. 
(A9) yields, in matrix language, 


OD nn 1 
+( inne )p. n 
al T 


0 1 € 


r (p0(t) mn ‘es 
it 


> [(E°- v)Din 


wh ? 


€ 


— Dmj(E°-v) jn] sinwt, (A12) 
where 

@mn= (1/h)(En© —E,™). (A13) 
The £, are the unperturbed energy eigenvalues. 
Using perturbation methods the density matrix to first 
order may be written 


be 
(00(t))m a™ Pa” Om (: — \ E' *V)mn snat ) 


es) 


(A14) 


~V)mn Sinwt. 
Rian @ 


This step follows directly from the method given in 
Appendix I in Karplus and Schwinger.” The term p,,“ 
is the unperturbed density matrix given by 


p =exp[—AICy ]/Tr expl—BX, ]. (A15) 
The last term in (A12) is clearly of second order in the 
perturbation, so to first order it may be omitted. Com- 
bining (A12), (A14), and (A15) and considering the 
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steady-state case, we may write 


(A (t))mn -" pa” ,; bn n 


(Oo 


e " " Pm —~Pn 
+—(E°. ies Bam Omn— — » 
? 


hodm n 


| T 1 
Mtr 
| 1+i7r(w +- Oden» ) 1) 
T 
.( 
1+17 (wm 


With this explicit form of A(¢) it is now possible to 
perform the time average in the equation for the power 
absorption. Considering, of course, only the real part 
of the result, (A3) becomes 


(A16) 


28 

ah 

C= ner EE,"| > (2. 

1+ (wr)? m 
Pu’ — Pa" 


hid n 


i 
x( — + )}. (A17) 
1+22(wtemn)® 1+72(w—wmn)?J | 


The a and y are the vector component indices. If the 
vector E° is directed 
along the y axis is considered, the simplified result 


special case where the electri: 


26 
= ner (B"}| —- > (2,) mm? Pm 
1+ (wr)? m 


Pm* —~ Pn 


mr x 
Redinn 


1 
x( . ‘ ) >; (A118) 
1+77(w + Wm n)? 1 +- 7? (Ww — Gn a) } 


is obtained. It is this equation that is to be modified to 
our needs, The summation must be extended to include 
a summation over the index p (discussed in Sec. IIT) 
as well as the quantum number n. An integration over 
Py must also be included. Considerable simplification 
occurs when, using the relation 


) 


(v, 


(Sadinn = (i h)[% San n 
to give 


y ) 2 2(a \ > 
(Va mn - —“"Wmn (x a)mn'; 


it is noted that for our case (%2)mn=0 and, due to the 
fact that the wave functions are related to harmonic 
oscillator wave functions it is easily shown that for 
different than m-1 the matrix elements are zero. In- 
cluding all of these comments it is easy to prove that 
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(A18) may be written in the form 
a © 
w= ner (Er) f dP y » 2 1D Wm+1,o;m,p 
0 m=) p,¢ 
xX (pm, 0 — pm 1,6) (Yon, o; m4 7 


Peet cle ). 
14+7°(w— Wmtl.e;m.e)* 
(A19) 


x(; 
itr thins. o;m, »)? 


The density matrix pm,,“? must now be written as 


BeHh 
Ea.” | / 
mc 


pfenize- 


n=) ¢ 


Pm.p™ = exp wr 


BeHh 
Ea.” | (A20) 


mc 


The subscripts p and o refer to the eigenvalues attached 
to each quantum state m. The absorption line shape for 
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a single transition, say from m,p to m+1,o will be 
denoted by @m,»,. and, neglecting the coefficient, may 
be written as 

Cane 


® 


- J dP y Wm4 t.eyme times i 


0 
a BeHh BeHh 
| er ——-- Ea.” ) = ex( Fa) 
mc mc 


i 1 
x(———_1+_, — :) 
1+7?(w+om+1, o;m, A i+7(@-— Wm+1,0; ae 


x1 ak aPu Een(—e,.! ')}, 


(A21) 


The line-shape curve for P=0 is just the integrand 
taken at Py= 
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Reflection of Slow Electrons from Tungsten Single Crystals, Clean and with 
Adsorbed Monolayers 


P. KisLivuk 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 15, 1960) 


The reflection of electrons with kinetic energy up to a few electron volts from tungsten single-crystal 
surfaces is measured both on the clean surface and with adsorbed monolayers of nitrogen and oxygen. For 
the clean surface, diffraction from the lattice is responsible for a considerable part of the reflection in the 
thermionic range of energy. The magnitude of the reflection is such as to have a barely measurable effect 
on experimental tests of the thermionic emission equations. ‘This technique permits continuous recording 
of the change in work function as gas is adsorbed, yielding information about the kinetics of chemisorption 
and the surface dipoles due to the adsorbed gas atoms. 


INTRODUCTION 


HE well-known theoretical expression for the cur- 
rent density of thermionic electrons is!” 


J=A(1—R)T? exp(— ¢/kT), (1) 


where A is 120 amp/cm? deg’, R is the reflection coef- 
ficient averaged over the energy distribution, and ¢ 
is the work function. If the assumptions leading to this 
equation are valid, the energy distribution is Maxwel- 
lian except for the factor R, which may depend on the 
energy. MacColl! calculated R using a one-dimensional 
model with a sinusoidal internal potential connecting 

1C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 

2 W. B. Nottingham, Handbuch der ey edited by S. Fliigge 


aye Verlag, Berlin, 1956), Vol. 21, 
3L. A. MacColl, Bell System Tech. J. Bo, 588 (1951). 


smoothly with an image potential at the barrier. He 
found about 5% reflection at zero kinetic energy of 
approach, falling rapidly at higher energy, with regions 
of 100% reflection very close to the energies where 
diffraction maxima are to be expected from the perio- 
dicity of the internal potential. The width of the region 
of 100% reflection in his examples is approximately 
equal to the amplitude of the sinusoidal internal vari- 
ation in potential energy. It is, in fact, generally true 
in the weak-binding approximation that the width of 
the forbidden region is approximately equal to the 
matrix element of the periodic potential.‘ 

For a more realistic model, one would expect to ob- 
serve diffraction due to the three-dimensional space 
lattice. The effective mass, which enters into the calcu- 


‘P. A. Wolff (private communication). 
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Fic. 1. Simplified diagram of the experimental tube. Shaded 
areas represent the pole pieces of the magnet. 














lation of the energy of the diffraction, depends on the 
band structure near the vacuum level. A theoretical 
value for the barrier height would depend both upon 
a band-structure calculation and a calculation of the 
surface dipole layer. The reflections due to diffraction 
would be reduced to less than 100% by taking electron- 
electron and other collisions into account. Since no cal- 
culation taking these effects into account is available, 
we will content ourselves with a qualitative experimental 
correspondence with this model. 

As for experimental investigations of the reflection 
coefficient, Nottingham,’?:> from the analysis of his data 
on polycrystalline tungsten wire, proposed 


R=exp(—V/0.19), (2) 


where V is the kinetic energy in electron volts, due to 
the velocity component, outside of the metal perpen- 
dicular to the surface. Herring and Nichols' pointed 
out that this form of reflection has no theoretical basis 
and is, in fact, in conflict with the interpretation of 
experimental results on periodic deviations from the 
Schottky effect. They suggested that his results were 
the consequence of patchiness, such as had been investi- 
gated by Becker and Brattain,® probably due to the 
polycrystalline nature of the surface. It was apparent 
that meaningful results could be obtained only if the 
experiment were performed on a single-crystal plane. 
Hutson’ measured the energy distribution of thermionic 
electrons from a single-crystal wire and found that his 
data were fitted quite well on each of the planes in- 
vestigated by the reflection given in Eq. (2). Smith’ 
pointed out that Hutson’s results could be explained 
without such a reflection if the resolution were 10 times 
poorer than estimated, but no source of such poor 
resolution has been found. However, Shelton® has since 
performed an experiment on the (211) plane of tantalum 
in plane parallel geometry and found an extremely 
sharp “knee” on a plot of log J vs V, showing only an 
8% reflection nearly independent of energy in the range 
of baleen. Thus, it appears likely that Nottingham’s 


5 W. B. Nottingham, Phys. Rev. 49, 78 (1936). 
i A. Becker, Revs. Modern Phys. 7, 95 (1935). 
a Hutson, Phys. Rev. 98, 889 (1955). 
CI F. Smith, Phys. Rev. 100, 1115 (1955). 
°H. Shelton, Phys. Rev. 107, 1553 (1957) and dissertation, 
M.I.T., Cambridge, Massachusetts, 1956). 
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reflection was due to patch effects originally, and its 
apparent confirmation by Hutson was due to instru- 
mental limitations. 

A modification of Shelton’s tube has been constructed 
as part of a program investigating the adsorption of 
gases on metal. Evidence is given that the above- 
described “more realistic’? theoretical model is, in 
essence, correct, and that Nottingham’s reflection does 
not fit the experimental results for tungsten, the sub- 
stance for which it was proposed and apparently con- 
firmed. As a part of this study the effect of the adsorp- 
tion of nitrogen and oxygen on the reflection from, and 
the work function of, the (310) face of tungsten is also 
reported. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


Shelton’s tube consisted of two single-crystal ribbons, 
the emitter at thermionic temperature and the collector 
at room temperature, separated by the accelerator, a 
diaphragm with a small hole, which was kept at a 
positive potential with respect to the emitter. A mag- 
netic field collimated the electron beam, thus attaining 
a good approximation to infinite plane parallel geometry. 

The most important modification in the present tube 
was to make the accelerator the divider between two 
separately pumped compartments so that the hot 
emitter could be kept in a lower pressure of gas than the 
collector and therefore be maintained as a stable 
reference while adsorbable gas was admitted to the col- 
lector. The tube was made re-entrant for strength and 
this feature was used to bring the pole pieces of the 
magnet as close as possible to the working parts, as 
shown in Fig. 1. The magnetic field was roughly 8000 
gauss. The hole in the diaphragm was a circle 0.025 mm 
in diameter cut with a high-energy electron beam 
through a 0.25-mm sheet of stainless steel. Other details 
of the geometry were also different from those in Shel- 
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AS A FUNCTION OF TIME 








Fic. 2. Circuits in which the tube of Fig. 1 was employed. 





REFLECTION OF ELECTRONS 
ton’s experiment, the ribbons being thinner (0.025 mm) 
and closer to the accelerator (2 mm). The ribbons were 
grown into single crystals by passage under tension 
through a steep temperature gradient. The surface 
orientation was determined by back-reflection Laue 
x-ray analysis. 

The vacuum systems for the two sides attained ulti- 
mate vacuums below 10- mm Hg according to the 
Bayard-Alpert-type vacuum gauges. No increase in 
pressure was observed on the emitter side when the 
pressure on the collector side was raised from 10- to 
10-* mm Hg of nitrogen or oxygen, which is consistent 
with the leak rate through the small hole computed 
from its dimensions. 

Block diagrams of the two circuits in which this tube 
was used are shown in Fig. 2. In the first circuit the 
point on the resistor shunting the emitter which was at 
the same potential as that portion of the emitter supply- 
ing the current through the hole to the collector was 
found by setting the potentiometer to a voltage on the 
retarding portion of the curve and adjusting the tap 
on the shunt until there was no change of collector 
current when the heating current was reversed. In the 
second circuit the 45-v battery and the 10"-ohm re- 
sistor act as a constant current source. When the tem- 
perature of the emitter is so high that the saturated 
emission current to the collector is greater than the 
constant current supplied, the voltage from emitter 
to collector adjusts itself in the retarding range to 
oppose the battery. As gas is adsorbed on the collector 
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Fic. 3. Experimental points showing “knee” at the intersection 
of retarding and saturated parts of the logarithm of the collector 
current plotted against applied voltage. Intersecting solid lines 
are theoretical for R=0, which was very nearly obtained by 
Shelton (see footnote 9). Dashed curve is the result of applying 
Nottingham’s reflection [Eq. (2) ] to both emitter and collector. 
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Fic. 4. The lower trace gives the pressure while the upper trace 
shows the work function with an arbitrary zero. After a series 
of cleaning flashes at the beginning, the collector is allowed to 
accumulate adsorbed gas in the continuous-flow system for a time 
long enough for the pressure to return to its steady-state value 


(see text). 


and the work function changes, the voltage across the 
tube changes so as to keep the external field in the 
accelerator-collector space constant. This voltage, 
which therefore follows the changes in contact potential 
difference, is measured by the electrometer which draws 
a current negligible compared to that through the 
tube.” The change in contact potential can thus be 
continuously recorded on a strip-chart recorder. 

A circuit regulated the emitter temperature to keep 
the current to the accelerator constant. Two regulator 
circuits were used, one using transistors and the other 
vacuum tubes in a circuit developed from that used by 
Shelton. Both worked satisfactorily, but the tube circuit 
could be adjusted to regulate smaller currents than the 
transistor circuit. 

An example of the kind of information contained in 
the data of a run with the first circuit of Fig. 2 is shown 
in Fig. 3. We plot the logarithm of the collector current 
against the applied voltage. The slope in the retarding 
range gives us the temperature of the emitter. The 
voltage at the point of intersection between the retard- 
ing and saturated portions gives us the work-function 
difference between the hot emitter and the cold collector, 
subject to a small thermoelectric correction. The current 
at this point of intersection, together with the tempera- 
ture of the emitter and the area of the hole, allows a 
calculation of the work function ¢ of the emitter, using 
Eq. (1), providing some assumption is made about R, 
to which, however, for behavior in reasonable agreement 
with experiment, it is insensitive. Variations of current 
in the saturated region yield information about electron 
reflection. 

The tube used was ill adapted to measuring the 
absolute work function of the emitter because the small 
hole through the relatively thick accelerator caught 
some of the spiraling electrons on the sides, and the 


 C, R. Crowell and R. A. Armstrong, Phys. Rev. 114, 1500 
(1959). 
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heater current of the emitter produced an appreciable 
magnetic field at the accelerator, so that the beam did 
not go straight down the axis of the hole. Consequently, 
the effective area of the hole was only about one-sixth 
of the apparent area. The hole was made small so as to 
minimize the effect of the potential drop along the 
heater ribbon in order to obtain as sharp a “knee”’ as 
possible. 


EXPERIMENTAL RESULTS 


A typical experimental retarding potential plot is 
shown in Fig. 3. While it is apparent that Nottingham’s 
correction is excessive, we were not able to obtain the 
extremely sharp knee reported by Shelton, even with 
the tiny hole, probably for reasons depending on tube- 
and ribbon-geometry. If we assume that the discrepancy 
is not instrumental, we might seek the explanation in 
microscopic patchiness. A conceivable source of such 
patchiness would be a surface sawtooth in cross- 
sectional shape so that simpler planes of different work 
function would be exposed instead of a smooth plane 
in the apparent orientation (310). The electron micro- 
scope revealed no such structure larger than the reso- 
lution of the replicating technique which is of the order 
of 100 A. 

Let us now turn to the experiments on gas adsorption 
using the second circuit of Fig. 2. Nitrogen has been 
shown in previous experiments to dissociate into atoms 
when adsorbed on tungsten." The contribution of 
each adsorbed atom to the change in work function is 
proportional to the component perpendicular to the 
surface of the dipole moment between adatom and 
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Fic. 5. dg/dt(x) and (P.—P)(0) vs time after flashing for a 
(310) face of tungsten in nitrogen starting with a clean surface 
flashed to 2300°K. Both quantities are, in principle, proportional 
to the rate of adsorption if the dipole moment per molecule is 
constant. The curves are arbitrarily normalized to agree at the 
point at 6 min. 


1 T. W. Hickmott and G. Ehrlich, J. Phys. Chem. Solids 5, 47 
(1958). 
2 P. Kisliuk, J. Chem. Phys. 30, 174 (1959). 
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Fic. 6. As in Fig. 4, but for a pressure about 20 times greater. 


substrate. If this quantity is constant, the rate of change 
of work function is proportional to the rate of adsorption. 
In a continuous flow system the reduction in pressure 
below its steady-state value is also proportional to 
the rate of adsorption. The pressure gauge was separated 
from the experimental tube by a considerable pumping 
impedance, so that the changes in measured pressure 
were relatively small, but they could be made apparent 
by depressing the zero and increasing the amplification. 
A simultaneous record of the increment in work function 
and in pressure is shown in Fig. 4. After a number of 
short cleaning flashes, the pressure is reduced by the 
pumping action of the ribbon, but for an interval of 
about a minute the pressure continues to fall as the 
glass walls give up some of the gas they adsorbed during 
the cleaning flashes. Finally, as the monolayer is nearly 
completed, the sticking probability decreases and the 
pressure rises towards its asymptotic steady-state value. 
Over this same time interval the work function begins 
at its clean-surface value, rises almost linearly for a 
while, then becomes nearly constant. Figure 5, using 
the results of a similar run at lower pressure, compares 
the rate of adsorption as measured from d¢g/dt and from 
(P..— P). The curves are arbitrarily normalized to agree 
at the point at 6 min. The disturbance due to adsorption 
on the glass causes disagreement in the expected direction 
for a time, but after this the agreement is good, showing 
that the dipole moment per molecule remains constant 
from } monolayer to a full monolayer. 

After this adsorption the work function remains quite 
constant even at much higher pressures, so long as the 
gas is pure. An example of a higher pressure run is shown 
in Fig. 6. A slow drift is sometimes observed when there 
is reason to suspect that impurities may be present in 
the nitrogen gas, for example, when gas from a bottle 
at atmospheric pressure has been stored in an inter- 
mediate reservoir at about 1 mm Hg for several days 
before being admitted to the system. Under the cleanest 
circumstances, however, an exposure of 6 10-° mm Hg- 
min failed to produce any further measurable change 
in work function (i.e., less than 0.005 v) after the initial 
exposure caused a change of 0.2 v in about 5X 10-§ mm 
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Fic. 7. ¢ (with an arbitrary zero) as a function of time after 
flashing for a (310) face of tungsten in oxygen. The lower curve 
is for a relatively low pressure corresopnding roughly to that of 
Fig. 4 and the upper one for a higher pressure corresponding 
roughly to that of Fig. 6. Note that the scale of work function 
is less sensitive than that of Figs. 4 and 6 by a factor of eight. 


Hg-min. While this result may not hold for other crystal] 
surface orientations, in the author’s opinion reports in 
the literature of chemisorption of nitrogen on tungsten 
beyond the first monolayer at a coverage for which the 
sticking probability is very small (say, less than 10-*) 
are open to the suspicion of being due to impurities."*.“ 

To convert the observed change in work function into 
a dipole moment per W-N bond involves the density 
of atoms in the completed layer. If there were a simple 
1-1 correspondence between tungsten atoms in the 
(310) plane and adsorbed nitrogen atoms, this number 
would be 6.310" atoms/cm?. Experimentally on a 
similar ribbon a coverage of 4.210" atoms/cm? has 
been observed,!® the discrepancy possibly being due 
in part to the orientation being one or two degrees off. 
We thus obtain a dipole moment between 0.085 and 0.12 
Debye unit, corresponding to a separation for a singly 
charged ion of only 0.02 A from the equipotential plane. 
This small moment is undoubtedly due to a combination 
of small spacing and a largely covalent bond.'* 

For oxygen the change in work function on the (310) 
face is much greater than for nitrogen, Ag being 1.7 v 
and still slowly increasing at the greatest exposure 
tried, 10-° mm Hg-min. The increment in work function 
as a function of time due to oxygen at two different 
pressures is shown in Fig. 7 on a scale eight times less 
sensitive than that of Fig. 5. The correlation of d¢/dt with 
pressure is much poorer with O, than withN» because 
of greater adsorption on the glass walls, and possibly 
also because of the production of some CO from carbon 
in the ribbon."-!8 The quantity of oxygen adsorbed was 
not measured in this experiment, but Eisinger” found 


ve Eisinger, J. Chem. Phys. 28, 165 (1958). 
Jones and B. A. Pethica, Proc. Roy. Soc. 

256A, “454 (1960). 

16 P. Kisliuk (unpublished). 

16'To compare our result (Ag=-+0.20 v) with other values in 
the literature, Eisinger (see reference 13) finds Ag=0.35 v for 
the rapidly adsorbed nitrogen on the (311) plane. For the coverage 
he reports, this corresponds to a dipole moment of 0.16 Debye 
unit. On polycrystalline tungsten, Mignolet (see reference 17) 
finds Ag=0.50 v for a complete layer, while Jones and Pethica 
(see reference 14) obtain Ag=0.2 v at completion of the fast stage 
of adsorption. 

17J. C. P. Mignolet, Rec. trav. chim. 74, 685 (1955). 

18 R. E. Schlier, J. Appl. Phys. 29, 1162 (1958). 

19 J. Eisinger, J. Chem. Phys. 30, 412 (1959). 
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that almost twice as much oxygen as nitrogen was ad- 
sorbed on his (311) ribbon. If this were also true for the 
(310) plane, the dipole moment would be about 0.45 
Debye unit.” 

Let us now consider some of the background infor- 
mation necessary in the interpretation of the electron 
reflection data. This apparatus measures the total 
collected current, which is the current which arrives 
at the collector diminished by the reflected current 
and the secondary emission current, which return 
to the accelerator. (We neglect multiple reflections.) 
A number of workers”-** have shown that elec- 
trons returning from a surface bombarded by electrons 
can be divided into these two groups—those elastically 
reflected, which lose but a small fraction of their initial 
energy, and the secondaries which retain but a small 
fraction of their initial energy. This nomenclature is, 
to some extent, arbitrary because there is, of course, 
no way of distinguishing a true reflected primary from 
any other electron of the same energy, and there is a 
measurable number of electrons at intermediate ener- 
gies, but the electrons do divide naturally into these 
two groups. Secondaries appear in measurable numbers 
only when the kinetic energy. of approach is greater 
than the work function.*~** The number in each class 
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1G. 8. Collector current vs applied collecting voltage in the 
acceleration region for two clean tungsten surfaces of the indicated 
orientations. 


2 The value of Ag we find for the adsorption of oxygen on the 
(310) surface is in good agreement with the values obtained on 
polycrystalline tungsten (see footnote 17) and of the order of 
that found for various planes by means of the field emission 
microscope (see footnote 21). 

21 J. A. Becker Advances in Catalysis (Academic Press, Inc., 
New York, 1955), Vol. 7, 136. 

27. M. Bronshtein and V. V. Roschin, Soviet Phys——Tech. 
Phys. 3, 2023 and 2271 (1958) (transl.). 

% A. R. Shulman and E 
1, 2157 (1956). 

* N. D. Morgulis and D. A. Gorodetskii, Soviet Phys.—JETP 
3, 535 (1956). 

25 G. A. Harrower, Phys. Rev. 104, 52 (1956). 

26H. A. Fowler and H. E. Farnsworth, Phys. Rev. 
(1958). 


I. Makinin, Soviet Phys.—Tech. Phys. 
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TABLE I. Calculated reflections from the (310) face of tungsten. 


E; (volts) Reflecting plane 


9.4 (110) 
16.7 (100) 
27.6 (211) 
37.6 (310) 


is roughly equal at 10 v, and above this the secondaries 
are more numerous than the reflected electrons. There 
is some structure to the yield of each class as a function 
primary energy, but the maxima and minima are more 
pronounced for the reflected electrons.”.?5.27 

Turning now to our experimental data, the collector 
current is plotted against collector voltage for two clean 
surfaces of different orientation in Fig. 8. We note first 
that there is a considerable dependence on surface 
orientation. We attribute the dips in the curves to 
reflection and will attempt to correlate them with 
diffraction effects. 

Now in applying a diffraction theory, one needs a 
value for the inner potential V» which, to some approxi- 
mation is u+¢, where yu is the depth of the Fermi sea. 
Electrons passing through the lattice with different 
momenta will, in general “see” different average po- 
tentials, especially if exchange and correlation effects 
are taken into account, so that Vo is not, in theory, a 
fixed constant of the material. For tungsten, Manning 
and Chodorow” calculated 6.4 v for uw, neglecting ex- 
change and correlation. Although Callaway,” in a re- 
view article, considers their approximations so severe 
that he sets little store by their numerical results, 
experiment indicates that this value is quite reason- 
able." Taking w=6.54+1 v and g=4.5 v, we find 
11+1 v for Vo. Burns*’ finds his data fitted satisfactorily 
by Vo=12 v and Cutler and Gibbon® fit the experi- 
mental deviations from the Schottky effect on poly- 
crystalline tungsten with Vo= 10.3 v. 

Let us consider a beam of electrons incident normally 
on a (310) face of tungsten with kinetic energy inside 
the metal £; (implying kinetic energy E;— Vo outside). 
We enumerate the lowest energy reflections from planes 
which are at such an angle as to reflect the electrons 
back out of the surface. In lieu of any preferable 
theoretical value we assume the free electron mass. If 
the above estimate of Vo is correct, electrons reflected 
from the (110) plane cannot arrive from outside, and 
the lowest energy reflection would be that at 16.7—11.0 
=5.7 v, reflected from the (100) plane and leaving the 
crystal at an angle of 35 deg above the surface plane. 

A dip near 5.0 v which we will ascribe to this reflection 
27 J. Burns, Phys. Rev. 119, 102 (1960). 

28M. F. Manning and M. I. Chodorow, Phys. Rev. 56, 787 
(1939). 

J. Callaway, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 100. 

% J. A. Bearden and T. M. Snyder, Phys. Rev. 59, 162 (1941). 

| H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 

*® P. H. Cutler and J. J. Gibbon, Phys. Rev. 111, 394 (1958). 
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VOLTS 
Fic. 9. Collector current vs applied collecting voltage traced 
from experimental recordings. The maximum current near 1 v 
is nearly the same for all curves, but they have been displaced 
vertically so that they can be displayed in a single figure. Hori 
zontal “feet” on curves A-C represent the constant current col 
lected during the time before the voltage drive was turned on. 
A is for an orientation midway between (411) and (210). B is for 
a surface less than 1 deg from the (310) orientation. C is for an 
orientation about 3 deg from the (310) orientation. Comparison 
between these three clean surfaces again illustrates the dependence 
on orientation. D is for the same surface as C after monolayers of 
oxygen had been adsorbed and flashed off repeatedly, a process 
known to roughen the surface somewhat. FE is for the same surface 
as C and D after adsorption of a heavy layer of oxygen. Note 
that most of the distinguishing dips of curves C and D are still 
present at the same voltage, though diminished, but that the cut 
off has moved about 2 v to the right. F is for the same surface as 
C and D with an adsorbed monolayer of ni 


nitroger 

is apparent on the (310) curve of Fig. 8. The beginning 
of a dip visible near 0 v may be the wing of the (110) 
reflection, and the dip near 12 v could be the (211) 
reflection predicted at 16 v. For the (831) ribbon of 
Fig. 8, the only reflection predicted in this energy range 
is a (100) reflection at 6.4 v which might be identified 
with the observed dip at 8 v. This leaves the sharp 
dip at 4 v unexplained. 

For the (211) face of tantalum, one would expect in 
the experimental energy range just one reflection normal 
to the surface at 10 v. Shelton’ observes no such reflec- 
tion, and the dips he does observe are smaller than those 
reported here by a factor of about five. From the data 
on reflection from gas-covered surfaces to be considered 
shortly, these results could be explained if there was a 
monolayer of impurity on the tantalum of Shelton’s 
experiments in spite of his rigorous treatment. 

In Fig. 9, tracings of the experimental curves of col- 
lector current are shown for various surfaces as described 
in the caption. In particular, compare curves C and D 
taken on a clean (310) ribbon with curve & taken on 
this same ribbon with an adsorbed layer of oxygen. The 
dips are somewhat obscured, but remain at practically 
the same voltage, while the work function barrier cuts 
off the curve about 2 v higher. Curve F is for this same 
surface with a complete layer of nitrogen. The change 
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in work function is too small to be apparent on this 
scale, but the diffraction features are obscured even 
more effectively than by oxygen. 

The maximum current near 1 v on these curves cor- 
responds to a reflection of about 8%, a value agreeing 
with that of Shelton,® and of the order found on other 
clean single crystal surfaces.”* It is within the range 
which could be accounted for by reflection from the 
image barrier.!* The best resolved dip due to diffraction 
has a width at half maximum of about 1.5 v and cor- 
responds to an increase in reflection of 10% of the pri- 
mary current. If such a reflection were situated so as 
to have maximum effect on the total emission the ap- 
parent value of A [Eq. (1) ] would be reduced by about 
20% from its theoretical value for R=0. This is close 
to the value observed by Bulyginski,® though a part 
of the reflection he observes on a polycrystalline evapo- 
rated film must be due to patch effects. If such a dif- 
fraction were situated so as to introduce a maximum 
distortion of the energy distribution, the deviation from 
the Maxwellian distribution would be about 2% over 
an energy range for which the exponential factor causes 
a reduction of 300%. In other words, a measurement of 
the temperature by the slope of log T vs V in the re- 
tarding region might be in error by as much as 1% due 
to energy dependent reflection. On MacColl’s model, 
assuming the free electron mass, this reflection corre- 
sponds to Vo=11.5 v, and V,, the amplitude of the 
internal sinusoidal variation in potential, = 1.5 v. The 
other reflections correspond to a larger value of V;. 

Now let us consider the change of the work function 
with temperature. The intersection of the retarding 
potential line with the saturated current line for 
clean (310) surfaces with the emitter at 2000°K oc- 
curred at 0.10+0.02 v, showing that the hot surface 
had a higher work function than the cold. This should 
be corrected for the change in chemical potential: 
Au= f7," (du/dT)dT, where du/dT, the thermoelectric 
power, is fo? (¢/T) dT and a is the Thompson coeffi- 
cient. No new measurements of du/dT or o have been 
made at low temperatures in recent years, but Lander*™ 
has extended the measurements of o to higher tempera- 
tures subsequent to Herring’s estimate of Au some years 
ago.'*> A rough graphical integration shows that Her- 
ring’s estimate is still valid and that about 30% of 
the apparent shift in Ag(~30 mv) can be attributed to 


% DPD. G. Bulyginski, Soviet Phys.—Tech. Phys. 3, 683 (1958) 
4 J. J. Lander, Phys. Rev. 74, 479 (1948). 
8° C. Herring, Phys. Rev. 59, 889 (1941). 
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this effect, so that assuming linearity from 300° to 
2000°K, dg/dT=4X10-* v/deg, also of the order of 
magnitude estimated by Herring and Nichols.’ 


SUMMARY 


To summarize the main results of these experiments : 

(1) Nottingham’s empirical reflection coefficient has 
once more been shown to be incorrect, this time on 
tungsten, the substance for which it was proposed and 
apparently confirmed by Hutson. 

(2) Variations in reflection coefficient have been cor- 
related to some extent with expected diffractions. Dis- 
crepancies are probably dve to the crudeness of the 
theoretica! model, and may disappear for a suitably 
refined calculation of the band structure. That the 
observed features are internal in origin is shown by the 
way they remain fixed in position relative to the Fermi 
level as the work function is changed by the adsorption 
of oxygen. That they are directionally dependent is 
shown by their differences on various crystal faces. 

These reflections are generally broad enough and 
numerous enough to obscure a quantitative experi- 
mental test of the calculated value of the reflection 
coefficient due to the surface barrier alone. The order 
of magnitude of the observed reflections is such that 
the error introduced in the thermionic equations by 
assuming R to be zero are of the same order of magnitude 
as the present limitations to experimental precision. 

(3) The changes in work function of a particular 
crystal plane due to the adsorption of gas can be followed 
continuously and correlated with the amount adsorbed. 
The presence of a monolayer of gas obscures the dif- 
fraction features without, as mentioned above, changing 
their position in energy. 

(4) The temperature derivative of the work function 
has been measured for the (310) face of tungsten and 
found to be well within the range of theoretical 
estimates. 
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Magnetic properties are reported of powder compounds 
isomorphous to hausmannite, but containing partial to nearly 
complete substitution of diamagnetic Zn?* or Mg** ions in the 
tetrahedral sites of Mn;0,. X-ray diffraction of these compounds 
reveals a single phase, whose structure corresponds to a tetrago- 
nally distorted spinel. Unidirectional anisotropy is present and is 
detected by the observation of hysteresis loops displaced along 
the field axis when the materials are cooled to low temperatures 
in magnetic fields of several kilo-oersteds. The unidirectional 
behavior is stable to reverse field pulses of 140 koe. An exchange 
anisotropy model is proposed involving interactions between 
ferrimagnetic and nearly antiferromagnetic regions brought 


about by the random distribution of the diamagnetic ions among 
the tetrahedral sites and the consequent magnetic inhomogeneity. 
This model is similar to that proposed for disordered alloy systems 
Magnetic viscosity effects are observed which correspond in part 
to ordinary magnetic viscosity, but which are influenced by the 
presence of unidirectional anisotropy. The identity of this 
anisotropy is not impaired by the ordinary viscosity effects. In 
addition, observations of certain differences in the hysteresis 
loops measured dynamically and quasi-statically reveal an 
“extraordinary” viscosity associated with a gradual breakdown 
of the unidirectional anisotropy. 





INTRODUCTION 


HE properties of manganite compounds having a 

crystal structure isomorphous with the mineral 
hausmannite, Mn;Q,, have lately attracted attention. 
The magnetic properties form one center of interest 
and are the concern of the present work. Recent 
studies have been concerned with both the para- 
magnetic! and the ferrimagnetic behavior.*-> Another 
source of interest centers on their crystallographic 
properties and the origin of the tetragonal] distortion 
from the cubic spinel structure.*-§ 

In this paper we shall report and discuss certain 
features of the magnetic behavior of compounds with 
the formula (D,Mn,_z)Mn.,O, formed by partial sub- 
stitution of the diamagnetic ions Zn?+ and Mg** for 
the Mn** ions in Mn;Q,. Studies of magnetization*® 
and magnetic structure’ have confirmed that these 
compounds possess a ferrimagnetic arrangement of 
the general type suggested by Yafet and Kittel” 
with canted spins on the octahedral sites for x<1. 
The details of these structures are still the subject of 
investigation.*"* The compounds at the end point 
x=1, ZnMn,O, and MgMn,O,, appear to be anti- 
ferromagnetic on the bases of susceptibility! and neutron 
diffraction” studies. However, their Néel temperatures 


1p. F. Bongers, thesis, Leiden, (unpublished). 

2A. S. Borovik-Romanov and M. P. Orlova, Zhur. Eksp. i. 
Teoret. Fiz. 32, 1255 (1957) [translation: Soviet Phys.-JETP 5, 
1023 (1957) ]. 

*D. G. Wichham and W. J. Croft, J. Phys. Chem. Solids 7, 351 
(1958). 

‘TI. S. Jacobs, J. Appl. Phys. 30, 301S (1959); and J. Phys. 
Chem. Solids 11, 1 (1959). ‘ 

5K. Dwight and N. Menyuk, Phys. Rev. 119, 1470 (1960). 

® J. Kanamori, J. Appl. Phys. 31, 14S (1960). 

7P. J. Wojtowicz, Phys. Rev. 116, 32 (1959). 

8 For earlier theory and experiment see work referenced in 
references 1-6. 

® J. S. Kasper, Bull. Am. Phys. Soc. 4, 178 (1958. 

10 J. S. Kasper (unpublished work). 

 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

2 F. K. Logering, Philips Research Repts. 11, 190 (1956). 

8 T. A. Kaplan, Phys. Rev. 116, 888 (1959); 119, 1460 (1960); 
and J. Appl. Phys. 31, 364S (1960). 


are not clearly defined although they seem to be in the 
range of 100°—200°K. 

In part these manganite systems are similar to the 
nickel-zinc ferrite system considered by Grimes ef al." 
These authors noted that the molecular field fluctua- 
tions arising from microscopic composition variation 
would produce a system consisting of ferrimagnetic 
regions immersed in a paramagnetic mesh. In the 
present investigation of manganites, it is proposed 
that at the temperatures of interest there is a co- 
existence of regions of ferrimagnetic and antiferro- 
magnetic order. 

We report herein the magnetic 
hysteresis loops displaced from their symmetrical 
positions about the origin, which occur upon the 
cooling in a magnetic field to low temperatures, of 
mixed manganites (D,Mn,_-)Mn,.Q,, where D is Zn or 
Mg and 0<x<1. The loop displacement is almost 
wholly along the field axis. These observations are 
attributed to exchange anisotropy interactions between 
ferrimagnetic and antiferromagnetic regions, as dis- 
covered in Co-CoO by Meiklejohn and Bean! and 
extended to other systems including alloys.'® We have 
also observed magnetic viscosity effects on these com- 
pounds similar, in part, to the report for Mn;O,4 by 
Menyuk and Dwight,® but related, in part, to the 
displaced loop phenomena. Experiments and discussion 
are directed toward the elucidation of ordinary magnetic 
viscosity, unidirectional anisotropy, and an “extra- 
ordinary” viscosity associated with this anisotropy. It 
is concluded that the presence of the various phenomena 
does not negate their separate identities in these 
materials. A note of caution is sounded regarding the 
interpretation of some pulsed-field hysteresis data. 


observation of 


4D. M. Grimes, S. Legvold, and E. F. Westrum, Phys. Rev 
106, 866 (1957). 
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DISPLACED LOOP BEHAVIOR 


The compounds studied are powders prepared by 
standard ceramic techniques as described earlier.‘ For 
Zn substitution, the values of x are approximately 
0.3, 0.5, and 0.75. (Analyzed compositions appear 
in reference 3, except for the last which is 
Zno.76Mneo.2403.65). For Mg substitution, the value of 
x is 0.5. In all cases, x-ray diffraction patterns indicate 
a single phase. All of these compositions have approxi- 
mately the same tetragonal distortion from the spinel 
structure (c/a=1.15+0.01). Previous work has estab- 
lished that they are ‘‘normal” in the usage for spinels, 
in that there are only Mn** ions on the octahedrally 
coordinated B sites. The tetrahedral A site occupation 
is thus (D,2+Mn,;_,"*). 

Magnetization curves and hysteresis loops to 10 koe 
were taken between liquid helium temperatures and 
room temperature in the apparatus described pre- 
viously.'” The magnetization vs temperature curves at 
fixed fields are shown in Fig. 1. The existence of fairly 
definite Curie temperatures for each of the com- 
positions is evidence that single magnetic phases have 
formed, in contrast to gross mixtures of the end-point 
compositions. Alternately, one may note an increasing 
diffuseness of the Curie point for increasing x, i.e., 
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fraction of nonmagnetic ion substitution in the A sites. 
This is in accord with the suggestion and data of 
Grimes et al.“ that the concept of a single Curie temper- 
ature becomes meaningless as the spatial fluctuations 
in magnetic occupation of the A sites increase. A 
related approach to this problem is contained in the 
examination of the number of magnetic linkages and 
the distribution thereof, as carried out recently by 
Gilleo'* and indicated in early work of Néel.” 

Also shown in the figure is the behavior of the 
reciprocal of the initial volume susceptibility near to 
and just above the Curie point. While the temperature 
intercept of each xo"! vs T curve may be taken as an 
average Curie point, it is of interest to observe that 
the remanent magnetization often does not vanish 
until slightly higher temperatures are reached. This 
effect increases with larger values of x and presumably 
is another manifestation of the spatial fluctuations in 
magnetic occupancy of the A sites. 

These magnetization measurements were made after 
cooling the samples to liquid helium temperature in 
the absence of any applied magnetic field, other than 
the “earth’s field” in the laboratory. (This condition 
wil] be designated “cooled in zero field.”) Many of 
the M vs T curves show a maximum value at low 
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Magnetization at various fields (solid curves) and the inverse initial susceptibility (dashed curves) as functions of 


temperature for different manganite compounds. 


18 M. A. Gilleo, J. Phys. Chem. Solids 13, 33 (1960). 
#9 L. Néel, Compt. rend. 230, 375 (1950). 
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Fic. 2. Hysteresis loops measured at 1.8°K for different manganite compounds cooled in 
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temperature, in contrast to the monotonic behavior 
normally (but not always) expected. This is particu- 
larly prominent in the remanent magnetization data, 
taken during field cycles between plus and minus 10 
koe. This behavior is reminiscent of the behavior shown 
by disordered alloys of about 25% Mn in Ni, Co, Cu, 
and Ag,’® or of any system with an anisotropy which 
increases markedly with decreasing temperature. If 
these samples are cooled to low temperature in an 
applied field of a few kilo-oersteds, the expected 
monotonic behavior of these curves is produced. 

For most of these samples the magnetization curves 
measured in very high pulsed fields were reported in a 
previous paper.‘ A similar experiment on the x=0.75 
Zn-substituted sample yields a spontaneous moment 
of mo=(0.26+0.03) us/molecule and a differential 
volume susceptibility equal to (3.2+0.4)x10- emu 
between 40 koe and 140 koe. In view of the observation 
of very high anisotropy fields in Mn;0,4 by Dwight 
and Menyuk,® these powder values probably need to 
be interpreted as indicated earlier.*:® 

The hysteresis loops obtained at 1.8°K, when the 
samples were cooled in a field of 5 koe and measured 
parallel thereto, are presented in Fig. 2, along with 
the comparable loops for zero field of cooling. The 
loops. obtained after field cooling are displaced from 
their usual symmetrical positions about the origin but, 
within a few percent, give equal and opposite magnet- 
izations for H=+10 koe. The behavior of these 


compounds is a clear example of an exchange anisotropy 
mechanism! operating in these mixed manganite 
systems. We shall defer discussion of possible origins 
to a later section. 

The temperature dependence of the displaced loops 
may aid in understanding the behavior. The displace- 
ment can be characterized by the asymmetry in 
coercivity and/or that in the remanence.'®° The 
curves in Fig. 3 represent the negative of the algebraic 
average of the two coercivities, —H., as a function of 
temperature. It is noteworthy that this measure of 
the displacement does not vanish until the Curie point 
is reached or, in some cases, exceeded, in contrast to 
the behavior in disordered alloy systems. 

An attempt was made to “break” the displacement 
of the loop with high pulsed fields in both the Zn and 
Mg substituted compounds with x=0.5. The sample 
was cooled in +2 koe from room temperature to 4.2°K. 
The remanent magnetization (in zero applied field) 
was noted. The sample was subjected to a pulsed field 
of —140 koe, and the remanence measured again. A 
large asymmetry in these remanence values was found, 
as evidence of the field stability of the loop displace- 
ment. Observation of the magnetization during such a 
pulse revealed that the hysteresis curve was closed 
beyond several koe, and that the magnetization was 


20 J. S. Kouvel and C. D. Graham, Jr., 
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fully reversed (apart from the high-field susceptitility). 

A corollary observation to the failure to “break” 
the displaced loops is that only a small isothermal 
remanence can be established by large pulsed fields on 
a sample originally cooled in zero field. Thus a 70-koe 
(0.05-sec) pulse produces, in the Zn-substituted sample, 
(x=0.5), a remanence about one-third of that acquired 
by cooling in a field of a few koe. By comparison, 
in Mn;O04, the isothermal pulsed-field remanence 
(HmaxZ 20 koe) is essentially the same as the thermo- 
remanence acquired on cooling in a few koe to 4.2°K. 
This difference establishes the absence of a uni- 
directional anisotropy in Mn;O,. 


MAGNETIC VISCOSITY BEHAVIOR 


In connection with these experiments, magnetic 
viscosity effects were observed, and their presence 
raises the question as to how much the loop displace- 
ment is associated with the magnetic viscosity. Before 
presenting the results, we note that one may distinguish 
in principle between two kinds of magnetic viscosity in 
systems of the type under consideration. One of these 
is the ordinary viscosity studied by many investi- 
gators.**-* It manifests itself in a time lag between 
magnetization and magnetic field beyond that account- 
able for by eddy currents. The magnetization tends to 
change slowly in the direction of the most recent field 
change, and usually in the presence of a nonzero field. 
However, Néel*® has emphasized that even in zero 
field the remanence of a magnetized sample will tend 
to decay toward the demagnetized condition which is 
the ultimate state of thermodynamic equilibrium. 
The other kind of magnetic viscosity is peculiar to 
systems exhibiting undirectional anisotropy. Thus we 
may again recognize that the ultimate state of thermo- 
dynamic equilibrium is that having not only a zero-area 
hysteresis loop, but also an undisplaced loop. On this 
basis a displaced hysteresis loop might move toward 
an undisplaced one for sufficiently long resting periods 
at appropriate fields. We shall designate this phenom- 
enon as an extraordinary viscosity in what follows. 
In practice, the times necessary to reach the ultimate 
equilibrium states are frequently much greater than 
one cares to wait, and hence we have apparently 
stable hysteresis loops of nonzero area, both undisplaced 
and displaced. 

It is interesting to speculate on an effect of combining 
these phenomena of ordinary magnetic viscosity, 
unidirectional anisotropy, and its characteristic extra- 
ordinary viscosity. If the latter viscosity has an 

21 R. Street and J. C. Woolley, Proc. Phys. Soc. (London) A62, 
562 (1949). 

2 L. Néel, J. phys. radium 11, 49 (1950). 

*8 P. Brissonneau, J. phys. radium 19, 490 (1958). 

*G. W. Rathenau, Magnetic Properties of Metals and Alloys, 
(American Society for Metals, Cleveland, Ohio, 1959), Chap. 9. 

*L. Néel, Ann. geophys. 5, 99 (1949); Advances in Physics 


edited by N. F. Mott (Taylor and Francis, Ltd., London, 1955), 
Vol. 4, p. 191. 
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Fic. 3. The negative algebraic average of the coercive fields 
vs temperature for different manganite compounds cooled to 
1.8°K in +5 koe. The Curie points, 6, derived from susceptibility 
data (Fig. 1), are indicated. 


extremely long-time decay behavior, it may be neglected 
in one approximation. The ordinary magnetic viscosity 
having, in general, a different origin, could still be 
important during times of interest. Thus, one might 
observe a displaced loop with the viscosity effects 
moving the state of the sample toward an ideal dis- 
placed loop as the apparent equilibrium, rather than 
toward the ultimate equilibrium state of an undisplaced 
loop. 

We consider now the viscosity effects observed, in 
the light of the preceeding remarks. Both Zn and Mg 
substitution gave similar behavior, with more data 
obtained for the former. The thermoremanent magnet- 
ization of the Zn-substituted «=0.5, sample, acquired 
on cooling in +2 koe from room temperature to 4.2°K, 
is observed to decay slowly with time, if the measure- 
ments are started immediately upon removal of the 
applied field, as shown in Fig. 4. During the decay, 
the internal field arising from the sample demagnetizing 
factor is about —30 oe. The form of the decay is 
AM =S logt, in accord with previous experiment and 
theory.” The decay continues at applied fields of 
—100 oe and —200 oe, with S increasing as dM/dH, 
taken from the hysteresis loop, increases. These decays 
fall naturally into the framework of the ordinary 
magnetic viscosity. They may also be attributed to 
some extent to an extraordinary viscosity involving a 
gradual disappearance of the loop displacement. 

Following these measurements, the sample was 
subjected to a field pulse of +70 koe (~0.05 sec), 
restoring a large part but not all of the initial thermo- 
remanence. This was followed by two such pulses to 
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—70 koe after which the decay was again observed at 
the lower branch remanence point. This remanence is 
positive in sign and the decay consists of an increase in 
the magnitude of the magnetization, as shown in Fig. 4, 
notwithstanding the internal demagnetizing field of 
about —10 oe. While the sign of this decay is as 
expected from ordinary viscosity behavior for this 
branch of the hysteresis loop, the essentially field-free 
increase in the magnitude of the moment does not 
correspond to previous viscosity experience. Indeed, 
in order that it be inside the scope of ordinary viscosity 
phenomena, one must consider the addition of a rela- 
tively stable unidirectional anisotropy which raises 
the equilibrium remanence from zero to some positive 
value. 

It may be noted that in this pulsed-field experiment, 
the value of the lower branch remanence is much 
closer to that of the upper branch than that found in 
the slowly measured loop shown in Fig. 2. Thus the 
loop displacement has been enhanced by the dynamic 
measurement. The difference in sign and value of the 
two lower branch remanences is in the opposite direction 
from that expected from ordinary viscosity. Hence we 
must attribute it to an extraordinary viscosity which 
is operative during the quasi-static measurements in 
negative fields and signifies a gradual breakdown of 
the unidirectional anisotropy. 

There is yet another observation on these materials 
which follows from the discussion of viscosity effects. 
For pulsed field measurements there is an enhance- 
ment of the coercivity on the upper (descending) 
branch of the hysteresis loop (and of the loop displace- 
ment, if present) of a sample originally cooled to low 
temperature in a field, over that measured quasi- 
statically. This may be viewed as an extension of the 
demonstration by Street and Woolley” that the shape 


of the loop depends on the measurement method. It 
can be a consequence of either or both of the kinds of 
viscosity under consideration, but is observed in 
materials showing unidirectional anisotropy, as well 
as in those which do not. In the x=0.5 Zn-substituted 
sample the quasi-statically measured coercivity (upper 
branch) at 4.2°K after field cooling is 260 oe while the 
corresponding pulsed field value is 600 oe. The time 
rate of field change at the coercive point in the latter 
measurement was 5X 10° oe/sec. 

While Mn;0, shows no unidirectional anisotropy, 
Dwight and Menyuk° have seen viscosity decay effects 
near the coercive fields at 4.2°K on a natural single 
crystal, and the present authors have seen similar 
decays on powders at 20°K in fields of —500 oe and 
—1000 oe. The pulsed field coercivity at 5.2°K for 
Mn;0, powder was reported‘ to be 16 koe. From 
present considerations, the quasi-static value could be 
lower. Dwight and Menyuk comment on this, but it 
had not been appreciated at the time of earlier pulsed- 
field experiments.2® The point is confirmed by our 
present observation that the quasi-static coercivity of 
the same Mn,0, at 4.2°K is about 6 koe. The conclusion 
to be drawn from this digression is that coercivities 
measured by pulsed-field techniques should be inter- 
preted with care. 

In summary, the preceding description of results and 
of a phenomenological viewpoint shows that uni- 
directional anisotropy and magnetic viscosity are 
present more or less independently in these samples 
and that their coupling introduces additional effects 
without impairing the identity of either phenomenon. 
In other materials, it is possible to imagine that a 


6 In Table I of I. S. Jacobs [J. Phys. Chem. Solids 11, 1 (1959) ], 
all the large coercivities were measured with pulse techniques 
(dH /dt~5X10® oe/sec), while the small ones were determined 
quasi-statically on samples cooled in zero field. 
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stronger coupling between these phenomena could 
obscure their separate identities. 


DISCUSSION 


Menyuk e¢ al.?" have reported on a cobalt-vanadium 
spinel which shows both a compensation point and 
a hysteresis loop displaced with respect to the 
magnetization axis, upon field cooling to 4.2°K. The 
difference in the nature of the loop displacement 
between their sample and present materials suggests 
that somewhat different mechanisms are responsible. 
They note that a large nonunidirectional anisotropy 
might account, in part, for their findings. It is clear 
from the present experiments on the mixed manganites 
that the origin for the unidirectional behavior should 
be sought in the exchange anisotropy mechanisms 
proposed earlier for two-phase'® and _ single-phase'® 
systems. 

Previous studies on these manganites have pointed 
to a significant antiferromagnetic interaction between 
the Mn** ions on the octahedral sites. Interactions 
between ions lacking in 180° superexchange linkages 
have been the subject of recent theoretical discus- 
sions**-® as well as a direct experimental measure- 
ment." The tetrahedral sites of these compounds are 
randomly occupied by Mn? ions and diamagnetic 
Zn**+ or Mg** ions in the designated proportions. Such 
randomness is inherently marked by considerable 
spatial fluctuations in local composition, some small 
regions being rich in Mn?**, others rich in the dia- 
magnetic ions. Thus, when we examine the ferri- 
magnetically ordered state at very low temperature, 
it is reasonable to expect local magnetic structures 
varying from ones similar to that found for Mn;O, to 
ones approaching those expected for DMn,O,. The 
latter local structures may resemble canted anti- 
ferromagnets.” Some of the gross behavior may be 
in accord with a single magnetic configuration inter- 
mediate between the end points,‘ but that approxi- 
mation need not hold on a local scale. The existence 
of angles between the B-site moment directions and 
the net magnetization direction, makes possible a 
gradual variation in angle between differing local 
structures. Such regions are inherently exchange- 
coupled through the octahedral sites. If there is 
sufficient anisotropy associated with these sites, it is 
possible that an applied magnetic field can reverse the 


27.N. Menyuk, K. Dwight, and D. G. Wickham, Phys. Rev. 
Letters 4, 119 (1960). 

28 J. Kanamori, J. Phys. Chem. Solids 10, 87 (1959). 

* D. G. Wickham and J. B. Goodenough, Phys. Rev. 115, 1156 
(1959). 

* T. N. Casselman and F. Keffer, Phys. Rev. Letters 4, 489 
(1960). 

31 B. A. Coles, J. W. Orton, and J. Owen, Phys. Rev. Letters 4, 
116 (1960). 

® 7. E. Dzialoshinski, J. Phys. Chem. Solids 4, 241 (1958). 

® T. Moriya, Phys. Rev. 117, 635 (1960); L. M. Matarrese and 
J. W. Stout, ibid., 94, 1792 (1954). 

3% T. Moriya, Phys. Rev. 120, 91 (1960). 
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magnetization of those local structures contributing 
most of the net spontaneous magnetization, while 
leaving essentially unaffected the nearly antiferro- 
magnetic configuration of those local structures having 
a negligible magnetization. If the latter structures are 
able to preserve their identity; i.e., the sign of their 
negligibly small contribution to the spontaneous 
moment, even in the presence of an applied field, they 
will serve to renucleate the original magnetic structure 
of the whole compound, when the applied field is 
removed. This description constitutes one way in which 
an exchange anisotropy mechanism can operate to 
produce unidirectional behavior in such mixed manga- 
nites. The model employed here has a number of 
similarities to that proposed for disordered alloys."* 

What is lacking in this model is a means by which 
the nearly antiferromagnetic configurations acquire 
their preferred orientation and unique sign during the 
field cooling. It is tempting to suggest that all the 
arrangements are formed just at the ferrimagnetic 
Curie temperature, when the anisotropy forces are 
expected to be small. This suggestion would, however, 
be counter to the evidence of Fig. 3 that the loop 
displacement, and hence the anisotropy, persists right 
up to the Curie point. Consequently, the preferred 
orientation may be initiated at yet higher temperatures. 

A conclusion of the Yafet-Kittel-Lotgering theory"? 
is that a triangular ferrimagnetic configuration at 0°K 
cannot, in general, give way to a fully paramagnetic 
state as the temperature is increased, but must pass 
through either an antiparallel ferrimagnetic state, or 
one in which there is antiferromagnetism on one kind 
of site and paramagnetism on the other. While the 
theory of canted ferrimagnetic structures is. still 
developing," this qualitative feature appears intuitively 
correct and will probably remain. However, while 
there is as yet no clear demonstration of either of the 
above-noted transitions, it has been suggested*® that 
Mn,0, retains its triangular ferrimagnetic state to its 
Curie point and may go over to the mixed para- 
antiferromagnetic state. Moreover, when a field is 
applied to a manganite compound having this mixed 
state, it induces a ferrimagnetic or canted configuration 
which could include the postulated nucleating struc- 
tures. These must not only form but must also stabilize 
in this temperature region above the Curie point. 
Preliminary experiments have been performed which 
indicate a stable nucleation occurring above the Curie 
point, and lend plausibility to the model proposed 
herein. Further work is in progress on this effect. An 
important question raised by the model concerns the 
nature and origin of the anisotropy required for 
stabilizing the responsible configuration. 

There are several qualitative features of the 
composition dependence of the unidirectional behavior 
worth noting. These are in accord with the proposed 
model, or with any model based on local spatial 
fluctuations in composition. The occurrence of the loop 
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—70 koe after which the decay was again observed at 
the lower branch remanence point. This remanence is 
positive in sign and the decay consists of an increase in 
the magnitude of the magnetization, as shown in Fig. 4, 
notwithstanding the internal demagnetizing field of 
about —10 oe. While the sign of this decay is as 
expected from ordinary viscosity behavior for this 
branch of the hysteresis loop, the essentially field-free 
increase in the magnitude of the moment does not 
correspond to previous viscosity experience. Indeed, 
in order that it be inside the scope of ordinary viscosity 
phenomena, one must consider the addition of a rela- 
tively stable unidirectional anisotropy which raises 
the equilibrium remanence from zero to some positive 
value. 

It may be noted that in this pulsed-field experiment, 
the value of the lower branch remanence is much 
closer to that of the upper branch than that found in 
the slowly measured loop shown in Fig. 2. Thus the 
loop displacement has been enhanced by the dynamic 
measurement. The difference in sign and value of the 
two lower branch remanences is in the opposite direction 
from that expected from ordinary viscosity. Hence we 
must attribute it to an extraordinary viscosity which 
is operative during the quasi-static measurements in 
negative fields and signifies a gradual breakdown of 
the unidirectional anisotropy. 

There is yet another observation on these materials 
which follows from the discussion of viscosity effects. 
For pulsed field measurements there is an enhance- 
ment of the coercivity on the upper (descending) 
branch of the hysteresis loop (and of the loop displace- 
ment, if present) of a sample originally cooled to low 
temperature in a field, over that measured quasi- 
statically. This may be viewed as an extension of the 
demonstration by Street and Woolley” that the shape 


of the loop depends on the measurement method. It 
can be a consequence of either or both of the kinds of 
viscosity under consideration, but is observed in 
materials showing unidirectional anisotropy, as well 
as in those which do not. In the x=0.5 Zn-substituted 
sample the quasi-statically measured coercivity (upper 
branch) at 4.2°K after field cooling is 260 oe while the 
corresponding pulsed field value is 600 oe. The time 
rate of field change at the coercive point in the latter 
measurement was 5X 10° oe/sec. 

While Mn;0, shows no unidirectional anisotropy, 
Dwight and Menyuk® have seen viscosity decay effects 
near the coercive fields at 4.2°K on a natural single 
crystal, and the present authors have seen similar 
decays on powders at 20°K in fields of —500 oe and 
—1000 oe. The pulsed field coercivity at 5.2°K for 
Mn;O0, powder was reported‘ to be 16 koe. From 
present considerations, the quasi-static value could be 
lower. Dwight and Menyuk comment on this, but it 
had not been appreciated at the time of earlier pulsed- 
field experiments.*® The point is confirmed by our 
present observation that the quasi-static coercivity of 
the same Mn;0, at 4.2°K is about 6 koe. The conclusion 
to be drawn from this digression is that coercivities 
measured by pulsed-field techniques should be inter- 
preted with care. 

In summary, the preceding description of results and 
of a phenomenological viewpoint shows that uni- 
directional anisotropy and magnetic viscosity are 
present more or less independently in these samples 
and that their coupling introduces additional effects 
without impairing the identity of either phenomenon. 
In other materials, it is possible to imagine that a 

*6 In Table I of I. S. Jacobs [J. Phys. Chem. Solids 11, 1 (1959)], 
all the large coercivities were measured with pulse techniques 


(dH /dit~5 X 10° oe/sec), while the small ones were determined 
quasi-statically on samples cooled in zero field. 
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stronger coupling between these phenomena could 
obscure their separate identities. 


DISCUSSION 


Menyuk et al.?” have reported on a cobalt-vanadium 
spinel which shows both a compensation point and 
a hysteresis loop displaced with respect to the 
magnetization axis, upon field cooling to 4.2°K. The 
difference in the nature of the loop displacement 
between their sample and present materials suggests 
that somewhat different mechanisms are responsible. 
They note that a large nonunidirectional anisotropy 
might account, in part, for their findings. It is clear 
from the present experiments on the mixed manganites 
that the origin for the unidirectional behavior should 
be sought in the exchange anisotropy mechanisms 
proposed earlier for two-phase'® and _ single-phase'® 
systems. 

Previous studies on these manganites have pointed 
to a significant antiferromagnetic interaction between 
the Mn* ions on the octahedral sites. Interactions 
between ions lacking in 180° superexchange linkages 
have been the subject of recent theoretical discus- 
sions**- as well as a direct experimental measure- 
ment." The tetrahedral sites of these compounds are 
randomly occupied by Mn** ions and diamagnetic 
Zn**+ or Mg** ions in the designated proportions. Such 
randomness is inherently marked by considerable 
spatial fluctuations in local composition, some small 
regions being rich in Mn?*, others rich in the dia- 
magnetic ions. Thus, when we examine the ferri- 
magnetically ordered state at very low temperature, 
it is reasonable to expect local magnetic structures 
varying from ones similar to that found for Mn;O, to 
ones approaching those expected for DMn,O,. The 
latter local structures may resemble canted anti- 
ferromagnets. Some of the gross behavior may be 
in accord with a single magnetic configuration inter- 
mediate between the end points,‘ but that approxi- 
mation need not hold on a local scale. The existence 
of angles between the B-site moment directions and 
the net magnetization direction, makes possible a 
gradual variation in angle between differing local 
structures. Such regions are inherently exchange- 
coupled through the octahedral sites. If there is 
sufficient anisotropy associated with these sites, it is 
possible that an applied magnetic field can reverse the 
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magnetization of those local structures contributing 
most of the net spontaneous magnetization, while 
leaving essentially unaffected the nearly antiferro- 
magnetic configuration of those local structures having 
a negligible magnetization. If the latter structures are 
able to preserve their identity; i.e., the sign of their 
negligibly small contribution to the spontaneous 
moment, even in the presence of an applied field, they 
will serve to renucleate the original magnetic structure 
of the whole compound, when the applied field is 
removed. This description constitutes one way in which 
an exchange anisotropy mechanism can operate to 
produce unidirectional behavior in such mixed manga- 
nites. The model employed here has a number of 
similarities to that proposed for disordered alloys."* 

What is lacking in this model is a means by which 
the nearly antiferromagnetic configurations acquire 
their preferred orientation and unique sign during the 
field cooling. It is tempting to suggest that all the 
arrangements are formed just at the ferrimagnetic 
Curie temperature, when the anisotropy forces are 
expected to be small. This suggestion would, however, 
be counter to the evidence of Fig. 3 that the loop 
displacement, and hence the anisotropy, persists right 
up to the Curie point. Consequently, the preferred 
orientation may be initiated at yet higher temperatures. 

A conclusion of the Yafet-Kittel-Lotgering theory"-” 
is that a triangular ferrimagnetic configuration at 0°K 
cannot, in general, give way to a fully paramagnetic 
state as the temperature is increased, but must pass 
through either an antiparallel ferrimagnetic state, or 
one in which there is antiferromagnetism on one kind 
of site and paramagnetism on the other. While the 
theory of canted ferrimagnetic structures is. still 
developing," this qualitative feature appears intuitively 
correct and will probably remain. However, while 
there is as yet no clear demonstration of either of the 
above-noted transitions, it has been suggested** that 
Mn,Q, retains its triangular ferrimagnetic state to its 
Curie point and may go over to the mixed para- 
antiferromagnetic state. Moreover, when a field is 
applied to a manganite compound having this mixed 
state, it induces a ferrimagnetic or canted configuration 
which could include the postulated nucleating struc- 
tures. These must not only form but must also stabilize 
in this temperature region above the Curie point. 
Preliminary experiments have been performed which 
indicate a stable nucleation occurring above the Curie 
point, and lend plausibility to the model proposed 
herein. Further work is in progress on this effect. An 
important question raised by the model concerns the 
nature and origin of the anisotropy required for 
stabilizing the responsible configuration. 

There are several qualitative features of the 
composition dependence of the unidirectional behavior 
worth noting. These are in accord with the proposed 
model, or with any model based on local spatial 
fluctuations in composition. The occurrence of the loop 





418 . SS JACORS 
displacement seems to require some minimum con- 
centration of the diamagnetic ions on the tetrahedral 
sites. This probably reflects the necessity of having 
certain minimum-size clusters of diamagnetic ions, or 
regions rich in these ions. As the average diamagnetic 
ion concentration increases, however, there are de- 
creases in (1) the ratio of the thermoremanent magnet- 
ization acquired on field cooling to the spontaneous 
magnetization’ (or to the magnetization at 10 koe) 
and (2) the unidirectional anisotropy per Mn?* con- 
centration, estimated as the product of loop displace- 
ment —H, times thermoremanent magnetization. 
These effects probably indicate the decrease in the size 
of regions rich in Mn** and the increasing fraction of 
more isolated tetrahedral Mn** ions, unable to acquire 
sufficient stability to participate in the exchange 
anisotropy phenomena. 

The mixed manganite powders of present interest 
are far from ideal for a study of the origins of the 
observed viscosity effects. A better approach to the 
ordinary viscosity phenomena is the work of Dwight 
and Menyuk® on single crystals of Mn;O,. To supple- 
ment the framework of previous viscosity studies, 
Mn;0, contributes a unique magnetic structure® 
(orthorhombic through doubling of one basal edge of 
the body-centered tetragonal cell) and an extremely 
high anisotropy energy for avoiding the tetragonal 
direction. To this system the mixed manganites can 


add spatially fluctuating molecular fields. 

Considerably less is known about the extraordinary 
viscosity associated with unidirectional anisotropy. 
It presumably arises from magnetization processes in 
the antiferromagnetic phase or near-antiferromagnetic 
region of two-phase or single-phase systems. These 
could be coherent rotation, antiferromagnetic wall 


motion, Bloch line motion within walls, sublattice 
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inversion, and perhaps others. The details of the 
particular magnetic structure would govern the 
dominant mechanism. It would be premature to apply 
any of these to the present system, in view of the lack 
of detailed understanding of the local magnetic 
structures. 


CONCLUSIONS 


We have reported herein certain magnetic properties 
of powder compounds isomorphous to hausmannite, 
but containing partial diamagnetic substitutions of 
Zn** or Mg** in the tetrahedral sites of Mn,Q,. 
Exchange anisotropy is present and is detected by the 
observation of hysteresis loops displaced along the 
field axis when the materials are cooled to low temper- 
ature in magnetic fields of several koe. A model is 
proposed involving interactions between ferrimagnetic 
and nearly antiferromagnetic regions brought about 
by the random distribution of the diamagnetic sub- 
stitutions. This model is similar to that proposed 
earlier for disordered alloy systems. Magnetic viscosity 
effects are observed which correlate in part to ordinary 
magnetic viscosity, but which also are associated with 
the unidirectional anisotropy. The connection does 
not impair the identity of the separate phenomena. 
In addition, observations of certain differences in the 
hysteresis loops measured dynamically and quasi- 
statically reveal an extraordinary viscosity associated 
with a gradual breakdown of the unidirectional 
anisotropy. 

ACKNOWLEDGMENTS 

The authors wish to thank R. Street and C. P. Bean 

for stimulating discussions and P. E. Lawrence and 


H. N. Treaftis for valuable contributions at all stages 
of the work. 





PHYSICAL REVIEW VOLUME 


122, 


NUMBER 2 APRIL 15, 1961 


Photothermal Effect in Semiconductors* 


W. W. GARTNER 
CBS Laboratories, Stamford, Connecticut 


(Received November 17, 1960; revised manuscript received December 27, 1960) 


When a sample of semiconducting material is illuminated, pairs of excess carriers are generated which 
diffuse through the material according to the density gradients established. Each pair carries an energy 
approximately equal to the band gap of the material. This energy is deposited where the excess electron 
recombines with a hole and causes local heating of the lattice. A temperature distribution will therefore be 
established in the sample which depends on the characteristics of optical absorption and bulk and surface 
recombination ir and on the sample. This establishment of a temperature distribution in a solid by optically 
excited diffusing and recombining carriers is called the photothermal effect. The paper gives a formulation of 
the theory governing the photothermal effect, and the case of small temperature elevations in an infinite slab 


is worked out in detail. 


I. DEFINITION OF THE EFFECT 


HEN a sample of semiconducting material (see 
Fig. 1) is illuminated with photons of sufficient 
energy, electron-hole pairs are generated which diffuse 
through the crystal from the place of their generation to 
regions of lower excess-pair concentration. Each pair 
transports an amount of energy approximately equal to 
the band separation, thus contributing to the thermal 
conductivity. This energy is deposited where the pair 
undergoes nonradiative recombination, increasing the 
local (measurable) temperature of the lattice. A non- 
uniform temperature distribution is therefore estab- 
lished in the sample which depends on the nature of the 
incident radiation, on the characteristics of optical ab- 
sorption, on the bulk and surface recombination mech- 
anism, on the boundary conditions for temperature and 
energy flux, and on the ordinary thermal conductivity of 
the material. This establishment of a temperature dis- 
tribution in a solid by optically excited diffusing and 
recombining carriers and the attendant modification in 
the thermal conductivity is called the photothermal 
(PT) effect. The related effect with applied magnetic 
field is called the photomagnetothermal (PMT) effect 
and shall be the subject of a future publication. 
In the following, a simple theory of the PT effect is 
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Fic. 1. Analysis of the PT effect. 


* Part of this work was performed while the author was as- 
sociated with the U. S. Army Signal Research and Development 
Laboratory, Fort Monmouth, New Jersey. 


developed which appears applicable to germanium and 
silicon. 


II. BASIC FORMULATIONS 


We first consider the various components of energy 
flux inside and outside the sample: 


Components of Energy Flux 
Outside Front Surface 


The energy flux fy incident upon the front surface 
(energy per unit time and area) is carried by radiation, 
conduction, and convection, and is conveniently split 
into séven components: 


fr=Srtfrtfactfartfectfertfee. (II-1) 


Here fr is the radiated flux transmitted through the 
sample. fr is the radiated flux reflected by the sample. 
fac is the radiated flux absorbed exclusively under 
carrier generation in the bulk or on the surface of the 
sample; it is directly related to the optical carrier- 
generation rates. faz is the radiated flux absorbed ex- 
clusively by the lattice and by the equilibrium carriers ; 
it consists of absorbed photons of insufficient energy to 
excite an electron-hole pair and of the excess energy of 
photons which have excited electron-hole pairs. fre is 
the flux emitted by radiative recombination of carriers.! 


1 P. Aigrain and C. Benoit a la Guillaume, J. phys. radium 17, 
709 (1956); C. Benoit a la Guillaume, J. Phys. Chem. Solids 8, 150 
(1959) ; C. Benoit a la Guillaume and O. Parodi, J. Electronics and 
Control 6, 356 (1959); M. Bernard and J. Loudette, Compt. rend. 
246, 1177 (1958); P. H. Brill and R. F. Schwarz, Phys. Rev. 112, 
330 (1958); P. H. Brill and R. F. Schwarz, J. Phys. Chem. Solids 
8, 75, 85 (1959); A. G. Chynoweth and K. G. McKay, J. Appl. 
Phys. 29, 1103 (1958); A. G. Chynoweth and K. G. McKay, J. 
Appl. Phys. 30, 1811 (1959) ; A. G. Chynoweth and K. G. McKay, 
Phys. Rev. 102, 369 (1959); A. G. Chynoweth and K. G. McKay, 
Phys. Rev. 106, 418 (1957); L. W. Davies, Phys. Rev. Letters 4, 11 
(1960); W. D. Dumke, Phys. Rev. 105, 139 (1957); W. D. Dumke, 
Phys. Rev. 118, 938 (1960); A. Gosnet, O. Parodi, and C. Benoit 4 
la Guillaume, Compt. rend. 248, 1628 (1959); J. R. Haynes, Phys. 
Rev. 98, 1866 (1955); J. R. Haynes and H. B. Briggs, Phys. Rev. 
86, 647 (1952); J. R. Haynes, M. Lax, and W. F. Flood, J. Phys. 
Chem. Solids 8, 392 (1959); S. H. Koenig and R. D. Brown, III, 
Phys. Rev. Letters 4, 170 (1960); J. T. Nelson and J. C. Irvin, 
J. Appl. Phys. 30, 1847 (1959); R. Newman, Phys. Rev. 91, 1313 
(1953); R. Newman, Phys. Rev. 100, 700 (1955); R. Newman, 
W. C. Dash, R. N. Hall, and W. E. Burch, Phys. Rev. 98, 1536(A) 
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Sex is the radiated flux emitted by the lattice and the 
equilibrium carriers (usual “radiative” surface condi- 
tions, Stefan-Boltzmann law). fcc is the flux carried by 
conduction and convection. 


Components of Energy Flux Inside the Sample 


Inside the sample we may split the energy flux /; into 
eight components: 


fi=Srtfactfartfectfertfeotfrtfrc, (II.2) 


where fr, fac, fat, fec, fex have been defined previ- 
ously and fe is the heat flux carried by ordinary 
conduction : 


(II.3) 


x is the thermal conductivity of the material in the 
customary sense, 7 is the absolute local temperature. 
This flux component contains in particular lattice con- 
duction and conduction by carriers which are in local 
thermal equilibrium with the lattice, including ‘‘ambi- 
polar diffusion” with negligible lifetime.* 

fp is the energy flux transported by individual par- 
ticles which are not in local thermal equilibrium with 
the lattice and whose motion may to a first order be 
independent of grad7. This flux component is primarily 
responsible for the PT effect; an analytical expression 
for this component can be found when certain assump- 
tions about the carrier transport mechanism in the 
semiconductor are made. To obtain a definite descrip- 
tion of the PT effect which is particularly applicable to 
germanium and silicon single crystals, we follow the 
widely used formulations given by van Roosbroeck,** 
and the interested reader is referred to these papers for a 
discussion of the underlying assumptions. The analytic 
expression for fp could be based on the “differential 
transport velocity” mentioned by van Roosbroeck,’ but 
a more direct approach is provided by the “current 
density Aj associated with added carrier concentration 
Ap” (Ap=p—po=n—m=An), also given by van 
Roosbroeck* : 


fo=—x« gradT. 


(11.4) 


q is the electronic charge, u, and yu, are the electron and 
hole drift mobilities, m9 and o are the equilibrium elec- 
tron and hole densities, m and # are the actual electron 
and hole densities, An= Ap is the density of excess pairs, 
and j,and j, are the hole and electron current densities. 
Trapping® will be neglected here but it will in general 
considerably modify the following discussions. It may, 
however, be analyzed along analogous lines. Since every 
excess pair carries an amount of energy approximately 


Aj= (quntoj p— QU pPojn)/(quntotquppo). 


(1955); J. I. Pankove, Phys. Rev. Letters 4, 20 (1960); N. Sclar 
and E. Burstein, Phys. Rev. 98, 1757 (1955); A. Whetstone, Rev. 
Sci. Instr. 30, 447 (1959). 

2 P. J. Price, Phil. Mag. 46, 1252 (1955). 

3 W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950). 

4W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 

5 See, e.g., W. van Roosbroeck, Phys. Rev. 119, 636 (1960), and 
Bell System Tech. J. 39, 515 (1960). 
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equal to the band gap Eg, we find an expression for fp 
from Eq. (II.4): 


f p= (Ee/QAj=Ea(untoj p—uppojn)/ 


(QunMot+guppo). (II.5) 


frc is the energy flux transported by particle com- 
plexes not in thermal equilibrium with the lattice. 


Heat Flux Outside Back Surface 


Heat flux may leave the back surface of the sample by 
conduction, convection, and radiation. 


Temperature Distribution Inside Sample; 
Continuity Equation for Heat Energy 


A volume element of solid is gaining heat energy Q at 
a rate 
00/d1= A—div f;. (11.6) 
Q is the heat energy density in w sec m™; A is the 
spontaneous heat generation-annihilation rate in w m~* 
(Joule heating, radioactive decay, chemical reactions, 
etc.; in general, A may enhance the energy density of 
the lattice and equilibrium carriers as well as of the 
excess carriers, but in the interest of a concise treatment, 
we assume in the following A4=0); f is the heat flux 
inside the sample defined earlier. Q may be split into 
three parts, 

QO=(0:1+ 02+ 03, (11.7) 
where Q) is the heat energy density of the lattice and the 
equilibrium carriers, and is associated with the measured 
temperature of the sample, 


dQ ‘Ot=sd(dT/dt . (IL.8) 


where s is the specific heat and d is the density of the 
material. 

Qs is the energy density of the excess carriers in the 
volume element which under the assumptions made 
earlier®* is given by 


Qs=EcAp. (11.9) 


Q; contains all other forms of energy density, such as 
that of an electromagnetic field. For conciseness of 
formulation, we assume in the following that Q;=0. 

To keep the treatment as simple as possible, we as- 
sume in addition that 


=divfr=0. — (II.10) 


fa L=frc= fr L= f Pc 

One thus obtains from Eq. (11.6) 

00 90, AQ» 
— = — + 


—=-—divfac—divfc—divfp. 


ot ol al 


(11.11) 


The individual terms are derived from Eqs. (II.3), 
(11.5), (11.8), (11.9) and 


div fac= — Ege, (11.12) 
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where g, is the external generation rate (by photons) for 
excess carrier pairs. Equation (II.12) is consistent with 
the assumptions about the carrier transport mechanism 
made earlier. 
Substituting these various terms, one obtains from 
Eq. (1.11), 
oT 
sd——kV°T = Eg 
al 


diviete.). (11.13) 


The continuity equation for excess pairs is given by 


d4p 1, 
——=- divAj+g.—frpt£pi; 
ot q 


(11.14) 


where r, is the rate of hole recombination, g,; is the 
internal (thermal) generation rate for holes. One thus 
obtains the following basic equation for the photothermal 
effect : 


sd(2T/dt)—«V?T=Eg(tp—g pi). _—(II-15) 


Under the assumption of constant lifetime (monomo- 
lecular recombination), one has 


—1y+gpi= —Ap/Tp, (11.16) 


and Eq. (II.15) assumes the form 
sd(0T/0t)—«V°T = EgAp/ Tp. (11.17) 


To determine the temperature distribution in the 
sample, it is thus necessary to calculate the distribution 
of excess carriers. These carrier distributions are calcu- 
lated from a set of differential equations which consists 
of Maxwell’s equations, expressions for the conduction- 
current densities, and continuity equations for the 
carrier densities.® 

The expressions for conduction-current densities are : 


(11.18) 
(11.19) 
(11.20) 
(11.21) 
(11.22) 


Joond=JntJp, 
jJn=Jn*+tand,(j,.Xk), 
Jp=Jp*+tand,(j,Xk), 
jn*=qu»nE+qD, gradn+ , gradT, 
jp*=quppE—gqD, gradp+n, gradT. 
The continuity equations for the carrier densities are: 
dn/dt= gn—1,+ (1/q) divin, (11.23) 
Op/dt= gp—1p— (1/q) divjp. (11.24) 


The symbols in these equations have the following 
meanings: Joona is the total conduction current density ; 
6, and @, are the Hall angles for electrons and holes, 
respectively ; k is the unit vector in the direction of the 
magnetic field ; E is the electric field; D, and D, are the 


6 This formulation is patterned after that for the photomagneto- 
electric effect given by W. van Roosbroeck, Phys. Rev. 101, 1713 
(1956), and a generalization given by W. W. Girtner, Phys. Rev. 
105, 823 (1957). 
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diffusion constants for electrons and holes; A, and A» 
characterize the contributions to the electron and hole 
currents caused by the temperature gradient alone, and 
present even in the absence of an electric field and any 
carrier-density gradients ; gn, Zp, Tn, 7p are the generation 
and recombination rates for electrons and holes, re- 
spectively. The generation rates g may be separated 
into two parts, one, g;, describing internal thermal 
generation, the other g., describing external generation 
such as by light: 

(11.25) 


r= Brit Spe. (11.26) 


One may then define a net internal recombination rate r 
equal to r,—gni for electrons or r,—g,; for holes. To 
obtain the temperature distribution in the crystal, one 
must in general solve the simultaneous system consisting 
of Eqs. (11.15), (11.18) through (11.24), and Maxwell’s 
equations. To render this problem tractable, it is obvi- 
ously necessary to make simplifying assumptions. 
Among several possibilities we select the following 
special case for further analytical treatment. 


£n>= £asrt Lae 


III. SPECIAL CASE: THE PT EFFECT 
IN THE INFINITE SLAB 


We assume (1) local charge neutrality, An=Ap, 
gradn=gradp; (2) a plane parallel homogeneous slab of 
semiconductor infinite in the x and =z directions (see 
Fig. 1); (3) steady state; (4) open-circuit conditions; 
(5) small Hall angles; (6) small injection levels; (7) 
constant lifetime ; (8) external generation rate g, only a 
function of y. The minority-carrier density is then 
described® by a simple diffusion equation which in the 
case of V-type material reads, 


d(DdAp/dy)/dy— Ap/t= — £ pe, (IIT.1) 


where D is the ambipolar diffusion constant given by 
D= (n+ p)/(n/D,+ p/D,) and frequently well ap- 
proximated by D,= const. To obtain the distribution of 
excess pairs, one must solve Eq. (III.1) for a given 
temperature distribution, a given external generation 
function g»e, and under the prevailing boundary and 
auxiliary conditions. 

To obtain the temperature distribution, including the 
consequences to the PT effect, one must in general solve 
Eqs. (11.17) and (III.1) simultaneously. Under the 
assumption, however, that the temperature differences 
caused by the PT effect are small enough to leave D, po, 
and 7 in Eq. (III.1) essentially constant throughout the 
sample, one may first solve Eq. (III.1) for Ap (with 
T=const) and then obtain the temperature gradient 
due to the PT effect by solving Eq. (II.17) for T. 

A particularly simple case prevails if the external bulk 
generation rate g,, is zero (surface generation only) and 
carrier and temperature gradients lie in the y direction 
only ; then 


T (x,y,2)= — (EqD,/x)Ap(y)+ex+coy+es2+¢4, (III.2) 
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where ¢,; through c, are constants of integration to be 
determined by the boundary conditions for temperature 
and energy flux. 
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Under the assumption that D>», po, and r, are constant 
throughout the sample, one obtains the following ex- 
pression’ for Ap: 


7 
Ap=ae" “+ Bev! “— (L, b) f Zpe(n) sinh[ (y—n)/L |dn, 


where 


qg= 


(D+51)Ro+ (D—S2) Ri exp(—w/L)+(D+5)l 


(D+51)(D+52) exp(w/L)— (D—s1)(D—s2) exp(—w 


(D— 51) Ret (D+52) Ri exp(w/L)+(D+s)T 


B= ~-—. 


, (D+51)(D+52) exp(w/L)— (DM—s1)(D—s2) exp(—w L) 


1 “ : w— 
r= - f Eod(n)| D cosh ~ 
D Jo L 


and D=D/L; L=(Dr,)! is the diffusion length for 
excess pairs; ®, and ®2 are the external (optical) pair 
generation rates onthe front and back surface, re- 
spectively; s; and s2 are the corresponding surface 
recombination velocities; w is the thickness of the slab. 
This solution is valid even when g,, is an arbitrary 
function of y, i.e., when the incident light contains 
components of different absorption coefficients, and 
when internal reflections occur. Many special cases are 
discussed by Gartner.’ 





T (x,y,z) = ——— 
ctD W 


sien K?2 


“+ 


with W=w/L, Y=y/L, K=kw, Si=syw/D, and S:=s.w/D. For the case where (1/L) 
Eq. (II1.6), assumes the indeterminate form 0/0. Solving Eq. (III.1) for 1/L=k(W 


EGL*Tw 
T(x,y,2) = —— 


K—S.+(K-—1-—S2)(K+S)) 
+ " “ a nd 
(K+S;)(K+S.)e%—(K—S))(K—S.)e* 


For the case of front-surface generation only, 


R 1 ~0, 
one finds 
Egle, 
T (x,y,2)=— 


The constants of integration, c,; through c,, must be 
determined from the boundary conditions for tempera- 
ture and/or heat flux. There are obviously many differ- 
ent possibilities for the type of boundary conditions one 
might employ, depending on the assumptions about the 
various energy-flux components (see Fig. 1) and the 


n wn 
) +50 sinh( ) fn 
L j 


(K—S2)(W+S,)e* — (K+S,)(W-—S2)e-” 
(W+S;)(W+S.)e" —(W—S))(W—S.)e-¥ 


K+5S.+(K—1—S,)(K—S) 
2xrD \I(K+S,)(K+S2)e*—(K—S,)(K— 


R.=0, £pe= 0, 


(D—so)eX—*+(D+52)e--4 


ctr = (D+ s)) (D+ s.)e” — 


(I11.4c) 


Substituting these solutions for Ap into Eq. (II.17) 
and solving for 7(y), one obtains the 
distribution in the sample which contains the contribu- 
tion from the PT effect. For the case where ®,;= Ro=0 
and monochromatic radiation, 


temperature 


Lpe— Lk exp(—ky), (111.5) 


where J is the photon flux density and & is the absorption 
coefficient of the incident monochromatic radiation, one 
finds the following expression for T (x,y,z) : 


- e 


Ecl’lw K | (K—S2)(W—Si)e* — (K+S;)(W+S2)e” 


(W+S,)(W+S;)e" —(W—S,)(W—Ss)e—” 


+c I™) a tesyt+csz+cs, (III.6) 


k, the solution for T, 
K) then yields 


J 
é K +- er 


S»)e * K 


Seely 
e% * [ber teay beset ce. (IIT.7) 


(IIT.8) 


Hoye t+coy+c32 (IIT.9) 


. 7 T C4 
(D—s1)(D—sz)e—" 





temperature at front and back surfaces. We shall discuss 
here only a few special cases. 
In the following discussions we assume that 


ert fr=fr=fa L= fre = fer=0. (111.10) 


7W. W. Gartner, Phys. Rev. 105, 823 (1957). 
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The simplest boundary conditions are then given by 
T(0)=Ti=const at y=0, 


(i1I.11) 
T(w)=T 


2=const at y=w. 


This condition may, for example, be realized by bringing 
the front surface of the sample in contact with a stirred 
transparent liquid (to permit simultaneous illumination). 


C1=c3=0, 
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It is now of interest to determine the heat flux though 
the sample for this temperature difference which is 
equivalent to determining the “apparent thermal con- 
of the crystal under the influence of the 
photothermal effect. As an illustration, we shall do this 
for the case characterized by Eq. (III.8). The constants 
in Eq. 


ductivity” 


(IIT.9) are then given by 


(IIT.12a) 


2D— (D—s2)e7 ¥—(D+s2)e" 


w (D+5:)(D+s.)e"— (D—s)(D 
(D—s2)e-% +(D+s52)e” 


cr (D+5:)(D+s.)e"—(D—s;)(D—sae-” 


(III.12b) 


<p 


(ITT.12c) 


The heat flux carried through the slab by the lattice and electrons and holes is in the steady state equal to the heat 
flux fg leaving the back surface. It consists of two contributions: 


fa=fe(w)+fr(w), 


where from Eq. (II.3) 
fe(w)= 


and 


7 
fr(w)=—j p(w) =— Ex pe 


q 


—K— | 


(IIT.13) 


ar 
(I1I.14) 


oy — 


(IIT.15) 


OY| y=w 


The last equation is obtained by substituting the expression for the Dember field [see, e.g., reference 7, Eq. (18) ] 


into Eqs. 


ar| 


oy | y=w w KT 


(Dts) D+s2)e 


(11.20) and (11.22). From Eqs. (III.9) and (ITT.12) one finds 
T2-T, Ex LB 252+ [2D— (D—s: se" — (D+ re jw" : 


~(D- 51) )\(D—sze _w (III.16) 


The second term on the right-hand side of Eq. (III.16) describes the modification in the temperature distribution 
due to the PT effect, and it vanishes for R1=0, or r > 0, or 5; ©, or any combination of these conditions. 
(dp/dy) may, for example, be calculated from Eqs. (10) and (11) in reference 7, and one obtains 


Ri 


Op 





oy y=w 


(III.17) 


L (D+s;)(D+se)e¥— (D- $1)(D- sa)em w 


Substitution of Eqs. (III.14) through (ITI.17) into (III.13) yields the following expression for the heat flux fr 


through the slab: 


T:-T; EglL@i 


2D— seemed (D+sz)e" 





fe=k 


w tW 


The second term on the right-hand side is due to the PT 
effect. 

To calculate some numerical examples, we simplify 
this expression by assuming very long bulk lifetime, i.e., 


W<1— e*”=14W, (111.19) 


and one finds 


Ti-—T, EeLlL@. 
oa 


fe=k 





w T 
S2 


x . 
D(sit+s2)+ PW+s51s2W 





(IIT.20) 


(D+5;)(D+se)e 


IIT.18 
—(3— s:)(D—S2 re 


For high ‘front-surface recombination, Se »/s1— 0, the 
second term on the right-hand side and thus any evi- 
dence of the PT effect vanishes. For extremely long 
lifetime, W — 0, fg assumes the form 


Ti-— T2 Eg@is2 
oa 


fa(W —0)= 





| (111.21) 


w SitSe 


and for low front-surface see ombination and high back- 
surface recombination, s;/s»— 0, there results 


QT: 
+E@@i. 


T -* 
fa(W 0, s1/s.—> 0)=«— 
Ww 


(111.22) 
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TaBLE I. Relative apparent thermal conductivity xo/k. 





(7: —T:)/w 


in w cm 


EeGa S S2 


inwcm~ incmsec™ incm sec 





1 0.01 
0.01 0.01 100 104 
0.0001 0.01 100 104 
0.0001 0.1 100 104 
0.0001 0.1 104 100 
0.0001 0.01 100 100 
0 0.01 100 10* 
—0.001 100 10° 


100. 104 


The last equation indicates that under the conditions 
mentioned before, the entire incident radiated flux, 
fac=E@Q, is transported through the sample by the 
photothermal effect, although the crystal is completely 
opaque to the incident light. 

To get a quantitative idea of the magnitude of the PT 
effect as compared to ordinary thermal conductivity, 
we define an “apparent thermal conductivity,” x, as 
the ratio of the actual heat flux fg divided by the 
temperature gradient (7,—7,)/w which would prevail 


in the absence of the PT effect: 


Ka> f pw, (T,- T2). (IIT.23) 


Table I shows the “relative thermal con- 


ductivity” ka/k, 


apparent 


s f+ 8 Eg@y 
«(T\—T>2) . 
. ™ , (111.24) 
D(s,+5.)+D?W+s5\5.W 


for various values of temperature difference between 
front and back surface, incident light intensity, and 
front and back surface recombination velocities. The 
fixed parameters are (for germanium) x«=0.64 w deg™ 
cm, D=50 cm? v™ sec!, W= 10(>>1), L=1 cm, r= 20 
msec. The table indicates that strong radiation and 
small temperature differences result in a high value of 
Ka which is also increased by small values of s; and high 
values of s2. One observes that in extreme cases the heat 
transported by the photothermal effect may be several 
times that carried by ordinary conduction. Furthermore, 
Ka may become infinite which means that heat is trans- 
ported through the slab although no temperature differ- 
ence exists between opposite faces of the slab. Finally, 
the apparent thermal conductivity may even become 
negative, indicating that heat flows against the tempera- 
ture gradient. Obviously, the apparent thermal con- 
ductivity is strongly anisotropic and shows the strongest 
deviation from the ordinary thermal conductivity in the 
direction perpendicular to the faces of the slab. 

The boundary conditions for the PT effect may, of 
course, be more complicated than the ones given by Eq. 
(III.11). One may, for example, still have 


T(w)=T2=const at y=w, (III.25) 
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whereas the front surface may emit a heat flux fez 
which is a function of its temperature 7). In the simplest 
case one may take 


fer= 


where a is the “exterior thermal conductivity” and To 
is an external reference temperature. Equation (II1.26) 
may, for example, be the linear approximation to the 
Stefan-Boltzmann radiation law. In the steady state, 
the incoming heat flux f4¢ must then equal the heat flux 
leaving the sample (fz, /x), i-e., 


fact fart+fs=0. (III.27) 


Substituting fez from Eq. (III.26) and fz from Eq. 
(111.18) [under assumption (III.8) about carrier ab- 
sorption where fac=E¢®.], one finds the following 


expression for the front-surface temperature 7; 


L 


—a(T,;—T»), (IT1.26) 


| oT>——Titf 
T\= aPy~—Tet fac| 1- 


| 


TV 


2D— (D—sa)e~*¥ — (D+ sae” } 


(D+5;)(D+s.)e” — (D—5;)(D— see ¥ - 


K —|l 
x(=-«) (III.28) 


The second term in the square bracket describes the 
modification of the front-surface temperature due to the 
PT effect as compared to the case where the entire 
incident radiation is absorbed on the surface by the 
lattice and the equilibrium carriers only. 

Many other special cases of the PT effect may be 
calculated in analogy to the treatment of the Dember 
effect in references 6 and 7. 


IV. CONCLUSIONS 

The photothermal effect is readily analyzed for the 
case of small injection and monomolecular recombina- 
tion. For small temperature gradients it may lead to 
large deviations of the apparent thermal conductivity 
from the ordinary thermal conductivity of the bulk 
material. Its measurement, however, seems to be deli- 
cate. It appears easier to observe the related photo- 
magnetothermal effect, just as it is simpler to measure 
the photomagnetoelectric effect than the Dember effect. 
The photomagnetothermal effect, whose theory may be 
worked out from the basic equations given in this paper, 
will be the subject of a future publication. 
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Galvanomagnetic Properties of n-Type CdAs, 
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Galvanomagnetic measurements on oriented, single crystals of n-type CdAss, a noncubic semiconductor, 
indicate the surfaces of constant energy to be ellipsoids of revolution, located along the symmetry axis of 
the crystal system. The ratio of electronic mobility is found to be ui/ui~4, from Hall and resistivity data. 
Magnetoresistance measurements confirm this conduction-band model and indicate the scattering to be 
due primarily to acoustical lattice modes with some degree of impurity scattering. 





INTRODUCTION 


HILE attempts at preparation of the various 
noncubic II-V semiconductors have been ex- 
tensive,! detailed electrical measurements, on oriented 
single crystals of semiconductor purity, have been 
limited.*-* This is particularly true in the case of n-type 
CdAs». The present work outlines the results of some 
recent electrical measurements. 

Parts I and II of this paper discuss, respectively, the 
experimental procedure and the data obtained. Meas- 
urements made to ascertain the degree of anisotropy of 
the Hall coefficient are outlined in Part I. In Part II 
it is shown that within the accuracy of the experiment 
the Hall coefficient is independent of crystal orientation 
and the longitudinal magnetoresistance is negligible. 
It is shown in Part III that these results are consistent 
with a simple conduction-band model. The resistivity 
can then be used to obtain the ratio K=7,,m,/rym, 
where m, and m,, are the electronic effective masses 
perpendicular and parallel to the fourfold symmetry 
axis and r, and 7, the relaxation times. 


I. EXPERIMENTAL 


Measurements were made on oriented single-crystal 
parallelepipeds. Sample alignment was maintained 
relative to the magnetic field so as to allow the sample 
to be rotated about a single axis of the laboratory 
coordinate system during any series of measurements. 
This made it possible to take data as a function of the 
angle between the magnetic field and the current. The 
apparatus was aligned by rotating a germanium sample 
in the magnetic field and determining the position of 
parallel current and magnetic field from the zero of 
the germanium Hall voltage. For all measurements 
Ohmic contacts were made to the sample using pure 
tin solder. Standard dc potentiometric methods were 


!'V. J. Lyons and V. J. Silvestri, J. Phys. Chem. 64, 266 (1960). 

2G. A. Silvey, V. J. Lyons, and V. J. Silvestri (to be published). 
This work contains extensive references on the preparation of 
II-V compounds. 

3 W. J. Turner, A. S. Fischler, and W. E. Reese, J. Electrochem. 
Soc. 106, 206c (1959). 

4 W. J. Turner, A. S. Fischler, and W. E. Reese, (Phys. Rev. 121, 
759 1961). 

5M. J. Stevenson, Phys. Rev. Letters 3, 464 (1959). 

*M. J. Stevenson, Proceedings of the International Semi- 
conductor Conference, Prague, 1960 (to be published). 


used to measure voltages. Measurements were made at 
magnetic field intensities for which the weak-field 
approximation holds (i.e., for small Hall angle). The 
temperature region was usually 77° to 297°K. 

Since CdAse is tetragonal,’ the resistivity and 
galvanomagnetic coefficients are tensor quantities 
which may have several independent components. The 
number of possible independent components is a 
function of the symmetry of the crystal and can be 
determined in the case of weak magnetic fields by 
expanding the resistivity tensor as a power series in H, 
the magnetic field. The resulting coefficients of the 
powers of H are tensors, the form of which can be found 
by requiring invariance under operations with the 
crystal symmetry group.® In the case of CdAs2 we can 
reduce the number of independent components of the 
Hall tensor to two, one occurring when 7 is in the 
plane perpendicular to the fourfold symmetry axis and 
the second when H is applied parallel to the fourfold 
symmetry axis.* We shall label these components of 
the Hall tensor R; and R3. 

Two experimental arrangements were used in investi- 
gating the Hall anisotropy. In the first a rectangular 
bar was cut along the crystallographic a direction 
[Fig. 1(a)] and the Hall voltage measured with H 
applied parallel and then perpendicular to the fourfold 
(c) symmetry axis (H was always perpendicular to the 
current). Care was taken in each case to place the 
contacts in the same cross-sectional plane of the sample. 
In the second arrangement a rectangular bar was cut 
in the b-c plane at 45° to the c axis [Fig. 1(b)] and 
the magnetic field rotated about an axis perpendicular 
to the plane. It can be shown’ that the maximum in the 
sine curve generated by the Hall voltage as a function 
of the angle between H and the current will occur at 
an angle @ when tand= (R;+R,)/(R;:—R:). 

Samples on which detailed’measurements were made 
were cut from pulled single-crystal material prepared 
by a modified Gremmelmaier technique.? Care was 


7M. E. Senko and N. R. Stemple, Acta. Cryst. (to be published). 
8 T. Okada, Mem. Fac. Sci. Kyusyu Univ. Ser. B 1, 157 (1955). 
® For the orientation of Fig. 1(b) the Hall field Ey as a function 
of the angle @, between 77 and the current density J, is given as 


2Ex/IH= (R3:—R:) cosé — (R3+Ri) sind. 


Upon differentiation with respect to @, the maxima of the expres- 
sion are found to occur at tané= (R3;+R,)/(R3—R:). 
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Fic. 1. Schematics of 
experiments to deter- 
mine Hall anisotropy. 
(a) An a-directed sample 
with H applied parallel 
to the equivalent } axis 
or the fourfold ¢ axis. 
EH; is the Hall field as- 
sociated with R;and Em 
that associated with R,. 
(b) Asample cut at 45° 
to the ¢ axis in the b-c 
plane. The magnetic field 
is rotated about the a 
axis, while the Hall is 
voltage measured paral- 
lel to the a axis. 
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exercised in selecting samples that were homogeneous. 
Samples cut far from the growth axis of a rapidly 
pulled ingot often exhibited spurious effects,” the 100000 
magnitude of which depended upon the growth rate 
of the crystal and the position from which the sample 
was cut. These results were incorrectly interpreted in 
reference 10. Similar spurious behavior has recently 
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TABLE I. Orientations, spectrographic impurities, and measured P2285! 7] 
values of the Hall coefficients and resistivities of all samples at a 
77° and 250°K. El0P2 





. , PI6 
Spectro- Resis- _ 


scopically Hall tivity Hall tivity 

deter- coefficient (ohm coefficient (ohm 

Orien- mined (cm*/coul) cm) (cm*/coul) cm) 

Sample tations impurities Fs 77°K =. 250°K—s- 250°K 


E7 350.14 29 0.16 
E9 730 «5.45 630 18.0 
E10P2C Mg 6650 3.0 5300 12.4 
E10P2A Mg 6600 13.0 5000 49.0 
P16D1 ¢ Si,Cu,Pb 2200 1.38 1700 5.4 
P16SC* Si,Cu, Pb 36000 35.0 146.0 
P17¥41 None 15000 20 10200 70.0 
P18Z12 Pb 23900 61 

P21X3 None 4040 1.11 3180 5.2 
P21X13 None 6250 6.7 5300 29.0 
P21X14 None 7600 12.5 6000 50.5 
P22S11 None 3900 5.60 »= 3050s 22.0 
P22S12 None 4750 5.82 3650 22.5 
P22S14 None 5940 12.15 4400 46.0 
P22S51 None 10960 5.87 9800 23.2 ’ . © are 


= = —===a b 
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* This sample was cut in the b-c plane at 45° to the ¢ axis. : ecw = ‘ _ — 
a Fic. 2. Resistivity [Fig. 2(a)] and Hall coefficient [Fig. 2(b)] 
#” A. S. Fischler, Bull. Am. Phys. Soc. 5, 77 (1960). versus 108/T for several samples of n-type CdAsz. 
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Fic. 3. Hall coefficient (smooth line) and resistivity (dashed line) 
extended to lower temperatures for a typical sample. 


been observed in InSb." To minimize these effects, 
crystals were pulled slowly (about 0.25 cm per hr) and 
samples cut from positions near the growth axis. 


II. RESULTS 
(a) Energy Gap 


Optical energy gap values have previously been 
reported.*:* These show a slight directional dependence 
of the absorption edge and give an average value of 
AE=1.02 ev for the energy gap at room temperature. 
Because the compound is thermally unstable at temper- 
atures in excess of 400°K, no extensive study of the 
intrinsic properties was undertaken. However, an 
energy gap value was obtained from high-temperature 
resistivity data giving a value of AE=1.13 ev when 
extrapolated to absolute zero. 


(b) Resistivity, Hall Coefficient, and Hall 
Mobility vs Temperature 


The resistivity, p, and Hall coefficients of typical 
samples of n-type CdAse are shown as a function of 
reciprocal temperature (Fig. 2). Curves of several 
other samples measured fell in the same resistivity 
range as those of Fig. 2 and are not reproduced. Table 
I provides data on all samples measured. Samples E-7 
and E-9 were unoriented, boat grown, single-crystal 


11H. Rupprect, R. Weber, and H. Weiss (to be published), 
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Fic. 4. Hall mobility, R/p, versus absolute temperature for the 
samples of Fig. 2. The line of slope —# is included for reference. 


samples. All others were cut from pulled single-crystal 
material. Orientations and spectroscopically deter- 
mined impurities are given in columns 2 and 3 of 
Table I. Figure 3 shows an extension of the data of 
Fig. 2 to lower temperatures for a typical sample. The 
resistivity minima, due to carrier freeze-out, occurred 
at about 25°K in the two samples measured. The 
measurements were not extended to low enough 
temperatures to allow determination of impurity acti- 
vation energies. Above 50°K the variation in R, and 
R; is associated with the variation in the Hall to 
conductivity mobility ratio with temperature. The Hall 
mobility, R/p (Fig. 4) is a decreasing function of 
temperature indicating the scattering to be predomi- 
nantly by lattice modes. 


(c) Investigation of Hall Anisotropy 


Measurements on a-direction samples as outlined in 
Sec. II gave values of R,/R;=0.98+0.05 where the 
error results from variations in sample cross section. 
The Hall coefficient of a sample cut as shown in Fig. 
1(b) with the magnetic field rotated about the a@ axis 
generated the curve of Fig. 5. The slight shift in the 
maximum of the Hall voltage is within the experi- 
mental error. Therefore, from these measurements we 
can conclude that the Hall coefficient shows no dis- 
cernible anisotropy. 
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Fic. 5. Curve of Hall coefficient versus angle between the current 
and magnetic field for a sample oriented as shown in Fig. 1(b). 
The data were taken at 77°K with a magnetic field of 6800 gauss. 


(d) Magnetoresistance 


Figure 6 shows the results of magnetoresistance 
measurements made on a c-direction sample at 77°K. 
The solid line represents the curve Ap/p=12.5X10- 
Xsin’@. The longitudinal magnetoresistance was always 
less than 5% of the transverse for c-direction samples. 
The mobility calculated from magnetoresistance, as- 
suming lattice scattering, was in agreement with the 
mobility obtained from Hall and resistivity data. 

For a-directed samples transverse magnetoresistance 
with H perpendicular to the ¢ axis was always greater 
than with H parallel to the ¢ axis. The ratios of trans- 
verse magnetoresistances were between 2.2 and 4.2 for 
all samples measured. 


III. DISCUSSION 


The data presented in the previous section can be 
interpreted in terms of a simple energy-band model, 
namely ellipsoidal energy surfaces with axes of rotation 
parallel to the c axis of the crystal. This model of the 
energy band structure is consistent with the require- 


2 ee 
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Fic. 6. Magnetoresistance of a c-directed sample versus the 
angle between the current and magnetic field. The solid line is 
the curve Ap/p=12.5X10™ sin’. The data were taken at 77°K 
with a magnetic field of 14.000 gauss, 


ments of crystal symmetry if the energy minima lie on 
the c axis in momentum space. There are two possi- 
bilities, either a single conduction-band minimum at 
k=0 or two minima located at equivalent points along 
k,. These models are indistinguishable in terms of the 
present experiment. The important features of the 
galvanomagnetic effects which establish the above 
model are the independence of the Hall coefficient on 
direction and the near absence of longitudinal magneto- 
resistance. These results are in agreement with cyclotron 
resonance data.°. 

Values of the anisotropy ratio K=7,,m,/rym,, can 
be obtained by comparison of the resistivity ratio p,/pi, 
where the subscripts refer to quantities perpendicular 
and parallel to the fourfold symmetry axis. This ratio 
can be determined by comparing resistivity data of 
samples cut along different axes, but grown under 
identical conditions, with similar carrier concentrations, 
e.g., E10P2A, E10P2C of Table I. Where the carrier 


TABLE II. Values of determined at several 
temperatures. The latest value of m,/m obtained by Stevenson* 
from cyclotron resonance measurements is given in the last 
column. 


=TImM1 


Timi 


mi / Tim 


Samples 200°K 250°K 
~ E10P2A 
F10P2C 


miy/miy 


P22S11\ 
P21X3 | 
P22S12\ 
P21X3 


® See reference 6 

b The absolute values of K are accurate to + 5. The ( As 
a function of temperature depend on t ‘lative value re ity 
measurements and are accurate to srefore, t \ 
recorded to three significait figures. 


densities of two similarly prepared samples did not 
differ by more than 20%, the resistivities were adjusted 
to an average carrier concentration and the values of K 
calculated from the adjusted values. The anisotropy 
ratios computed from several pairs of samples at various 
temperatures are listed in Table II. 

The variation of K with temperature is a consequence 
of the decrease in ionized impurity scattering with 
temperature. At high temperatures K should approach 
a limiting value associated with pure lattice scattering. 
The results indicate that this value is close to the 
cyclotron resonance effective-mass ratio (last column, 
Table II) and suggest isotropic, energy-dependent, 
relaxation times. Herring’ has pointed out that for 
nonspherical energy surfaces and acoustical mode 
scattering, the assumption of an energy-dependent 
relaxation time improves as the mass anisotropy 
increases. It is of interest that the current work implies 
this may be true for anisotropies as small as four. 


2 C, Herring, Bell System Tech. J. 34, 237 (1955). 
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CONCLUSION 


Experimental data obtained on samples of n-type 
CdAsy have been fitted to a simple energy-band model 
consisting of either a single conduction-band minimum 
at k=0 or two minima located at equivalent points 
along k,. This is in agreement with cyclotron resonance 
observations. Values of the anisotropy constant K 
=7,;m,/r,m,, were obtained from Hall and resistivity 
data and indicate that 7,,/r, is approximately unity 
above 250°K. 
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Nuclear Quadrupole Resonance in an Antiferromagnet 


J. C. Burcrez,*f V. Jaccarrno, Anp A. L. ScHAWLOW 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 13, 1960) 


Nuclear quadrupole resonance techniques have been used to investigate magnetic interactions in the 
bromates and iodates of certain 3d transition metal ions. In particular, for Ni(1O;)2-2H.O there is an abrupt 
disappearance of the I!?7(+3/2 «+ +1/2) transition at 3.08°K ; at lower temperatures there is a large, tem- 
perature-dependent splitting. This behavior is attributed to the combined effects of an antiferromagnetic 
ordering of the Ni** electron spins and a hfs interaction of the nonlocalized Ni** spin magnetization with 
the I’ nuclear magnetic moment. Measurements of the pure quadrupole transition frequencies above, and 
of their temperature-dependent splittings below, the Néel temperature yield the quadrupole coupling con- 
stant, the asymmetry of the electric field gradient (EFG) tensor, the magnitude and orientation of the 
internal magnetic field relative to the principal axes of the EFG tensor, and the sublattice magnetization 
as a function of temperature. Qualitative experiments at 1.3°K indicate T;2*<100 sec and T;"27~10~ sec. 
Measurements of the rf and dc magnetic susceptibility have been made and are consistent with these con- 
clusions and, in addition, indicate the sudden onset of a spontaneous ferromagnetic moment as the tem- 
perature is lowered below T,. A possible isotope effect on the 7, of Ni(IO3)-2H.O was looked for but none 


was found. Cupric iodate and the bromates give no evidence of magnetic ordering above 1.3°K. 


INTRODUCTION 


E present in the following the results of observa- 

tions of nuclear quadrupole resonance in an 
antiferromagnet.’ Since this constitutes the first such 
observation, we briefly review nuclear resonance phe- 
nomena in antiferromagnets. 

In recent years the techniques of nuclear magnetic 
resonance (NMR) have been successfully applied to 
the study of local fields in magnetic solids both in the 
paramagnetic and ordered states. If, in addition, a 
nucleus possesses an electric quadrupole moment Q, 
and is subject to an electric field gradient (EFG), 
resonances may be observable without an external 
magnetic field, either in single crystals or in polycrystal- 


* Submitted in partial fulfillment of the requirements for the 
degree of Master of Science, Department of Electrical Engineering 
(1959), Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

Tt Present address: Department of Physics, Massachusetts In- 
stitute of Technology, Cambridge, Massachusetts. 

1 A preliminary report of this work was given at the November, 
1959 American Physical Society Meeting [J. C. Burgiel, V. 
or and A. L. Schawlow, Bull. Am. Phys. Soc. 4, 424 
(1959) ]. 


line samples. These so called ‘‘pure quadrupole reso- 
nances” we denote by NQR. Aside from the experi- 
mental convenience, observation of the quadrupole 
transitions permits a comparison of the directions of 
the EFG tensor and internal magnetic field in an 
ordered magnetic material. 

Before discussing the effects that result from com- 
bined nuclear magnetic moment and nuclear electric 
quadrupole moment interactions, it is perhaps instruc- 
tive to briefly classify the nuclei according to their 
electronic environments and their possible electric and 
magnetic interactions. (We restrict our discussion to 
insulating magnetic solids.) 

Magnetic interactions. (1) Nuclei of paramagnetic 
ions (e.g., Co® in CoF,).2 The nucleus is immersed in 
large hyperfine fields arising from the magnetic elec- 
trons of its own ion in addition to the dipolar fields of 
all other magnetic ions. 

(2) Nuclei of nominally diamagnetic ions (e.g., F® 
in CoF;).’ If an appreciable overlap exists between the 

2'V. Jaccarino, Phys. Rev. Letters 2, 163 (1959). 


3V. Jaccarino, R. G. Shulman, and J. W. Stout, Phys. Rev. 
106, 602 (1957). 
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wave functions of the diamagnetic ion and a neighbor- 
ing paramagnetic ion, then a spatial redistribution of 
the paramagnetic electrons will induce a partial para- 
magnetic character in the overlapping closed-shell elec- 
trons of the diamagnetic ion. Then, as in case (1), 
hyperfine interactions with the partial paramagnetism 
of its own electrons are possible.*~* 

(3) Nuclei of truly diamagnetic ions (e.g., H' in 
CuCl,-2H,0).° The nucleus is subjected only to the 
dipolar fields of the paramagnetic ions. 

Electric interactions. Nuclei with />1 in lattice sites 
whose point symmetry is sufficiently low that the com- 
ponents of, the electric field gradient (EFG) tensor do 
not vanish may have an electric quadrupole interaction 
e’qV."" We may classify these interactions according to 
their origin and magnitude as follows: 


(1) The EFG results principally from the electrons 
of their own ions (e.g., Co® in CoF2): egQ Sul. 

(2) The EFG results from the charges of neighboring 
ions and relatively weak covalent bonding to these ions 
(e.g., Cl® in TiC]; "): egO2uH. 

(3) Nuclei for which the EFG results from strong 
covalent bonding (I? in IO; as in this work"): 


e’gO>uH. 


Experimentally, for nuclei in the last two categories 
it is possible to study NQR in the absence of external 
magnetic fields both in the paramagnetic and ordered 
states."* NQR for the case in which e’gQ>yH in the 
ordered state and for which indirect hyperfine inter- 
actions would exist is of particular interest and was the 
prime motivation for the present work. 

In order to study the effects of magnetic ordering on 
NQR, a search was made for an antiferromagnet in 
which NQR could be observed. The bromates of certain 
3d group transition metals were investigated first; 
their quadrupole spectra gave no indications of mag- 
netic ordering. For reasons described below, attention 
was turned toward the iodates of the same metals. 


*R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957). 


5A. Mukherji and T. P. Das, Phys. Rev. 111, 1479 (1958). 

®W. Marshall, Bull. Am. Phys. Soc. 4, 142 (1959). 

7F. Keffer, T. Oguchi, W. O’Sullivan, and J. Yamishita, Phys. 
Rev. 115, 1553 (1959). 

8A. M. Clogston, J. P. Gordon, V. Jaccarino, M. Peter, and 
L. R. Walker, Phys. Rev. 117, 1222 (1960) 

*N. J. Poulis, G. E. G. Hardeman, and B. Bolger, Physica 18, 
429 (1952). 

1 This restriction on symmetry need not be applied to the rare 
earth ions in cubic crystals because the angular momentum of 
the magnetic electrons is not quenched. The 4/ ions and their 
nuclei enjoy all electrostatic interactions that the free atom 
has in this case. 

1 R. G. Barnes and S. L. 
(1959). 

2 This is the usual case for NQR and an extensive literature 
exists. See T. P. Das and E. L. Hahn, in Solid-State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press Inc., New 
York, 1958), Suppl. 1. 

18 Restrictions on the observation of a nuclear resonance in a 
magnetic material may exist either due to a short nuclear-spin 
lattice relaxation time 7; or because of line-broadening 
mechanisms. 


Siegel, Phys. Rev. Letters. 3, 462 
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Ni(IO3)2:2H:O proved to be the compound sought for 
and became the first antiferromagnet to be discovered 
from observations of NQR. From the detected quadru- 
pole spectra, the direction of the spin magnetization 
relative to the EFG tensor was determined. From the 
temperature dependence of the frequencies below the 
Néel temperature 7,, the temperature dependence of 
the sublattice magnetization was obtained. Measure- 
ments of the rf and dc magnetic susceptibility con- 
firmed these results and indicated the presence of a 
spontaneous ferromagnetic moment that results from 
slight cocking of the antiferromagnetic sublattices. 


ELEMENTARY THEORY 


The Hamiltonian for the Zeeman effect of quadrupole 
spectra may be written as 


K=I1-K-I—yI-H, (1) 


where K is a second rank tensor describing the inter- 
action of the nuclear electric quadrupole moment with 
the gradient of the ‘surrounding electric field and 
y=n/I. With the principal coordinate system (x,y,z) 
of the EFG tensor defined in the usual way, Eq. (1) 
may be written as 


KH=3ALT 2-431 (1 t 1) | + nA I -— J? |—yI-H, (2) 


where A =e’gQ/(.4/(27—1) ] 
Q is the electric quadrupole moment of the nucleus, 
and where n= (0°V/dx°—@V/dy?)/(@V/d2?) is the 
asymmetry parameter. It is interesting to note the 
formal similarity between the quadrupole Hamiltonian 
and the spin Hamiltonian that describes the interaction 
of a magnetic ion with the external field and the electro- 
static fields in a crystal.'* The latter, to terms quadratic 
in the spin operator, may be written as!® 


x= S-D-S+e8S-H 
= D[S2—435(S+1)]+£[S2—-S,]+g8S8-H, (3) 


in which eg= 0°V /d2? and 


where D is the crystal field tensor. This equivalence 
is a consequence of the identity of the transformation 
properties of the respective tensors under rotation and 
hence, by the Wigner-Eckart theorem, the correspond- 
ing Hamiltonians have matrix elements with the same 
m dependence. (The formal equivalence of the electron 
spin Hamiltonian, including only terms quadratic in S, 
with the nuclear electric quadrupole Hamiltonian is 
exact but cannot be extended to higher order terms.) 
The recognition of the equivalence of (2) and (3) is 
useful in our case because procedures for diagonalizing 
the spin Hamiltonian exist and have been extensively 
employed by M. Peter and B. B. Cetlin. The relation 


4 W. Low, in Solid-State Physics, edited by. F. Seitz and D. 
Turnbull (Academic Press Inc., New York, 1960), Suppl. 2. 

18 The change in sign in the last term arises because B=y/S is 
conventionally given as a positive number whereas it is, of 
course, negative. For simplicity we consider g as being a scalar 
quantity. 
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between the parameters to be determined and the 
measured quantities is, by the nature of the experi- 
mental conditions, different in the two cases, however. 
In electron paramagnetic resonance studies a known 
field is usually applied externally in a given direction 
with respect to the crystal axes and, from the angular 
dependence of the observed level splittings as a function 
of field and frequency, the parameters D and E can be 
determined. In contrast to this, our observations in the 
NQR case yield partial information in each of the two 
magnetic states: (1) the paramagnetic state, in which, 
in expression (2), Hine=0 and in which, if 7>3, A and 
n may be determined without the aid of an external 
magnetic field; (2) the ordered state, in which an in- 
ternal field arises from spin ordering and is an unknown 
function of temperature. Both the magnitude and di- 
rection of the field relative to the principal axes of the 
EFG tensor at the site of the resonant nucleus must be 
determined. To extract the desired information our 
computational problem involved only rearranging the 
computer programming procedure to obtain the requi- 
site parameters. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The high-frequency NQR transitions were observed 
with a super-regenerative detector'® in zero external 
field. In single crystals of the paramagnetic bromates 
the (+4 <> +4) transitions were observed with a Varian 
Associates NMR spectrometer and magnet. The reso- 
nant coil of the super-regenerative detector was ex- 
ternally mounted, but concentric with the unsilvered 
tip of a special cryostat which contained the samples. 
Precise measurements of temperature in the liquid 
helium range were made using a vapor pressure ma- 
nometer. Frequency measurements were accomplished 
using a stable oscillator for frequency markers and a 
crystal-controlled frequency counter. 

Paramagnetic bromates. Initially the NQR of Br”:*! 
in the cubic bromate-hexahydrates of divalent Co, Ni, 
and Cu were investigated as a function of temperature 
because their spectra had previously been studied at 
200°K and 300°K.? However, no ordering was observed 
in any of these salts above 1.3°K, the lowest tempera- 
ture achievable in our cryostat. The structure of these 
bromates'® is such that molecules of the water of hy- 
dration form an octahedron about each paramagnetic 
ion. As a consequence of this, a negligible overlap of 
the wavefunctions of the magnetic ion and the bromate 
radical exists. A superexchange interaction between 
two paramagnetic ions would have to involve the 
polarization of at least ‘wo intervening water molecules. 
It is reasonable to expect the magnitude of such a 
“dilute” interaction to be considerably less than 1°K. 


16 A. L. Schawlow, J. Chem. Phys. 22, 1211 (1954). 

17K. Shimomura, T. Kushida, N. Inoue, and Y. Imaeda, J. 
Chem. Phys. 22, 1944 (1954). 

18S. H. Yu and C. A. Beevers, Z. Krist. 95, 426 (1936). 


RESONANCE IN 


ANTIFERROMAGNET 431 
Moreover, we were unable to find a bromate structure 
in which the bromate radical is the intervening anion 
between two paramagnetic cations. Our attention 
turned towards crystals which would appear to be 
more magnetically concentrated. In particular, it would 
seem desirable to have two magnetic ions interact 
through, say, a single ClO;- or IO;~ radical. From the 
known range of frequencies for Cl and I nuclear quad- 
rupole resonances” in the latter two radicals and the 
experimental apparatus immediately available for 
search purposes, it was decided to investigate magnetic 
iodate crystals. 


Ni(IO;),-2H.O 


Although at the outset of our research little was 
known about the crystal structure of Ni(IO3)2-2H.0, 
we decided to investigate the NQR of I? in this com- 
pound simply because of the smaller relative concen- 
tration of waters of hydration. 

The sample was prepared” by adding nickel carbon- 
ate to iodic acid, redissolving the resulting precipitate, 
and then slowly boiling away the water. Tiny crystals 
were produced, the largest of which were less than } mm 
in any dimension. Recently, some preliminary informa- 
tion on the crystal structure has been obtained.” This 
is illustrated, approximately to scale, in Fig. 1. The 
unit cell is orthorhombic with dimensions (in ang- 
stroms) a=9.18+0.05, 6=12.20+0.05, c=6.60+0.05. 
The space group is De),'5—Pbca. All iodine atom sites 
are physically equivalent. 

An initial search was made for the (+3 < +3) 
transition in the neighborhood of 150 Mc/sec at a tem- 








a 


Fic. 1. The positions of the nickel and iodine atoms in 
8-Ni(IO3)2-2H,0. The crystal is orthorhombic with unit cell 
dimensions: a=9.18, b=12.20, c=6.60 A. The most probable 
space group is D2,*-Pbca with four formula weights in a unit cell. 
All iodine atom sites are physically equivalent. 


19 Nickel iodate exists in three forms: a tetrahydrate and two 
dihydrates. We are interested in the §-dihydrate. A. Meusser, 
Ber. deut. chem. Ges. 34, 2432 (1901). 

%” FE. A. Wood (private communication). 
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Fic. 2. The frequency of the 7 NQR transition (+3 «+ +4) 
in Ni(IO;)2:2H,O as a function of temperature. The abrupt 
disappearance of the resonance, as the temperature is lowered, 
occurs at 3.08°K. The average of the 7=0 limits for the two 
branches is 149.065 Mc/sec. 
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perature of 4.2°K after some elementary considerations'® 
concerning the known spectra of other iodate crystals. A 
resonance that was temperature independent in the 
immediate vicinity of 4°K and, which remained so 
between 4°K and 20°K was observed at 148.75 Mc/sec. 
A peculiar feature of this resonance was noticed. 
During a period of several weeks following the initial 
preparation and use of the sample, the resonant fre- 
quency increased to about 148.97 Mc/sec. We believe 
this effect to result from the local annealing that 
follows intermittent warming and cooling after initial 
crystal growth at 100°C. 

If n=O the (4+$<> +3) resonance should occur at 
twice the frequency of the (+$<> +4) transition or 
297.50 Mc/sec. A resonance was initially found at 
296.62 Mc/sec and correspondingly increased to about 
297.05 Mc/sec as a function of time. From these two 
observations » and e’gQ may be determined from a table 
prepared by Livingston and Zeldes. The values so 
obtained (after “annealing’’) are given in Table I. 

As the temperature was lowered, the (+3 <> 3) reso- 
nance was observed to disappear abruptly at 3.08°K. 
Below 2.9°K two resonances were found with the tem- 
perature dependence shown in Fig. 2. Between 2.9°K 
and 3.08°K the resonances are not observable, possibly 
because of intrinsic line broadening to be expected in 
the region of T,, or more likely because of the combined 
effect of slight temperature inhomogeneities in the 
sample and the strong temperature dependence of the 
resonant frequency in this region. The (4+$<> +3) 
resonance changes its effect on the superregenerative 
detector somewhat (see Fig. 3) due to a small splitting 
discussed in the caption to Fig. 3 and decreases its fre- 
quency by 38+3 kc/sec as the temperature is lowered 
from 3.08° to 1.3°K. All resonances at 1.3°K are esti- 
mated to have a width at half power of approximately 
80 kc/sec corresponding to a T,27~10~ sec. No indica- 
tion of saturation was found at our maximum rf level 
(~1 volt). The amplitude of the rf field was empiri- 


*1 Livingston and H. Zeldes, Oak Ridge National Laboratory 
Report ORNL-1913, 1955 (unpublished). 
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cally determined from the known saturation behavior 
of the high-frequency NMR of F" in antiferromagnetic 
MnfF;.” In this way an upper limit of 7)""<<100 sec 
could be set on the nuclear spin-lattice relaxation time 
at 1.3°K from the absence of saturation of the 
(+} <> +4) transition in Ni(IO3).-2H,0. 

To obtain the internal magnetic field at the I'”’ 
nucleus at temperatures below T, the following pro- 
cedure was employed. The “zero-field” intervals ob- 
tained from the paramagnetic state measurements were 
combined with the observed splittings of the two 
transitions at a given temperature T7<T, in a first- 
order perturbation calculation of Hint(T). The quadru- 
pole Hamiltonian, expression (2), was then diagonal- 
ized exactly for a range of values of Hin, 6, and ¢ 
(the polar and azimuthal angles specifying the direc- 
tion of Hint relative to the principal coordinate system 
of the EFG tensor) in the neighborhood of the approxi- 
mate values determined from the perturbation calcu- 
lation. It is interesting to note that the splitting of the 
transitions is proportional to the magnetic field to a 
high degree of accuracy. The nonlinear terms are 
smaller than the linear terms by a factor (uHint/e®gQ)’. 
Assuming that e’gQ and 7 do not change in the anti- 
ferromagnetic region, we obtain on the basis of this 
information the magnitude, temperature dependence, 
and direction of Hin: relative to the principal axes of 
the EFG tensor. At the site of the I’ nucleus 
Hin(T=0)=3400 oe. An estimate of the electronic 
dipolar field gives an approximate value of 800 oe. We 
presume the difference to have its origin in the indirect 
hfs interaction of the I’ nucleus on the Ni** spin. 
Table I summarizes these results. 

Though no detailed interpretation concerning the 
indirect hyperfine interaction between the Ni++ spin 
and the I”? nuclear moment will be attempted for the 
present, a few words concerning the origin of the inter- 
action are perhaps in order. The nearest neighbors of 
a Nit ion are an octahedron of O ions, two of which 
belong to the waters of hydration and the remaining 
four belong to the (IO;) radicals.” Thus one might 
think no appreciable overlap of Ni and I wave func- 
tions would exist. However, it is to be remembered 
that the I-O bond is extremely covalent, and the I 5s 
and 5p wave functions and O 2s and 2p wave functions 


TABLE I. Results derived from the NQR of I’ in the para- 
magnetic and antiferromagnetic states of Ni(IO;)2-2H2O. @ and 
¢ are, respectively, the polar and azimuthal angles specifying the 
direction of Hint relative to the principal axes of the EFG tensor. 





n=0.048 
(1/h)egQ=990.65 Mc/sec 


Paramagnetic state 


Hind? (0°K) = 3400 oe 
6=90°+5°, g=90°+10° 
T:<«100 sec, T2~10-* sec 


Antiferromagnetic state 





” VY. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957). 
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(a) (b) 


lic. 3. Photograph of the oscilloscope presentation of the 
I? NQR transition (+$«<> +4) when (a) T=4.2°K (T>T,) 
and (b) T=1.3°K (T<T,). Calculations indicate that at 1.3°K 
all observed lines are actually doublets with a 536 kc/sec splitting. 
In order to resolve such doublets with a super-regenerative de- 
tector, one needs a quench frequency greater than the linewidth 
and either very much less or very much greater than the splitting. 
Because the lines are so broad in this case, one must use a quench 
frequency very much greater than 500 kc/sec. The detector used 
would not operate with such quench frequencies. The patterns 
on the oscilloscope were therefore not absorption lines but rather 
interference patterns of two lines and their images from sidebands 
of the detector. The frequencies used in the calculations were the 
frequencies of the centers of symmetry of the patterns. As would 
be expected, changing the quench frequency changed the pattern 
but did not shift its center of symmetry. 


are therefore strongly admixed. (The large I electric 
quadrupole interaction is a manifestation of the cova- 
lent character of the I-O band and the hybridization 
of s and p wave functions.) For our purpose this has 
as a consequence a spatial extension of the I 5s and 
5p orbits to a region that largely includes all of the 
(103) radical. 

The overlap of the 3d Ni** wave functions with the 
spatially extended I 5s and 5p wave functions is the 
origin of the magnetic hyperfine interaction at the I'*’ 
nucleus. There are two contributions to the hyperfine 
interaction.*-* The overlap of the unpaired 3d electrons 
with the paired (diamagnetic) 5s and 5p electrons 
produces a partial polarization of s and p electrons 
with spin direction parallel to that of the d electrons. 
This effect is a consequence of the nonorthogonality 
of the 3d and 5s and 5 wave functions. There is also 
a contribution|to the polarization of 5s and 5p electrons 
which results from electron transfer of I electrons into 
Ni 3d orbits. Since the Ni** 3d electrons are Hund’s- 
rule coupled and the d shell is more than half filled, a 
parallel spin polarization is expected in this case as 
well. 

In the paramagnetic state, the thermal average of 
the spin polarization (S,) is zero in the absence of an 
external magnetic field. In the antiferromagnetic state 
(S,) is proportional to the sublattice magnetization. 
The magnitude of the magnetic field at the iodine 
nucleus in the antiferromagnetic state is 


Hy™"= (Amae®*/$6)(S.)0 (4) 


where A mag’ is the effective magnetic hyperfine in- 
teraction between the Ni** spin and the I?’ nuclear 
moment.!” 
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A more detailed interpretation of the indirect hyper- 

fine interaction would be possible if single crystals of 

sufficient size were available for Zeeman studies. 

The normalized temperature dependence of Hint is 
given in Fig. 4 along with the magnetization curve 
calculated from molecular-field theory assuming S=1, 
corresponding to the spin of Ni**. In the temperature 
range between 2° to 3°K, Hint falls off faster than T°. 
The lack of agreement between experiment and theory 
testifies to the inadequacy of the simple molecular-field 
theory which neglects the effects of large, anisotropic 
crystal fields. The observed behavior of the magnetiza- 
tion is similar to the results obtained by Jaccarino and 
Walker in FeF, and CoF,.” 


MAGNETIC SUSCEPTIBILITY OF Ni(IO;).-2H,O 


In an attempt to confirm our finding of the anti- 
ferromagnetic behavior of Ni(IO3)2-2H2O at low tem- 
peratures, a measurement of the susceptibility x was 
undertaken. 

X,. Since neither rf nor dc measurements of X ex- 
isted, and because of the immediate availability of a 
suitable rf apparatus, X,, was first determined. The 
sample was inserted into the resonant coil of a low- 
frequency (60 kc/sec) oscillator. The change in fre- 
quency of the oscillator, at a given temperature, when 
the sample was removed from the resonant coil was 
utilized in determining the inductance change in the 
circuit (6v/y=36L/L). No attempt was made to cali- 
brate our apparatus and therefore our procedure yields 
only the relative magnitude of X,¢ as a function of 
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Fic. 4. The normalized temperature dependence of the internal 
magnetic field at the I'?’ nucleus in the antiferromagnetic state 
of Ni(I1O3)2-2H:O as a function of the reduced temperature 
(T/T,). This field is taken to be proportional to the sublattice 
magnetization and is indicated by the dashed line. In addition, 
the molecular field calculation for the spontaneous magnetization 
for S=1 is given by the solid line. 


> V. Jaccarino and L. R. Walker, Phys. Rev. (to be submitted). 
‘ A. L. Schawlow and G. E. Devlin, Phys. Rev. 113, 120 (1959). 


2. 
2 





BURGIEL, JACCARINO, 








_- 3.077 +0.002°K 














10 20 30 40 50 60 70 80 
TEMPERATURE IN DEGREES KELVIN 


Fic. 5. The reciprocal of the molar susceptibility (at 60 kc/sec) 
1/Xmo1, of Ni(IO3)2-2H,0 as a function of temperature. Absolute 
values of 1/Xmoi were obtained using the calculated Curie con- 
stant for the Ni** ion and assuming a Curie-Weiss behavior for 
T>>T». 


temperature. The absolute value of x was obtained by 
assuming a Curie-Weiss behavior at high temperatures 
and using the calculated Curie constant for Ni**. 
Figure 5 gives the results of these measurements 
showing the temperature dependence of the reciprocal 
molar susceptibility as a function of temperature. The 
unusual behavior of 1/x at 3.08°K was not expected. 
The reciprocal susceptibility has fallen far below the value 
for a paramagnet (given by the dashed line). This indi- 
cates the presence of a spontaneous rf ferromagnetic 
moment, the onset of which coincides with our NQR 
determination of 7,,. The antiferromagnet NiF, is known 
to have a small ferromagnetic moment below 7, from the 
work of Stout.”® Figure 6 gives the results of an independ- 
ent rf susceptibility measurement we have made using 
powdered NiF2. The absolute values in this figure were 
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Fic. 6. The reciprocal of the molar susceptibility (at 60 kc/sec) 
1/Xmoi, Of NiF2. Absolute values were obtained using the dc 
measurements of DeHaas et al.?® 


26 LM. Mataresse and J. W. Stout, Phys. Rev. 94, 1792 (1954). 
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obtained by use of a measurement at 77.9°K by DeHaas 
et al.2* It is interesting to note that while the rf moment 
in NiF:2 tends to persist well below 7, the rf moment 
of Ni(IO;)2-2H,O disappears almost immediately below 
T,. For antiferromagnetic crystals satisfying. certain 
crystal symmetry properties, a cocking of the sub- 
lattice magnetization resulting in a small ferromagnetic 
moment is not unexpected.’ 8 

The value 3.077°+0.003°K obtained from Fig. 5 
agrees well with 3.08°K determined from the NQR. 
Extrapolation of the linear portion of the 1/X,¢ curve 
yields a Curie-Weiss temperature 6, of approximately 
—5°K. 

Xae- Some months after the results of x,;+ were ob- 
tained, Williams and Sherwood”? measured the dc 
susceptibility Xq., in the temperature range 1.4°K to 
60°K. Their results are given in Fig. 7 and generally 
confirm the rf measurements with one noticeable ex- 
ception. The spontaneous ferromagnetic magnetization 
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Fic. 7. The reciprocal of the dc susceptibility 1/Xmo1 of Ni(IOs)2 
-2H.20 versus temperature as measured by Williams and Sher- 
wood. The insert in the upper left-hand corner of the figure is the 
spontaneous ferromagnetic moment observed below T,, normal- 
ized to its extrapolated T=0 value, plotted versus 7°. In the lower 
right-hand corner is a schematic indication of the cocking of the 
two sublattices that results in a net ferromagnetic moment. The 
angle given is that which is determined from experiment. 


that develops below 7, increases monotonically with 
decreasing temperature as is indicated in the insert of 
the same figure. A diagrammatic representation of the 
cocking of the antiferromagnetic sublattice magnetiza- 
tions resulting in a net ferromagnetic moment is given 
in the lower right-hand corner of Fig. 7. As would be 
expected, the ferromagnetic moment would have the 
same temperature dependence as the antiferromagnetic 
sublattice magnetization. 

The magnetization per gram of the spontaneous ferro- 


magnetic moment, extrapolated to 7=0, is 1.45 emu/g. 


6 W. J. DeHaas, B. H. Schultz, and J. Koolhoos, Physica 7, 57 
(1940). 

27. E. Dzialoshinskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
1454 (1957) [translation : Soviet Phys.-JETP 6(33), 1120 (1957). 

*8T. Moriya, Phys. Rev. 117, 635 (1960). 

* H. J. Williams and R. C. Sherwood (unpublished). 
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If we assume the magnetization of Ni*+ to be saturated 
at T=0, we may calculate its magnitude 


M gram= Ngramg8S = 27.2 emu/g. (5) 


From this we obtain a cocking angle of 1.5°. 

The sudden decrease in X,¢ as T drops below 7, is 
presumably associated with the decrease in domain 
wall motion resulting from a large anisotropy energy 
which spatially restricts the motion of the Ni? spins. 
Such a result is not surprising since the anisotropy 
energy of the Ni?* spin in an electrostatic field of less 
than cubic symmetry is of the order of 2°-4°K. We 
thus have a case in which the effective anisotropy and 
exchange “‘fields” are comparable in magnitude. A de- 
tailed examination of the antiferromagnetic properties 
of NiF2, where the local symmetry of the Ni** is known, 
has been made by Moriya.”* 


ISOTOPIC EFFECTS ON T, FROM %,; 


The extraordinarily abrupt increase (see Fig. 8) in 
the rf susceptibility as one approaches 7, from either 
above or below in temperature, immediately suggests 
using Xr; as a sensitive measure of any effect which 
might cause a variation in 7, (e.g., isotopic change, 
external pressure, etc.). Samples of isotopically en- 
riched nickel iodate were prepared by Remeika. A 
change in T,, relative to Ni(IO3)2:2H,O (natural iso- 
topic abundance for all atoms), was searched for in 
Ni(IO3)2:2D20, Ni*8(1O;)2-2H2O, and Ni®(IO3)2:2H20. 
For the deuterated salt the change in T,, if any, was 
less than 0.01°K and for the Ni®® and Ni®™ salts an 
upper bound of 0.04°K was obtained. (The relatively 
larger uncertainty in the latter two samples results 
from increased experimental error associated with the 
small quantities that were prepared in these two cases.) 
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Fic. 8. The shift in frequency versus temperature for a sample 
of Ni(IO3)2-2H2O embedded in the resonant coil of a low-fre- 
quency oscillator (60 kc/sec). The unusually sharp peak in the 
frequency shift at 7, was utilized in investigating the effects on 
T,, due to isotopic variation. 
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APPENDIX. NQR OF THE OTHER 
COMPOUNDS INVESTIGATED 


(+3 <> +}) transitions. Figure 9 and Table II give 
the NQR frequencies of Br”(J= $) in the bromates 
(of which large single crystals were grown from a satu- 
rated solution by a procedure originally developed by 


Taste II. Summary of (+$ — +4) NQR frequencies (in Mc/sec) as a function of temperature for the cubic bromate-hexahydrates 





and copper and nickel iodates. Data at 290°, 285°, and 195°K taken from reference 17. 





Temp(°K) Co(BrO;)2-6H2O Ni(BrO;)2-6H:O Cu(BrO;)2-6H:O Zn(BrO3)2-6H2O 


Ni(IO3)2:2H:O Cu(IO;3)2-2H2O 








290 

285 

195 
77.2 
20.3 
14.0 
4.2 
1.3 


176.92 


179.10 
181.07+0.03 
181.45+0.03 


181.56+0.03 
181.56+0.03 


177.62 


179.51 

181.23+0.03 
181.72+0.03 
181.75+0.03 
181.75+0.03 
181.75+0.03 


175.70 
177.48 
181.82+0.03 
181.82+0.03 


181.82+0.03 
181.77+0.03 


177.38 
179.49 
181.34+0.03 
181.62+0.03 


148.8+0.1 
148.8+0.1 
148.97 

(see body of paper) 





% A. N. Holden (private communication). 
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Fic. 9.4 The temperature de- 
pendence of the NQR frequency 
of the Br” (+ § «+ +4) transitions 
in the four bromates (see Appen- 
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Holden™) and of I?’ in nickel and copper iodate (the 
latter prepared in the same manner as the Ni(IO;). 
-2H,0). The Br” linewidths are all about 30 kc/sec. 
No concerted effort was made to find the second reso- 
nance in Cu(IO;)2:2H,O. The break in the curve for 
Cu(BrO;)2-6H,O and the slight decrease of the NOR 
frequency at 1.3°K are most probably manifestations 
of the Jahn-Teller effect on the Cu* ion in a cubic 
environment.*- Bayer’s theory of the NQR tempera- 
ture dependence® may be fitted by assuming a torsional 


31H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937). 
#® H. Bayer, Z. Physik 130, 


97 


“4a/i 


1957). 


240 


vibration frequency for the BrO;- ion of w~2x10" 
sec in the other three bromates. 

(+3 «> +4) transitions. For a single crystal in a uni- 
form magnetic field, a resonance between the m=-+4 
and m=—4 quadrupole levels is observable. Although 
no extensive measurements were made, it was verified 
using Co(BrO;)2:6H,O that the Z axis of the electric 
field gradient tensor in the bromates is along the [111] 
direction as expected from crystal symmetry considera- 
tions. The effective g value for the bromine nucleus in 
Co(BrO3;)2-6H,O along the [001] direction at 20°K is 
1% higher than the accepted value. This is probably 
caused by the magnetic dipole field of the Cot* ions.® 
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Galvanomagnetic Effects in n-Ge in the Impurity Conduction Range* 
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Measurements of the magnetoresistance and magnetic field dependence of the Hall coefficient of several 
samples of n-type germanium in the impurity conduction range have been made employing magnetic field 
strengths up to 28 kgauss. The magnitude and the crystalline anisotropy of the magnetoresistance are 
interpreted in terms of the changes in the donor wave functions which are produced by the magnetic field. 
The field dependence of the Hall coefficient is interpreted as a magnetoresistance effect of the conduction 


band. 





I. INTRODUCTION 


HE electrical conductivity and Hall constant of 
a typical specimen of n-type germanium are 
shown as a function of temperature in Fig. 1. There are 
two temperature ranges in which the phenomena are 
qualitatively different. The explanation of this ob- 
servation was originally given by Hung.! The essential 
features are as follows: 
The conductivity tensor of an isotropic material in 
a magnetic field (in direction 3) has the form 


ou O12 O 
—o2 on 8 


0 . B-1eee 


c= 


(1.1) 


This tensor can be regarded as the sum of two contribu- 
tions. One contribution is that of the electrons in the 
conduction band. The other contribution is that of 
electrons which have “frozen out” of the conduction 
band into states associated with the donor impurities. 
For the range of impurity concentrations in our samples 
the latter electrons are responsible for “impurity 
conduction” which involves jumping of electrons from 
neutral to ionized donors.? The number of electrons in 
the conduction band decreases and the number of 
electrons in donor states increases as the temperature 
is lowered. The difference between the high-temperature 
and low-temperature regions in Fig. 1 is that in the 
high-temperature region the contribution of the con- 
duction band to o; and o33 dominates, whereas in the 
low-temperature region the contribution of impurity 
conduction to oj; and o33 dominates. For this reason 
the low-temperature region is referred to as the impurity 
conduction region. The only significant contribution to 
12 in either region is that of the conduction band. 

We shall denote the contribution of impurity con- 
duction to @ by s and the contribution of the conduction 
band by S. Thus, in the impurity conduction region, 


* Preliminary reports of this work have been given in Bull. 
Am. Phys. Soc. 5, 358 (1960) and at the International Conference 
on Semiconductor Physics, Prague, 1960 (unpublished). 

+ Present address: IBM Research Laboratory, Poughkeepsie, 
New York. 

1C. S. Hung, Phys. Rev. 79, 727 (1950). 

2 E. M. Conwell, Phys. Rev. 103, 51 (1956); N. F. Mott, Can. 
J. Phys. 34,1356 (1956). 


o has the form 
Su Sw O 
—Si2 su 0 
0 0 533 


C= 


(1.2) 


The order of magnitude of Sj. is the same as or less 
than that of Sy, and, therefore, Si.<s,, in the impurity 
conduction region. Thus the resistivity tensor, the 
reciprocal of @ has the form 


Sir? —Si2/s1° 
o= | Sio/si2 Suv 0 
0 0 S33 


(1.3) 


and the Hall constant has the value 
Ry= Syo/Hs,;?. (1.4) 


The tensor s in the absence of a magnetic field has 
been intensively studied elsewhere.** Here we shall 
describe our investigation of the magnetic field de- 
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(after Fritzsche’). 
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3H. Fritzsche, Phys. Rev. 99, 406 (1955). 
‘H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958). 
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Taste I. Characteristics of the Ge samples. The resistivity and 
Hall coefficient values are for room temperature. 





— Ry(5 kgauss) 


Plane Length po (ohmcm)  (coul™ cc) 


Sample Donor 


0.120 349 
0.151 434 
0.245 801 
0.068 177 
0.0837 202 
0.145 443 


2A Sb 
2Z Sb 
3X Sb 
14-4 As 
144 As 
15-10 As 


(111) 110 
(111) 110 
(100) 001 
(110) 110 
(110) 001 
(110) 001 


pendence of o. After a short summary of the experi- 
mental details in Sec. II, we shall present and discuss 
in Sec. III our measurements of the magnetoresistance 
in the impurity conduction region, which are, effec- 
tively, measurements of s;; and S33. Section IV will be 
devoted to our measurements of the field dependence 
of the Hall constant, from which we find Sj. as a 
function of magnetic field. The fact that germanium 
is a cubic crystal rather than an isotropic solid intro- 
duces some additional complications into the inter- 
pretation of the galvanomagnetic effects. The additional 
complicating features, however, afford additional 
opportunities for the comparison of models with 
experiment. 


Il. EXPERIMENTAL DETAILS 


The samples were cut with a cavitron from lapped 
slices of single crystal Ge doped with either Sb or As 
and are characterized in Table I. Donor concentrations, 
Np, were deduced from the tabulated Hall coefficients 
by means of the relation Vp= —0.92/Ryec, where e is 
the electronic charge and c is the velocity of light. 
When possible the compensation of a sample was 
deduced from the activation energy for impurity 
conduction.’ In these was between about 
5% and 10%. 

The length-to-width ratios of the samples were about 
seven in all but two cases for which they were about 
six and ten. There were six side arms of 0.3 mm width 
on each sample for attaching potential leads. The outer 
arms were located more than a sample width away 
from the ends. Each sample was etched for a few 
minutes with an H.O.+HF+H:0 etch before the 
current and potential leads of No. 36 and No. 40 
copper wire were attached with InSn solder and then 
re-etched after the leads had been attached. 

For the electrical measurements the samples were 
immersed in liquid helium, hydrogen, or nitrogen 
(or He gas for the room temperature measurements) 
contained in a metal Dewar flask with a small diameter 
appendix suspended between the poles of an Arthur D. 
Little electromagnet. The magnetic field was measured 
and monitored with a Rawson rotating coil fluxmeter. 


cases it 


5A. Miller, thesis, Rutgers University, 1960 (unpublished) ; 
A. Miller and E. Abrahams, Bull. Am. Phys. Soc. 5, 159 (1960); 
Phys. Rev. 120, 745 (1960). 
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Sample temperature was determined from the vapor 
pressure of the liquid bath. Sample current and 
potentials were measured with a vibrating reed elec- 
trometer (Applied Physics Corporation, model 30S) 
or with a potentiometer (Leeds and Northrup, type 
K-3)—galvanometer system. 


Ill. MAGNETORESISTANCE 


For all the germanium samples listed in Table I we 
have found magnetoresistance effects in the impurity 
conduction region which are of the same order of 
magnitude as those observed when the current is 
carried by electrons in the conduction band. The 
mechanism involved must be entirely different, how- 
ever, since the mobility of electrons responsible for 
impurity conduction is many orders of magnitude less 
than that of electrons in the conduction band.* The 
crystalline anisotropy of the impurity conduction 
magnetoresistance is quite different from that of the 
conduction band. The difference is illustrated in Fig. 2, 
in which the transverse magnetoresistance with the 
current along a twofold axis of the crystal is plotted 
as a function of magnetic field orientation for two 
temperatures in the impurity conduction region and 
for one temperature in the conduction band region. 
Longitudinal magnetoresistance is also present in both 
regions. 

We attribute the impurity conduction magneto- 
resistance to the effect of the magnetic field on the 
wave function of an electron bound to an impurity 
atom. Impurity conduction is a result of overlapping 
of wave functions centered on nearby impurity atoms. 
A magnetic field decreases the spatial extent of a 
bound electronic wave function, thus decreasing the 
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Fic. 2. Transverse magnetoresistance of sample 2Z (1.3X10"* 


Sb donors/cm*) in the conduction band region (77°K) and 


impurity conduction region (4.2°K and 2.9°K). 
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Fic. 3. Fit of the transverse magnetoresistance of sample 
2Z to the model described by Eqs. (ITT.1)—(III.3) 


overlap between neighboring wave functions.*:? This 
decrease of overlap produces an increase in resistance, 
as observed. 

We have previously studied related effects in InSb.*-° 
The theory of the effect of a magnetic field on the 
bound wave functions is much more complicated in 
the case of germanium than in the case of InSb, 
however, because of the anisotropic effective mass in 
germanium. We have not formulated the theory for 
the anisotropic case, but have interpreted our results 
on the basis of a phenomenological model which is 
suggested by simple physical arguments, and also by 
the theories of Kasuya and Koide® and of Miller and 
Abrahams® for zero magnetic field. The principal 
features of this model are: 


(1) The impurity conduction is the sum of conduc- 
tivity contributions from each of the four valleys with 
axes a‘); 


(III.1) 


(2) The aa component of s“ vanishes and the 
other two diagonal components of e“ are equal, even 
in a magnetic field. Thus s“? has the form 


s%=f (H)(1-aMa™), (III.2) 
The vanishing of the aa“ component of s“ is a 
result of the large effective mass and consequent small 
spatial extent of the bound wave function in the a“ 
direction, and has been verified experimentally by 
Fritzsche. The equality of the other two components 
of s“ in a magnetic field is not a necessary assumption, 

6'Y. Yafet, R. W. Keyes, and E. N. Adams, J. Phys. Chem. 
Solids 1, 137 (1956). 

7R. W. Keyes and R. J. Sladek, J. Phys. Chem. Solids 1, 143 
(1956). 

8 R. J. Sladek, J. Phys. Chem. Solids 5, 154 (1958). 

® T. Kasuya and S. Koide, J. Phys. Soc. Japan 13, 1287 (1958). 

0 H. Fritzsche, Phys. Rev. 119, 1899 (1960). 
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TABLE II. The values of a and 8 [Eq. (III.3)] used to 
calculate the curves of Fig. 3. 





a (10~ gauss~*) 


0.39 
0.31 
0.29 


8 (10 gauss~*) 


but is adequate to fit the experimental results, as will 
be discussed below. 

(3) The effect of a magnetic field on the wave 
function of a bound state derived from a particular 
valley is largest when the magnetic field is parallel to 
the valley axis a“. Obviously, many functions f‘ (H) 
which possess this property exist. Our attempts to 
choose a simple form which can be used to fit the data 
shows that a reasonably adequate two-parameter 
function is 


f(H)=f© (0) exp[—H?(a+8/cosé/)], (IIT.3) 


where @ is the angle between the magnetic field and the 
valley axis. 


We have used Eqs. (III.1)—(III.3) to fit magneto- 
resistance measurements on several samples. We shall 
summarize certain important features of the results 
here: 


(1) Our model can give an almost quantitative 
accounting of the crystalline anisotropy. This is shown 
in Fig. 3, which compares the transverse magneto- 
resistance of a specimen with length in a [110] direction 
with values calculated from Eqs. (III.1)—(III.3). The 
values of a and 6 used are given in Table II. These 
values also give a good fit to the longitudinal 
magnetoresistance. 

(2) Equations (III.1)-(II1.3) predict that in a 
sample with length in the [001 ] direction the magneto- 
resistance is the same for H in the [001] direction 
(longitudinal) and H in the [010] direction (transverse). 
This prediction is a direct consequence of our assump- 
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Fic. 4. A comparison of transverse and longitudinal magneto- 
resistance when H is in a [100]}-type direction in sample 3X 
(7.8X10'§ Sb atoms/cc). 
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Fic. 5. The magnetoresistance coefficient at 3.3°K for H in a 
[001] direction [see Eq. (III.3)] as a function of Np. The line 
represents the relationship (a+37*8) = (K/32mc*)Np. 


tion that s‘” is isotropic in the plane perpendicular to 
a‘, even in an arbitrarily oriented magnetic field. An 
example of data which afford a test of this prediction 
is given in Fig. 4. We find that for the two cases in 
question the value of Ap/p differs in fact by only 5%, 
the transverse magnetoresistance being larger. This 
figure, 5%, represents approximately the magneto- 
conductivity anisotropy in the plane perpendicular 
to a when the angle between H and a“ is 
arc cos(3~4) = 55°. 

(3) The magnitude of the magnetoresistance effect 
is reasonable according to our model. The effect of the 
magnetic field on the bound wave function will be cut 
off the wave function rather sharply outside of the 
radius at which the magnetic energy in the Hamiltonian® 
becomes equal to Coulombic energy. This condition 
defines a critical radius r., given by 


e/Kr.= Hr 2/8m,c’, 


(III.4) 


where e=electronic charge, K=dielectric constant, 
m,= effective mass transverse to valley axis, H = magne- 
tic field, and c=velocity of light. Equation (III.4) 
applies to the case of a magnetic field parallel to the 
valley axis and r measured from the impurity in the 
plane perpendicular to the valley axis. We expect that 
the magnetoresistance effect will be large when the 
magnetic field has reduced r, to one half the average 
distance between donors, Np-*/2. This occurs at H 
=3.5X10* gauss in our sample 2A. In fact, we see 
from Fig. 3 that the resistance is increased by a factor 
of 1.5 to 2.5 by fields of 2.8 10* gauss, in good accord 
with our arguments. 

(4) The reasoning of the preceding paragraph also 
leads us to a semiquantitative prediction of the de- 
pendence of the magnetoresistance effect on Np. We 
expect that the magnetoresistance will be a function 
of r./(Np-*/2) or of 

8r3N p= 64m.c°N p/ KH’. (IIIS) 


In terms of the functional description of Eq. (III.3), 


AN RR. W. 
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this means that @ and § are proportional to 
(K/64m.c2N p). We show the values of a+3-48, the 
magnetoresistance coefficient for H in a [001 ] direction, 
as a function of Np for three different donor concen- 
trations in Fig. 5. It is seen that the coefficient is 
approximately proportional to Np, as expected. The 
coefficient of proportionality is (K/32m<*), of the 
order of magnitude which we expect. 

There are certain features of the results which we do 
not understand. The most important of these is 
the temperature dependence of the magnetoresistance, 
which is apparent in Fig. 3, and is not predicted by our 
model. Another is the form of f‘®(H), Eq. (III.3), for 
which we have provided no basis in theory. We feel 
that the interpretation of these features must await 
further development of the theory of impurity con- 
duction in a magnetic field and that measurements of 
the type which we report here will acquire greatly 
enhanced significance when such interpretations become 
available. 

Recently other authors’ have presented estimates 
of the effect of a magnetic field on the donor wave 
functions. We believe that these estimates are not as 
useful for the interpretation of magnetoresistance as 
the point of view we have presented here. The reasons 
are as follows. First, the methods used are not designed 
to give information about the shape of the wave 
function at large distances (several effective Bohr 
radii) from the donor atom. Even in our most heavily 
doped sample the distance between donor centers is 
about seven Bohr radii, so that overlap of the wave 
functions at large distances is the determining factor 
in impurity conduction. Second, the mass anisotropy 
must be very important in any quantitative theory of 
the effect of a magnetic field on the donor wave func- 
tions. Such a theory would be quite complicated, since 
in general, the presence of the magnetic field destroys 
the rotational symmetry of the Hamiltonian of the 
donor in germanium. 


IV. HALL EFFECT 


A large decrease in the magnitude of the Hall 
constant, Ry, with increasing magnetic field in the 
impurity conduction region has been observed pre- 
viously in p-type germanium at low magnetic fields.’ 
As in the conduction band region, this has been ascribed 
to there being holes of two different masses.* No such 
decrease in | Ry| has hitherto been reported in n-type 
Ge and, of course, none is expected from the above 
cause since there is only one type of conduction band 
electrons. However, we have found that a large decrease 
in |Rxw| occurs in Sb-doped germanium” at higher 

1 P, Csavinszky, Phys. Rev. 119, 1605 (1960). 

12 We have not yet been able to determine whether such an 
effect occurs in As-doped Ge because the higher resistivity of this 
type of material coupled with the limited accuracy of our potential 
measurements at liquid helium temperatures did not permit 


deduction of the Hall effect component of the voltage across the 
Hall arms in As-doped samples. 
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Fic. 6. Magnetic field dependence of the Hall coefficient of 
sample 2A (1.7X10'* Sb donors/cm*) in the conduction band 
region (77°K) and in the impurity conduction region (4.2°K 
and 3.5°K). 


magnetic fields in the impurity conduction region but 
not in the conduction band region. Representative 
data are shown in Fig. 6, in which we compare our 
measurements of |Ry| at 77°K with those at 4.2°K 
and 3.5°K. It is seen that at 77°K the Hall constant 
is practically independent of field strength, but that 
at the lower temperatures it decreases rapidly with 
increasing magnetic field for fields above 3000 gauss. 

The field dependence of the Hall constant can be 
understood as follows: In a magnetic field the current 
in the conduction band is acted on by the Lorentz 
force. Even though the contribution of the conduction 
band to the total conduction current may be negligible, 
it carries the transverse Hall current. The question as 
to whether there is a Lorentz current associated with 
impurity conduction, which has not been satisfactorily 
resolved as yet, is not relevant here, as a Lorentz 
current of normal magnitude, i.e., about (u;H/c) times 
the impurity conduction current, would be completely 
negligible under the conditions of our measurements 
because of the small value of the impurity mobility, ui. 
The compensating transverse current due to the Hall 
electric field is due to impurity conduction, however. 
The resistance to each of these currents is increased by 
the magnetoresistance effects as the magnetic field is 
increased. Since, in our sample, the conduction band 
magnetoresistance is larger than the impurity conduc- 
tion magnetoresistance, the net result of the magneto- 
resistance effects is a decrease of the Hall constant. 
Equally striking effects cannot occur when both the 
Lorentz current and the compensating conduction 
current are carried by the conduction band, because 
then the magnetoresistance effect must be very nearly 
the same for both currents. 

A quantitative interpretation of the Hall effect data 
on the basis of the foregoing model is somewhat be- 
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clouded by the fact that the usual theory of the trans- 
port properties of the electrons in the conduction band 
is based on the assumption #/r<kT, whereas in a 
typical sample of germanium used for impurity con- 
duction studies #/r=kT for T~20°K. Nevertheless, 
we know of no experiments which demonstrate the 
incorrectness of the usual transport theory at very low 
temperatures. In fact, the use of this usual theory 
appears to provide very reasonable semiquantitative 
interpretations of various low-temperature transport 
properties, for example, the phenomenon of impurity 
band conduction and the results which we have 
presented in Fig. 6. For this reason we will present the 
quantitative interpretation of our data in terms of the 
usual theory in this section. It must be borne in mind, 
however, that subsequent developments in the study 
of transport phenomena in the region T<h/rk may 
alter the quantitative interpretation of our results. 

The theory of magnetoresistance“ shows that for an 
isotropic conduction band Sj, has the value 


Er 
er 


Here n is the concentration of electrons in the conduc- 
tion band, 7 is the momentum relaxation time of the 
electrons, and w=eH/mc. The angular brackets {_ ) 
are Boltzmann averages as defined by Herring.!® In 
the low-field limit, Sy. can be expanded in the form 


Sie ne H?U? 
Mahieey 
H 9 


c Cc 


(IV.1) 


‘ m (E) 


(IV.2) 

where 

(Er*)(E) 

— oe 
(Er? 


and U has the dimensions of a mobility. uy and yu, are 
the Hall and conductivity mobilities as usually defined. 
The theory can be extended to the case of a multivalley 
conduction band, following the ordinary magneto- 
resistance theory.'®!6 This extension shows that Eq. 
(IV.2) is also valid in the multivalley case, provided 
that the definition of U? in Eq. (IV.3) is modified to 


(Er*)(E) 
Oegminiteaad 
(Er? 


Ur= (IV.3) 


Tunte, (IV.4) 


where I is a factor which depends on K, the anisotropy 
of the mobility tensor of a valley (K=y,/pu), and on 
the crystallographic orientation of the current and the 
magnetic field. 

It is apparent that Eqs. (IV.2) and (IV.4) are a 


'8C, Herring, International Conference on Semiconductor 
Physics, Prague, 1960 (unpublished). 

4 A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1953). 

15 C. Herring, Bell System Tech. J. 34, 237 (1955). 

16 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954); M. 
Shibuya, Phys. Rev. 95, 1385 (1954). 
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very useful pair of relationships, since Sj: can be 
determined from measurements of the resistivity tensor 
by using Eq. (1.3) and the mobility and the carrier 
concentration of the conduction band in the impurity 
conduction region can then be deduced from (IV.2) 
and (IV.4). The principal uncertainty in carrying out 
this program comes from defective knowledge of the 
first two factors in Eq. (IV.4). These factors are known 
to much better than an order of magnitude, however, 
and are not expected to be strongly temperature 
dependent, so that the uncertainty in their value does 
not seriously affect the usefulness of the method. 

We shall illustrate the use of Eqs. (IV.2) and (IV.4) 
by analyzing data from our sample 2A, on which we 
have obtained the required measurements of Sj, at 
several temperatures. This sample was cut so that the 
current was in the [110] direction, and Hall measure- 
ments were made with the magnetic field in the [111 ] 
direction. The data at 4.2°K and 3.5°K have been 
shown in Fig. 6. As an aid in deciding what value of I 
and of (Er*)(E)/(Er’) to use in analyzing these data 
we present Fig. 7, which shows I as a function of K for 
the particular orientation of our sample and values of 
the relaxation time factor calculated with the assump- 
tion r~ FE”. We believe that [=2 and (Er*)(E)/(E7r*)? 
=4 are Furthermore, it can be 
concluded from Fig. 6 that uy~p, at 77°K. Therefore 
we set (uzu-)'=y, the “mobility,” in Eqs. (IV.2) and 
(IV.4), and have, in particular, for (IV.4), U?= 8p’. 

Our results for sample 2A are collected in Table III. 
They are plotted in Fig. 8 together with values of yu 
and m which were found in the usual way in the liquid 
hydrogen and liquid nitrogen ranges. It is seen that 


reasonable values. 
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Fic. 7. The factors which enter into Eq. (IV.4). (a) (Er*)(E)/ 
(Er*) calculated with the assumption r~£?; (b) the factor Tas 
a function of K for a germanium sample with current in the [110] 
direction and magnetic field in the [111] direction. 
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the results derived by our method in the liquid helium 
range are a natural extension of those obtained at the 
higher temperatures. 

Many applications of for studying 
the properties of the conduction band at very 
temperatures immediately come to mind. For example: 
(a) the extension of the range of 7-' over which n can 
be found should increase the accuracy with which the 
ihermal ionization impurities 
determined ; (b) values of 7 determined by other means, 
such as cyclotron resonance, can be compared with 
those determined by a transport experiment; (c) a 
careful study of U* as a function of the crystallographic 
orientations of the current and the magnetic field may 
allow K to be deduced in the impurity conduction 
region. The actual value of the technique is limited, 
however, by the difficulty of making Hall effect 
measurements on very high resistivity samples, a 
difficulty which increases with decreasing temperature 
and with decreasing impurity concentration. 
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Lattice modes localized about defects can interchange energy with the continuum of lattice waves by 
anharmonic interactions. The relaxation time of a localized mode is calculated, taking account of cubic 
anharmonicities and using perturbation theory analogous to the treatment of three-phonon interactions. At 
zero temperature the relaxation time is typically of the order of 100 periods, but decreases with increasing 


temperature. 


I. INTRODUCTION 


HE vibrations of a perfectly regular and harmonic 
lattice can be resolved into travelling waves. 
Montroll and Potts' have shown that point defects 
modify these vibrational modes, and that in some cases 
there arise normal modes of vibration, localized in the 
vicinity of the defect and of frequency above the band 
of frequencies of the travelling waves. 

While these localized modes of vibration are true 
normal modes if the interatomic forces are perfectly 
harmonic, the anharmonic components of these forces 
lead to an interchange of energy between a localized 
mode and travelling waves, just as the anharmonicities 
give rise to an interchange of energy among the travel- 
ling waves themselves. It is of some interest to inquire 
into the strength of these interactions, because if the 
relaxation time of the localized mode due to anharmonic 
interactions would turn out to be shorter than the vibra- 
tional period, one could not ascribe physical reality 
to these modes. One would expect the anharmonic 
effects to be strong, because much of the energy of a 
localized mode is concentrated near the defect, where 
the amplitude of the oscillation is large. 

The present paper considers cubic anharmonicities, 
which lead to three-phonon interactions in perfect 
crystals and to the elastic scattering of phonons by 
static strain fields. The formalism for these interactions, 
developed for calculating thermal resistance,’ is here 
adapted to the case when a quantum of the localized 
oscillation breaks up into two phonons. As surmised 
above, the resulting relaxation time is short, but not 
so short as to invalidate the concept of localized modes. 
At higher temperatures the relaxation time is shortened 
further, due to enhanced emission of phonons into the 
travelling wave modes. 


Il. THE PERTURBATION HAMILTONIAN 


The perturbation Hamiltonian due to cubic anhar- 
monicities for three-phonon interactions is of the form? 


1 

H’= 2. — fax eik: (+k! +k’’) 
k,k’,k’? V 

e(k,k’,k”a(k)a(k’)a(k”)-++, (1) 


1E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
2 P. G. Klemens, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1958), Vol. 7, p. 1. 


where V is the volume of the crystal, x the spatial 
coordinates, k,k’,k’”’ the wave-vectors of the three 
interacting waves, c(k,k’,k’’) a coefficient describing the 
interaction. The a(k), a(k’), a(k’’) are the matrix 
elements (creation or annihilation operators) of the 
time-dependent wave amplitude, given explicitly by 


hyir N 
Fiat 
Mo) LW+1 


where w is the frequency, M the atomic mass, N the 
number of quanta, and the factor V or V-+1, respect- 
ively, is used for annihilation or creation. 

In the present problem one of the three travelling 
waves in (1) is replaced by a localized mode. According 
to Montroll and Potts' the displacement about the 
defect is given by 


u(r) = (uo/kr)e~"* tit, (3) 


where r is the radial distance from the impurity, w the 
frequency of the localized mode, and & an attenuation 
length. 

The amplitude uo is related to the energy of the mode 
as follows: The kinetic energy is 


M 1 Ma? 7 ue? 
; ot fax u?(x)= —tx f —o Ow, (4) 
2 a’ 2a’ 0 Rk? 


where a* is the volume per atom. The energy of the 
mode is twice the kinetic energy, and is to be identified 
to (V+ 4)hw, where N is the number of quanta in the 
local mode. Thus ue‘** is replaced by the oscillator 


matrix 
h \i(ak)if N 7 
me's ( -) | |. (5) 
Mw/ (2x)'tN+1 


The displacement due to a travelling wave is given by 


1 
u(x)=—— > ea(k)e**, (6) 
VG * 


where G is the number of atoms in the crystal, ¢ the 
polarization direction. Thus a(k) in (1) must be re- 
placed by Gtu(x)e‘*‘. Noting that, according to (3), 


Gi 1 
G) f ogg) x= be — ——t8e (7) 
k B+¢ 


443 





444 


we obtain, after the above replacement, 


4n sh 
(=) 


k? 1 ; 
x > c(kk’,k”) ( ) 
Y a k? rT? axa" 


(N+1)N’N” i 
| | . 
V(N’+1)(W”" +1) 


(ak)! 1 


(27)! k' 


Here we have q=k’+k”. 
The coefficient c(k,k’,k”) is the same as that used 
for three-phonon interactions, and is approximately? 


i 2My ; 
c=-- www", (9) 
G' v3 


where » is the velocity of sound and y the Griineisen 
constant. 


Ill. THE RELAXATION TIME 


The perturbation Hamiltonian (8) and (9) can be 
used in standard second-order perturbation theory. 
Because of the dependence of (8) on NV, N’ and N”, 
the rate of change of NV is composed additively of terms 
each of which contains a factor 


(N+1)N’N”—N(N’+1)(N"+1) 


=N’N”—N(N’+N"+1). (10) 
If we write V=N-+n, where N is the equilibrium value 
of N, and m the deviation from equilibrium, then if 
n’=n"'=0 the rate of change of N is proportional to 
terms of the form —n(N’+N’+1). Thus the inverse 
of the relaxation time r is given by 


1 1 ~| 1 (= 2 h® +? (ak) 1 
= n Ol } t h? =} 3M wv? 2n k° 


x¥- : 


, ; si\o 
kk (w—w' —w’’) 


WW Ww 


(k?+-q*)* 


<[N’+N"+1]. (11) 


We must now sum over all k’ and k’”’. The resonance 
factor in (11) ensures the conservation of energy, i.e., 
the only real interactions contributing to (11) are those 
for which 

(12) 


Without loss of generality we may assume that w’>w”’. 
Thus in summing over all k’ and k” we first choose a 
value of k’ and then a value of k” consistent with (12). 


Thus 
Vy? 1 
> =— few fas few, 
k’,k’’ (27)® v 


(13) 


To simplify the integration we ma he replacement 


k/(R+¢)? -0 ifg 

>i if g<k. (16 
This simplification will cause the scattering to be some- 
what underestimated. Let u be the cosine of the angle 
between k’ and —k”. Then because of (16) we only 
count processes such that ¢< &. In view of the conserva- 
tion of energy and the condition q= k’+-k”, this implies 
that we count only processes such that 


b> Mo= ( e) 2k’k”’ —1. 


1 and hence 


few’. 2rk’”? | du= 4k’ 


As a further simplification consider the absolute 


zero of temperature when N’=N’’=0. 
gration in (15) becomes, since w’’=w—w 


(17) 
In general w~vk, so that bu 


(18) 


Then the inte- 


; 


bA 


few 4k! a"! 
( b2 +- 9?) 


where 


and varies from 1/140 for x=1 to about 0.06 for x=2. 
Substituting (19) and (20) into (15), and noting that 


(4a 3) (akp)*= (2x 5 (21) 


we obtain after some reduction for the relaxation time 
at absolute zero 


1 hw kp 8 W 2 
—=w8y'"l (w/wp)- (=) ( ) 
TO Mv? k WD 


In most cases of interest kp/k=wp/w and k is com- 
parable to kp. Ina typical case y= 2 and fw/Mr’—~1/100. 
Taking w~1.2wp, so that J~0.02, this implies that 
To~100/w. Hence the anharmonic interaction is not so 
strong as to destroy the character of the localized mode. 


(22) 





ATTENUATION OI 

At higher temperatures the interaction is increased 
because of the factor (N’+N’+1). If we define a 
characteristic temperature 


T.=h(w—wp)/k, (23) 


where & is now the Boltzmann constant, then at T>T, 
the term in N” is dominant. In the integral correspond- 
ing to (19) the frequency w”’ now only occurs to second 
power, and (22) is increased by a factor typically of 
order 37/T,.. Thus r+ is substantially decreased at 
elevated temperatures. 


IV. DISCUSSION 


Expressions (22) and (24) give an estimate of the 
rate at which an excitation of the localized lattice vibra- 
tions around a defect will return to equilibrium, if 
excited above the equilibrium value by external means 
(e.g., optical pumping of an electronic excitation which 
is coupled to the local mode). Alternatively the quantity 
wr is a measure of the relative broadening Aw/w of 
the defect mode frequency, and Aw describes the broad- 
ening due to anharmonic interaction of any optical 
spectral line involving the vibrational energy of the 
local mode. 

We have seen that in typical cases at low tempera- 
tures Aw/w~1/100. The broadening of an optical line 
due to this cause would in typical cases only be of the 
order of 10~* ev or less. 

The present estimate is probably a lower limit of the 
anharmonic broadening because in the treatment all 
approximations were made to underestimate the inter- 
action. Thus expressions (3) for the loca] mode displace- 
ments is only an asymptotic expression for large r, 
and its Fourier transform (7) holds only for small g. 
Montroll and Potts! obtained an expression for the 
Fourier transform of the form A/(B—cosag), which 
merges into (7) for low g, but is larger than (7) as g ap- 
proaches kp. Again we have underestimated the scatter- 
ing by the approximations (16), perhaps by a factor 2. 
Finally, it should be remembered expression (9) for 
c(k,k’,k’”’) is based only on an approximate estimate of 
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the cubic anharmonicities from their effect on the thermal 
expansion, and it is known that this estimate leads to 
a value for the thermal resistance due to three-phonon 
interactions and due to scattering of phonons by disloca- 
tions which is somewhat too low. It is not possible to 
give a reliable estimate of the effect of all these approx- 
imations, but in the author’s opinion it is quite possible 
that the interaction has been underestimated by a factor 
of order 3 to 10. 

The author is not aware of any existing spectroscopic 
data which would test the present theory. Pick*® has 
observed an infrared absorption line due to U centers 
in some alkali halides which has been interpreted by 
Wallis and Maradudin‘ as being at the frequency of a 
localized mode. In this case the line is somewhat 
sharper than the present theory seems to allow. Due 
to the extremely small mass of the impurity, however, 
the local mode frequency is about four times the highest 
frequency of the continuum, so that a local mode quan- 
tum cannot split into two phonons. The anharmonic 
interaction must therefore be due to higher order 
processes, so that it is weaker at low temperatures 
than the present theory would predict, and presumably 
more strongly temperature dependent. Englman® has 
attributed certain sharp details in optical absorption 
spectra of chromium ions in magnesium oxide and alumi- 
num oxide to the excitation of localized modes. The 
width of the small peaks is consistent with the present 
considerations, but this could hardly be regarded as a 
verification of this theory. 
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Curyjyt Kuropa, Tomonao Mryapal, AkrRA NAEMURA, NOBUKAzU NIIZEKI, AND HisAo TAKATA 
Electrical Communication Laboratory, Nippon Telegraph and Telephone Public Corporation, Musashino-shi, Tokyo, Japan 
(Received November 21, 1960) 


The magnetic anisotropy of a thulium orthoferrite single crystal 
was investigated by means of an automatically recording torque- 
magnetometer in the range between 77 and 300°K. It was found 
that at room temperature the direction of weak magnetization, 
oo, associated with an antiferromagnetic canted spin arrangement 
is parallel to the c axis of orthorhombic structure, and that at 
about 100°K a magnetic transition occurs, where the direction of 
oo changes from the c axis to the a axis. The transition temperature 
obtained is the highest among those reported before on other 
orthoferrites. The torque curves obtained above the transition 


RTHOFERRITES, which have the general for- 

mula of MFeO; (M being Y, or one of rare earth 
elements) and an orthorhombic structure, have been 
understood as antiferromagnetic substances with a weak 
or parasitic ferromagnetism as the result of a canted 
antiferromagnetic alignment of spins.! Their magnetic 
properties such as spontaneous magnetization, magnetic 
domains, magnetic torque curves, etc., have been widely 
investigated by many workers.*~* The spontaneous 
magnetization of the parasitic ferromagnetism is highly 
anisotropic because of its antiferromagnetic character,® 
and at room temperature it is, for most orthoferrites, 
directed along the c axis and in some of them it is re- 
ported as changing the direction of the spontaneous 
magnetization, oo, from the c axis into the c plane at low 
temperatures.’ Sherwood ef al.’ have measured magnetic 
torque curves for HoFeQ, and for other several ferrites, 
and explained their results by assuming that apo is fixed 
along the + c axis during the rotation of the magnetic 
field and that the paramagnetic susceptibility due to the 
rare earth ions is anisotropic: xa*~x»¥ xe. 

We have also measured, by the use of an automati- 
cally recording torque magnetometer, magnetic torque 
curves for TmFeO3;, for which Sherwood et al. did not 
present any explicit data, and have obtained, at 77°K, 
somewhat different data from those of Sherwood et al. 
for HoFeO;. The single-crystal sample used for the 
measurement was prepared by a flux method similar 
to that proposed by Remeika® and is in a form of a 
platelet with (001), (110), (110) planes, referring to the 
orthorhombic system, its surfaces. The lattice 
parameters are 5.244, 5.565, and 7.580 A for the ortho- 
rhombic a, 6, and c-axes, respectively. 


as 
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*R. M. Bozorth, V. Kramer, and J. P. Remeika, Phys. Rev. 
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temperature are similar to those by Sherwood et al. and can be 
explained by their model. The value of a» is equal to 0.06 uz/mole 
at room temperature. At 77°K below the transition temperature, 
however, inexplicable torque curves were obtained in the } plane. 
The curves showed a small jump at the c axis superimposed on a 
sin2@ curve with large amplitude. The jump amplitude is almost 
independent of the applied field in the range of 8500 to 3000 oe. 
This behavior cannot be explained by Sherwood’s model, but it 
will give information on the inter between thulium and 
ferric ions. 


action 


Our results are shown in Figs. 1 and 2. Figure 1 shows 
torque curves in the three principal planes, a, ), c, at 
room temperature and at liquid nitrogen temperature 
(77°K). As shown, the curves at room temperature are 
essentially the same as those of Sherwood ef al. Accord- 
ing to Sherwood ef al., the torques in the a, b, c, planes 
are given as 


La..=tooH sind—3}(X.—X.,,,)H’ sin28, 
Re =— 3 (Xq—X,)H? sin2a, 


+ 


where H is the applied field, @ is the angle between the 
direction of H and the c axis, and a is the angle between 
H and the a axis. The dashed curves in Fig. 1 show that 
X.-—Xa,6~0 within the experimental errors (~10~° 
emu/g) and X,—X, is slightly different from zero. The 
discontinuity at the b or a axis, which corresponds to 
oof in the formula of Sherwood ef al., increases linearly 
with H. From this linearity with H, oo can be obtained. 
At room temperature, the torque curves show that a» is 
directed along the c axis. As seen from the solid curves 
in Fig. 1, the torque curves at 77°K are remarkably 


sample 
=8.1 mg 


100 dyne-cm 


H/(001) 
~ angle 
Fic. 1. Magnetic torque curves for TmFeO; obtained in the 


a, 6, and ¢ planes, respectively. Solid line, at 77°K; dashed line, 
at 300°K. H =8500 oe. 
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different from those at room temperature and the 
change from the latter into the former occurs very 
rapidly with temperature—within several degrees. The 
torque curves at 77°K show that go is directed along the 
a axis. The transition of the direction of oo occurs near 
100°K. Figure 2 shows the temperature variation of oo 
and also the sharpness of the transition described above. 

It is noticed that x.-—x» and x-—xXa, which are both 
positive in contrast with the data of Sherwood ef al., 
increase rapidly below the transition temperature as the 


temperature decreases (at 77°K they are equal to 
7X10~ and 4X10~* emu/g, respectively) and that the 
discontinuity in the torque curve in the } plane occurring 
in the direction of the c axis, is too small compared with 
those for the c plane; in addition, it does not decrease 
linearly with decreasing H/, and it seems even to increase 
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slightly as H is decreased. If Sherwood’s medel were 
still correct at 77°K, where the oo direction had changed 
for our TmFeQ3;, then the torque curve in the 6 plane 
would be the one which consists of a superposition of 
two curves, one corresponding to the curve in the c 
plane, the other to the curve in the a plane which 
represents only a paramagnetic term with a uniaxial 
symmetry (i.e., containing only a coefficient of sin2é). 
Furthermore, the discontinuities would increase linearly 
with H. But this is not the case. 

Therefore, it seems to us that Sherwood’s model 
should be, more or less, modified in order to interpret 
our data at 77°K. We have a qualitative explanation for 
the smallness and the field dependence of the discon- 
tinuity in the curve in the } plane at 77°K, if we assume 
that at 77°K or below the transition temperature oo can 
rotate “rather easily” in the 6 plane but that the mag- 
netic field strength is not enough to make the direction 
of oo follow that of the field without any deviation of 
angle. On these assumptions, the uniaxial anisotropy 
constant of oo in the 6 plane may be obtained as 
3X10* erg/cc. However, prior to more detailed dis- 
cussions on the behavior described above, it seems to be 
necessary to study the following problems: whether 
torque curves like ours are obtained near the transition 
temperature for YFeO; and LuFeO; in which Y* and 
Lu** are diamagnetic; whether there exists any inter- 
action between Tm** and Fe** lattices. 
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Potentials in a Conductor of Varying Cross Section 
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A Bernoulli voltage, Vg, proportional to the square of the current J, may be expected in a conductor of 
varying cross section. Previous experiments to detect Vg are discussed. It is pointed out that in such 
experiments a Hall voltage, Vq « J*, due to the magnetic field of the current J (“eigen-Hall effect’? EHE), 
is superposed on Vg. The ratio Vz/Vz is calculated. Experiments are performed on a bismuth sample of 
varying cross section. The dependence of the measured voltages upon temperature and cross-sectional area 
shows that the EHE is dominant over the Bernoulli effect. 





HE current carriers in a conductor may sometimes 

be considered as a fluid. For example, in the case 
of superconductors Bopp! has discussed the equation 
of motion of a nonviscous electronic fluid and has 
derived in this way London’s equations with an 
additional Bernoulli field, 


Es= (m/2e) grad(v?) = (m/2e) grad(J?/n’e?), (1) 
g : g 


[m= electron mass, e= charge (<0), m=concentration, 
v=drift velocity, J=mev=current density]. This field 
is, however, not observable on the outside of the 
superconductor.'!* 

Several authors have reported experiments on normal 
conductors to detect the Bernoulli votage, 


Ve=Vi—V2= — (m/2n’e*) (J 2—J?), (2) 


between two points where the current densities have 
the values J; and J,<J;. The samples had, in all cases, 
a constriction in the cross section, their shape recalling 
the hydrodynamic Venturi tube. On passage of an 
alternating current, a dc voltage «J? was looked for. 
Ivashchenko*® observed in iron, lead, and mercury 
voltages of about 10-® volt (roughly proportional to 
the resistivity p) at J<2.5X10° amp/m?. But, accord- 
ing to Eq. (2), we would expect < 10~” volt by assuming 
m= m= free electron mass and 1/ne= 10-” m*/amp sec. 
Dorfman and Kagan‘ interpreted the voltages observed 
by Ivashchenko as thermoelectric forces; after some 
precautions to avoid these had been taken, the 
repetition of the experiment showed no voltages above 
10~* volt in tin foils at /<6X10’ amp/m?. Recently, 
Chester® carried out experiments on thin film samples 
of bismuth with J<10" amp/m?. To get rid of the 
discrepancy between his experimental data and Eq. (2), 
Chester proposed that the right side of Eq. (2) be 
divided by an effective mass of the order m*/m=10~. 

'F,. Bopp, Z. Physik 107, 623 (1937), see also F. London, 
Superfluids (John Wiley & Sons, Inc., New York, 1950), Vol. I, 
p. 70, and H. W. Lewis, Phys. Rev. 100, 641 (1955). 

?R. Jaggi and R. Sommerhalder, Helv. Phys. Acta 32, 167 
(1959). 

3N. V. Ivashchenko, J. 
892 (1939). 

“Ya. G. Dorfman and A. S. Kagan, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 10, 358 (1940). 

5 M. Chester, Phys. Rev. Letters 5, 91 (1960) ; values of voltages 
and of sample dimensions are not given. 
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This procedure requires closer consideration. Further, 
the value of m*/m for bismuth is somewhat low in 
comparison with the known absolute values of the 
elements of the effective tensor, which vary 
between 2.4 10-* and 2.5.°® 

In connection with these problems, we wish to point 
out the importance of the Hall field Ey=RBXJ 
(R=Hall coefficient, B= magnetic field). Even if no 
external magnetic field is present, a current flowing 
through a conductor gives rise to a Hall effect due to 
its own magnetic field.’ This effect was named “eigen- 
Hall effect” (EHE)® and used for quantitative measure- 
ments in samples of various configurations.’? The 
EHE generates, in a thin plate, a voltage [see ref. 2, 
Eq. (3.35) ] 


mass 


Vu=— (ln4) (uo/4r) RFS, (3) 


(uo/4r=10-" volt sec/amp m). This Hall voltage is 
proportional to J® as is the Bernoulli voltage, Vz. 
Both voltages are superposed and their ratio (with 


R=1/ne) is 
Vius/V p= (2 1n4) (uo/4r) (e/m) (F/R). (4) 


A rough estimate for bismuth films with F=10~ m?, 
R=+5X10-* m*/amp sec at room temperature® and 
m=mp yields Vy/Vz=10*. In this case the EHE is 
dominant, even if we replace m by an effective mass 
m* < mo. 

To prove that the voltage measured is in fact due to 
Hall effect, it can be shown that the EHE and the 
Hall effect generated in an external magnetic field, 
correspond quantitatively.? Additionally, the depend- 
ence of the measured voltage upon the temperature, 
T, and upon the geometrical dimensions of the sample 
can be investigated: In solid cylinders Vg« R(T)*J?/F’, 
whereas Vy « R(T)J?/F (I=current intensity, F= cross 
section). Disturbing thermoelectric effects due to Joule 
heating which are proportional to p(7) and further- 
more to J*, must be carefully avoided. In our experi- 
ments we use temperature baths and a low power input. 
The alternating potential of frequency 2w is measured 


6 B. Lax, Revs. Modern Phys. 30, 122 (1958) 

7W. van B. Roberts, Phys. Rev. 24, 532 (1924) 

§ G. Busch and R. Jaggi, Z. angew. Math. u. Phys. 4, 425 (1953). 
® A. Colombani and P. Huet, Compt. rend. 244, 1344 (1957). 
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1G. 1. Sample and circuit diagram. (Connections for 
measurement No. 1 are dashed.) 


when an alternating current of frequency w= 27X30 
sec! passes through the sample. The measurement of 
the simultaneous dc voltage is less accurate. (For details 
see reference 2.) 

We performed experiments on a sample of poly- 
crystalline bismuth having the shape illustrated in 
Fig. 1 (diameter of the cylindrical portions d;=2.3 
<10-* m and d.=3.8X10- m, total length 0.1 m). 
The measured voltages were proportional to J*. We 
obtained the values in Table I for Z;m,=1.5 amp, the 
sample being in liquid air. The voltages at 80°K 
exceed those at room temperature by a factor of about 
six. 

The Ohmic potential drop (of frequency w) is 
compensated by means of the potentiometer P in Fig. 1. 
The probes outside the current terminals are at the 
potential Vs=Vy”=0, the probes A; and Cy, are at 
potentials V,; and V2, respectively. Measurements No. 
1 and 3 yield the same value of V;, within the limits of 
error, No. 2 and 4 likewise for V2. The mean ratio of 
voltages V;/V2=2.59 is near the ratio of cross sections 
F,/F,=2.73 [within the experimental error, whereas 
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TaBLE I. Measurements on a bismuth sample of the configuration 
shown by Fig. 1 (rms =1.5 haere T =80°K. 








Measured 
rms 
Current Potential voltages 
Measurement _ terminals probes Vi V2 
No. a oF A BC _ (in 10-* volt) 
Ap Ai Co 19.8 
Ao Ce Co 
Ay A; C2 


75 
20.5 
8.1 





(F2/F1)?=7.44]. The Hall coefficient calculated ac- 


cording to 


R = 2} (42/0) F Y cant Pais (5) 


has a mean value R= —5.4X10~-* m*/amp sec and a 
temperature dependence in agreement with published 
data. Hence in our bulk bismuth sample of the 
configuration shown by Fig. 1, we measure the EHE, 
whereas the Bernoulli voltage is not observable (ap- 
proximately Vg=10~™" volt for 7=1.5 amp and m= mp 
according to Eq. (2); extreme values of the effective 
mass are excluded). Further studies are necessary to 
prove the existence of the Bernoulli effect in a conductor. 
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Thermal conductivity measurements are reported for five single-crystal Ge-Si specimens containing 0-7.56 
at. % Si. The measurements were made under steady-state conditions and cover the temperature range 
2-50°K. The experimental results are compared to three theoretical models, those of Berman et a/., Callaway, 
and Klemens; it is found that the data are best fit by Callaway’s model. Good agreement between experi 
mental results and theoretical models is obtained by postulating only three sources of phonon scattering in 
the specimens: three-phonon processes, isotopic point-defect scattering by the germanium and silicon atoms, 
and boundary scattering. However, evidence is presented that boundary scattering occurs not only at the 
external surfaces of the specimens, but also at internal surfaces associated with microscale fluctuations of 
composition of the type reported by Goss, Benson, and Pfann. 





I. INTRODUCTION 


HE purpose of this experiment was the study of 

the effect upon lattice thermal conductivity of 

the scattering of phonons by point defects. These are 
defects whose linear dimensions are much less than the 
wavelengths of the important phonons, i.e., L<(0/T)a, 
where L is any dimension of the defect, 6 is the Debye 
temperature, T is the absolute temperature, and a@ is 
the lattice parameter. At 20°K, 0/T is approximately 
20 in germanium. One way to study the point-defect 
scattering is to modify the defect concentration in a 
known way and measure the resultant change in thermal 
conductivity. In this experiment, the materials studied 
were single crystals of germanium-silicon alloys, which 
contained 0 to 7.56 at. % Si. In this alloy system, the 
silicon atoms, which differ from the germanium atoms 
in mass, size, and chemical bonding, constitute point 
defects in the host germanium lattice. Klemens! has 
discussed the phonon scattering cross section of point 
defects; on the basis of Klemens’ formulas, the author 
has estimated that the mass difference between silicon 
and germanium accounts for about 99% of the scat- 
tering cross section for a silicon atom in the germanium 
lattice. Hence in alloys of germanium with silicon, the 
silicon atoms may be considered, to a first approxi- 
mation, as isotopes of germanium. Naturally occurring 
germanium itself consists of five isotopes. Therefore, 
the germanium atoms differ in mass from each other. 
Because any departure from perfect periodicity in the 
lattice causes phonon scattering, the germanium atoms 
scatter phonons—they are isotopic point defects. The 
germanium-silicon alloy system was chosen for this 
study for the following reasons: First, the materials are 
simple insulators at low temperatures, having no 
electronic contribution to the thermal conductivity ; 
hence the conduction of heat is entirely by lattice 
* The experimental work reported in this paper is part of a 
thesis submitted in partial fulfillment of the requirements of the 
degree of Doctor of Philosophy at Cornell University and was sup- 
ported in part by a grant from the National Science Foundation. 
1P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 


vibrations, i.e., phonons. Secondly, crystals which 
contain relatively few dislocations and chemical im- 
purities can be grown. And thirdly, the silicon atoms 
are a particularly simple type of point defect, primarily 
differing from the germanium atoms in mass. Three 
theoretical models are considered—those of Klemens,'” 
Berman ef al.,3 and Callaway.‘ All of these models 
relate the thermal conductivity to the scattering of 
phonons by various mechanisms. 

In Sec. II of this paper the experimental details are 
briefly described. Section III contains descriptions of 
the three theoretical models considered in this paper. 
In Sec. IV is contained the discussion of the theoretical 
models and their comparison to the experimental 
results. Section V contains a summary of the con- 
clusions. Finally, in the Appendix is a description and 
discussion of the microstructure found in the alloy 
specimens. 


II. EXPERIMENTAL DETAILS 


The alloy crystals, which were very kindly supplied 
by S. M. Christian of the RCA Research Laboratories, 
were } in.X§} in.X# in. in size. The compositions are 
tabulated in Table I and were determined by the author 
from density and x-ray lattice parameter measurements. 
The uncertainties stated are those estimated from the 


TABLE I. Specimen characteristics. 


10*4 A 
Specimen 10°T (sec?) 


Composit ion 


Ge 5.72 


9.42 2.40 
Ge+0.77 at. % 34.6 12.9 
Ge+4.23 at. % 166 65.1 
Ge+7.25 at. % Si 282 108 
Ge+7.56 at. % 294. 116. 


? P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

*R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

* Joseph Callaway, Phys. Rev. 113, 1046 (1959). 
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precision of the two measurements. The manner in 
which the specimens were mounted is as follows. One 
end of the specimen is soldered with indium to an 
electrical heater, the other end to a heat sink whose 
temperature can be varied. A one-dimensional steady 
heat flow is set up along the specimen by means of the 
heater, and two carbon resistance thermometers 
mounted on the central region of the crystal measure 
the temperature gradient. The entire assembly is then 
mounted in a vacuum chamber. The thermal con- 
ductivity K can then be calculated from the power, Q, 
carried by the specimen; the temperature difference, 
AT, of the thermometers; the separation of the ther- 
mometers, Al; and the cross sectional area of the 
specimen, S. The relationship is simply K=QAl/SAT. 
The thermal conductivity measurements were carried 
out over the temperature range 2-50°K. The uncer- 
tainty in the temperature measurements is approxi- 
mately 1% for temperatures below 30°K and 1-2% 
for temperatures above 30°K. The uncertainty in the 
measured values of thermal conductivity is estimated 
to be less than or equal to the following values: +5% 
in the temperature range 4-30°K; +5 to 10% in the 
temperature range below 4°K, the error increasing with 
decreasing temperature; and +5 to 10% in the tem- 
perature range 30-50°K, the error increasing with 
increasing temperature. 


III. THEORETICAL MODELS 


First consider the results of Klemens,! who found 
the scattering time 77, due to isotopic point defects to 
be given by 


1 Vo : | 
—=| XL fi(l—mi i)? atm tt (1) 
Tr L4rc i 


In Eq. (1), ¢ is the sound velocity; Vo, the atomic 
volume; m;, the mass of the ith species of atom; f;, the 
atomic fraction of the ith species of atom; m is the 
average atomic mass which is equal to >>; fim; and w 
is the phonon frequency. A similar expression was sug- 
gested somewhat earlier by Pomeranchuk.’ The fre- 
quency dependence is, of course, the same as that 
obtained in the classical Rayleigh treatment. If the 
scattering time defined by Eq. (1) is inserted into the 
expression for the thermal conductivity,’ 


k koh 22 eholkT 
K=- f T— ———-w"'du, (2) 
Ire Jo RT? (eho/ kT 1)? 


where & is Boltzman’s constant, and % is Planck’s 
constant divided by 22, then the resulting integral 
diverges at the lower limit. Physically, this occurs 
because the relaxation times for the low-frequency 
phonons become very large, giving rise to a very large 
conductivity. Klemens? presents arguments to show 


5 J. Pomeranchuk, J. Phys. U.S.S,R. 6, 237 (1942), 
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that, because of the influence of the nonresistive 3- 
phonon processes (the momentum-conserving N proc- 
esses), the impurity scattering time r; should be 
modified at low frequencies in the following way: 


w>kT/h; 
w<kT/h. (3) 


1/r7= Ao, 
1/rrp=A(RT/h)', 


If this modified expression for r,; is inserted into Eq. 
(2), the resulting thermal conductivity is given by 


kh 1 1 ate*dx oF és 
rat i eth 
2mc A(RT/h)L 4) (e7—1)? 4, (e7—1)? 

For 6/T>>1, the second integral is a constant and 
K,_ is inversely proportional to 7. In any real crystal 
with finite boundaries, phonons are scattered at the 
boundaries, giving an upper limit to the total relaxation 
time. Hence the conductivity must always be finite. 
This problem was first treated by Casimir,® who ob- 
tained a relaxation time for boundary scattering of the 
form 1/rg=c/L where L is a length characteristic of 
the size of the specimen and c is the velocity of sound. 
Combining the boundary scattering with Klemens’ 
relation for point-defect scattering, the resultant 
scattering time is 


1/r=c/L+Ao", 
1/r=c L+A (kT/h)', 


w>kT/h; 

w<kT/h, (5) 
Substituting Eq. (5) into Eq. (2) gives for the thermal 
conductivity, 


k 1 


1 1 gtetdx 


2n*c A(RT, ee 0 (e*—1)? 


‘ 1 e*dx 
+ f ninanssshbemetiocteaStc =| (6) 
1 1+(c/LA)(h/kT)*x— (e7—1)? 

The model by Berman ef al. differs from the other 
two under consideration in that it is based on a vari- 
ational calculation of the phonon mean free path. This 
calculation includes the effects of three-phonon proc- 
esses and isotopic point defects, but does not include 
the effects of boundary scattering. Hence the model is 
not applicable at temperatures below that of the thermal 
conductivity maximum and at all temperatures repre- 
sents an upper bound to the thermal conductivity. By 
substituting the expression derived by Berman et al. 
for the average phonon mean free path into the kinetic 
formula, K=C,cl/3, which relates the thermal con- 
ductivity K to the lattice specific heat C,, the phonon 
velocity c, and the average mean free path /, one 
obtains the following expression for the thermal 
conductivity : 


0.0422C, ' Srhc\ ¢ M 3 
cE") EN) 
ory AT Nar] \ ark 


6H. B. G, Casimir, Physica 5, 495 (1938). 
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Fic. 1. Thermal conductivity: Data points 1, 2, 3, 4, 5 are 
measured for specimens 1 through 5 listed in Table I. Corre- 
sponding to these compositions are curves K1, K2, K3, K4, and 
K5 calculated from Klemens’ model. Also corresponding to these 
compositions are curves B1, B2, B3, B4, B5 calculated from the 
model of Berman ef al. with the Griineisen constant assumed 
equal to 0.71. See Sec. IV of the text. 


In this expression, M is the atomic mass; I is the 
quantity >>; f;(1—m,/m)* which has appeared in Eq. 
(1) and Table I, and y is the Griineisen constant. 
Equation (7) is further simplified if we substitute for 
C, the low-temperature limit of the Debye specific heat 
expression, C,=1944(7/6)* joules/mole-deg. This re- 
sults in the following expression: 


0.179he 7M \3 
Re oh is 
y(RT)E AT 
The third theoretical model used was that by 
Callaway,‘ in which point defects, boundary scattering, 
and 3-phonon processes are included, 
expression for the thermal conductivity is 
k 


K=—(I,+6l.)=Kit+K:, (9) 
2r°c 


Callaway’s 


where 


kO/h ho? ehwl kT 


(10) 


Té ————w"dw, 
RT? (eho/kT—1)2 

hw? chalk? 

Te/ Ta—— ——— "da, 


kT? (gholkT 1)? 


OT +, xe*dx oT j Te\ xte*dx 
CLI 
0 Tn (e7—1)? - De tn/ (e7—1)? 


(11) 
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In Eqs. (10), (11), and (12), r. is the combined re- 
laxation time defined by 


1/7-= Aw +B, T+ BT? +</L. (13) 


The quantity 7, is the relaxation time for momentum- 
conserving 3-phonon processes (NV processes) and is of 
the form 

1/7,= BoT%*, (14) 
where Bz is a constant. 

In the right-hand side of Eq. (13), we can identify 
the first term as the reciprocal scattering time due to 
point defects. The second term represents the reciprocal 
scattering time caused by Umklapp processes; the 
third term is due to N processes, and the last term 
results from boundary scattering. 


IV. DISCUSSION OF THE THEORETICAL MODELS 
AND THEIR COMPARISON WITH THE 
EXPERIMENTAL RESULTS 


The thermal conductivity data, are shown in Figs. 
1-4, In each figure, the data points reading from top 
to bottom are for specimens 1-5, respectively. For 
comparison, curves are shown which have been calcu- 
lated from theoretical models by Klemens, Berman 
et al., and Callaway. In Fig. 1 are shown the curves 
calculated from Klemens’ model, denoted K1 through 
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Fic. 2. Thermal conductivity: Data points 1, 2, 3, 4, 5 are 
defined as in Fig. 1. The calculated curves corresponding to these 
data points, C1—-C5, respectively, were computed from Callaway’s 
model with B,+Bz set equal to 2.77 10-* sec/°K*. Also corre- 
sponding to specimens 1 through 5 are curves B1, B2, B3, B4, BS 
calculated from the model of Berman ef al. with the Griineisen 
constant set equal to 1.42. 





THERMAL CONDUCTIVITY 
KS to correspond to the specimens. Shown in Figs. 1 
and 2 are the curves calculated from the model of 
Berman et al., designated B1 through B5 to correspond 
to the five samples. In Figs. 2, 3, and 4 are shown 
curves calculated from the model of Callaway and 
denoted C1 through C5 to correspond to samples 1 
through 5, respectively. 

Consider first the thermal conductivity curves which 
were calculated from Klemens’ model. Equation (6) 
has been numerically integrated by Slack,’ and it is 
his integrated results which were used to calculate 
curves K1 through K5. The calculations were made as 
follows: The value for c, the average phonon velocity, 
was taken to be 3.50X10° cm/sec.’ The quantity A 
was calculated from Klemens’ expression for the isotopic 
scattering time given in Eq. (1), using the measured 
silicon concentration, the measured atomic volume, and 
the known isotopic constitution of germanium and 
silicon. It was thus assumed that all the point-defect 
scattering of phonons by silicon and germanium atoms 
can be accounted for by the mass variation of the atoms. 
In addition it was assumed that the phonon velocity ¢ 
varies inversely as the square root of the average atomic 
mass, *#. The values for A are given in Table I. 

The quantity Z was calculated from the specimen 
dimensions using the Casimir model,® i.e., r(L/2)? is 
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Fic. 3. Thermal conductivity: Data points 1, 2, 3, 4, 5 are 
defined as in Fig. 1. The calculated curves corresponding to these 
data points, C1-C5, respectively, were computed from Callaway’s 
model with B,+Bz set equal to 5.54 10~* sec/°K*. See text for 
details. 

7G. A. Slack, Phys. Rev. 105, 832 (1957). 

8 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958). 
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Fic. 4. Thermal conductivity: Data points 1, 2, 3, 4, 5 are 
defined as in Fig. 1. The curves are calculated from Callaway’s 
model with the parameters given in Table IT. 


set equal to the cross-sectional area of the specimens. 
In this way, c/L was calculated to be 0.94X 108 sec. 
In the low-temperature region, 7<8°K, the Klemens’ 
model predicts quite well the magnitude and tem- 
perature dependence of the thermal conductivity data. 
Although rg=L/c had to be decreased by a factor of 
five from that value calculated from the specimen 
dimensions in order to fit the experimental data for 
specimen No. 5, this procedure seems quite warranted 
in view of the evidence for the existence in this specimen 
of internal boundaries associated with large microscale 
fluctuations in composition. This evidence is discussed 
in the Appendix. Because of the good fit between 
Klemens’ model and the experimental data in this 
temperature region, it seems reasonable to conclude that 
the relevant assumptions made in deriving the model 
are applicable. Hence one may conclude that the Debye 
expression for the phonon specific heat is a good approxi- 
mation, that the boundary scattering time, rs=L/c, is 
substantially correct, and finally, that the silicon and 
germanium atoms scatter phonons as isotopic point 
defects, i.e., 1/77= Aw‘, These conclusions, however, 
are independent of the cutoff mechanism assumed by 
Klemens [see Eq. (3) ], for in this temperature region 
one calculates the same results from Callaway’s model 
(see Figs. 2, 3, and 4), or even from Klemens’ expres- 
sions without the cutoff; if one substitutes 1/r=c/L 
+Aw* into Eq. (2), one gets the same values in the 
low-temperature region as with the relaxation time of 
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Eq. (3). In the high-temperature region, on the other 
hand, the Klemens model gives a poor fit to the data. 
The predicted conductivity for pure Ge at 30°K is too 
high by a factor of two. The predicted values of thermal 
conductivity for the alloy samples are too low. For 
example, the conductivities predicted for the 7% Si 
samples at 30°K are too low by a factor greater than 
two. One does not improve the fit by altering the value 
of r; from that given by Eq. (1). For if r; is increased 
to obtain agreement with the data in the range 30-50°K, 
the fit in the low-temperature region is worsened. If 
then rg is altered to restore the low-temperature fit, 
the fit in the region of the maximum is poor. Clearly, 
the use of the cutoff in the point-defect relaxation time 
does not seem to be the correct way to take account of 
three-phonon processes. When Callaway’s model is 
discussed, it will be clear that there is a better way to 
handle three-phonon processes in this type of model. 
Next, consider the calculations by Berman ef al. 
Since these calculations do not include the effects of 
boundary scattering, they are not applicable at tem- 
peratures below that at which the conductivity maxi- 
mum occurs. In Figs. 1, 2 are shown curves B, through 
B;, corresponding to specimens one through five, 
which have been calculated from Eq. (8). To calculate 
K from Eq. (8), one must know y. The Griineisen 
theory of thermal expansion’ gives 
y= (3aV », Coke); (15) 
where a is the linear coefficient of expansion, C, is the 
specific heat at constant pressure, V is the molar 
volume, and K, is the adiabatic compressibility. If one 
calculates y from Eq. (15), one meets with difficulties 
for materials having the diamond lattice structure, 
e.g., Ge, Si, and InSb. For these materials, y is not a 
constant but is a rapidly decreasing function of tem- 
perature for temperatures lower than about 0/3; and 
for some of these materials even becomes negative.'° 
For Ge, y decreases rapidly below 120°K, but is approxi- 
mately constant and equal to 0.71 for a wide tempera- 
ture range above 200°K. This value was used to calcu- 
late K in Fig. 1 although its use is arbitrary. Had 
smaller values for y been used, e.g., y= 0.049 at 40°K, 
the agreement of Eq. (8) with the data would have 
been far worse. In every case, the curves of Berman 
et al. give values for the thermal conductivity which 
are too high. At 40°K the conductivities calculated 
from Berman et al. differ from the experimental meas- 
urements by a factor which varies from 0.92 for speci- 
men No. 2 to 2.2 for specimen No. 5. If, instead of 
calculating y from thermal expansion data, one treated 
y as a parameter to be determined from the thermal 
conductivity measurements, better agreement between 
the Berman ef al. model and the experimental data can 


® See for example, J. C. Slater, Introduction to Chemical Physics 
(McGraw-Hill Book Company, Inc., New York, 1939). 
1D). F. Gibbons, Phys. Rev. 112, 136 (1958). 
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be obtained using y equal to 1.42. Curves calculated 
in this manner are shown in Fig. 2. 

In Figs. 2-4 are shown the curves calculated on the 
IBM 704 from the model of J. Callaway.‘ In this model, 
we have the constants c, c/L, and A which appear in 
the Klemens formula. In addition, however, we have 
the quantities B, and B, which are associated with 
three-phonon processes. As Callaway did, we assume 
B, and B, to be temperature independent. (Actually, 
if one allows B, to vary exponentially with temperature, 
as might be expected, no better agreement with the 
data is obtained.) 

Callaway fitted Eq. (9) to the data of Geballe and 
Hull’ for the thermal conductivity of ordinary ger- 
manium and isotopically enriched germanium. In this 
calculation, Callaway estimated that 8/J, was small 
compared to J; for the ordinary Ge and he neglected 
81> in the calculation for the enriched Ge. 

The quantity Z, Callaway calculated from the low- 
temperature limit of the thermal conductivity of the 
enriched Ge specimen. For the sample 0.13 cm 0.157 
cm in cross section, he obtained L=0,.180 cm. Using 
this value for L, Callaway, by fitting Eq. (9) to the 
thermal conductivies of the two specimens, obtained 
his best fit for (B,+B,), assumed temperature inde- 
pendent, equal to 2.7710-* sec/°K* and a value of 
A of 2.57X10™ sec* for the ordinary Ge. This value 
for A is in very good agreement with 2.40 10™ sec® 
calculated from Klemens’ formula, given by Eq. (1). 

In Figs. 2 and 3, curves Cl through C5 have been 
calculated from Eq. (9) using the values for c/Z and 
A previously used with Klemens’ model. In Fig. 2 the 
value for B, +B, was taken to be 2.77 10-" °K3. 
the value selected by Callaway to fit the data of Geballe 
and Hull. In the low-temperature region, the curves are 
nearly identical to those calculated from Klemens’ 
model and fit the data well. At high temperatures, the 
curves fit the experimental data much better than the 
corresponding Klemens curves, and predict the change 
in curve shape (broadening) as A is increased. The fit 
to the 0.77% Si sample is excellent. For the pure Ge 
sample, the Callaway calculation with B,+B, equal 
to 2.77X10- sec/°K* gives too high a conductivity 
in the high-temperature region, the measured value 
being about 37% lower than the calculated value at 
30°K. For the samples containing 7% Si, the experi- 
mental and calculated curves intersect, i.e., the theo- 
retical temperature dependence is not quite correct in 
the temperature region 10-50°K. If one picks for Bi+ By 
a value larger than that selected by Callaway, the 
agreement between calculations and experimental data 
is improved. As can be seen in Fig. 3, (Bi +B) set equal 
to 5.54 10-*% sec/deg* gives a reasonably good fit to 
all of the experimental data. 

It is possible to obtain agreement between the 
Callaway model and the experimental data better than 
that indicated in Fig. 3 by varying the quantities A, 
(Bi+ B2), and c/L. In Fig. 4 are shown theoretical 
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TABLE II. Parameters of Callaway model giving the best fit to the experimental data. 








10“A.x» 
Sample (sec?) 
Ge 5.0 
Ge+0.77 at. % Si 11.0 
Ge+4.23 at. % Si 60.0 
Ge+7.25 at. % Si 94.0 
Ge+7.56 at. % Si 100.0 





curves based upon Callaway’s model which were fitted 
to the experimental data. The parameters chosen are 
shown in the second, third, and fourth columns of 
Table II. In the fifth column is shown the ratio of the 
value for A giving the best fit to the data to the value 
for A calculated from Eq. (1). From Table II, come 
the following observations : 

(1) The values of A.x, obtained by curve fitting, 
are, with the exception of the Ge specimen, in excellent 
agreement with those calculated from Klemens’ ex- 
pression (see Table I). As the last column of Table II 
indicates, for the alloy specimens, Aexp is 8-15% 
smaller than Acaic. The fact that Acxp is smaller than 
Acaic is also consistent with the evidence presented in 
the Appendix to show that the silicon concentration is 
not uniform throughout the specimens. The fact that 
A exp/Acale iS approximately equal to two for the Ge 
specimen is difficult to satisfactorily explain. Com- 
parison of the thermal conductivity of the germanium 
specimen to other published results for high-purity 
germanium reveals the nature of the problem. For 
example, thermal conductivity data reported by 
Carruthers and others! are about 24% higher than 
those reported here for the temperature range 25-50°K. 
The results below 15°K are in good agreement, how- 
ever. The discrepancy in the high-temperature region 
is higher than the estimated experimental error, 
implying either an unknown systematic error in the 
high-temperature data for that specimen or an unknown 
scattering mechanism present. Since spectroscopic 
analysis of the germanium specimen reveals 10 ppm 
of copper, 10 ppm of aluminum, and 5 ppm of mag- 
nesium, it is believed that the discrepancy is caused 
by some additional scattering mechanism associated 
with the electrically active impurities. It has been 
shown by various workers":!-8 that concentrations of 
one part per million of electrically active impurities 
have a significant effect on the low-temperature lattice 
thermal conductivity. 

(2) The values obtained for B,+B, increase with 
increasing silicon concentration. In Fig. 5 are plotted 
the experimental values of (B:+B.) as a function of 
silicon concentration. Although the scatter in the data 


J. A. Carruthers, T. H. Geballe, H. M. Rosenberg, and J. M. 
Ziman, Proc. Roy. Soc. (London) A238, 502 (1957). 

2 E. Fagen, J. Goff, and N. Pearlman, Phys. Rev. 94, 1415 
(1954). 

18N. Pearlman and J. F. Goff, Bull. Am. Phys. Soc..4, 410 
(1959). 
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is large, (Bi+B,.) seems to increase linearly with 
silicon concentration. Since 3-phonon processes, of 
which (B,+B,) is a measure, arise from contributions 
to the interatomic potential which are cubic in atomic 
displacements, one might conclude that the Ge—Si 
bond has a higher anharmonic content than does the 
Ge—Ge bond. On the other hand, the variation of 
B,+B, with silicon concentration may be an indication 
that the model is not quite correct. 

(3) With the exception of the 7.56 at. % Si specimen, 
all of the c/Z values lie within about 30% of the value 
calculated from the Casimir model. It is quite likely 
that the large value of c/L obtained for the 7.56 at. % 
Si crystal can be attributed to the presence of large 
microscale fluctuations in silicon concentration. This 
point is discussed in some detail in the Appendix. It is 
also likely that the presence of these microscale fluc- 
tuations in the 4.23 at. % Si accounts for the 30% 
deviation of its c/L value from the results for 0.77 at. % 
Si and 7.25 at. % Si. The low value of c/Z for the Ge 
specimen may be explained if one assumes that some 
fraction of the phonons incident upon the specimen’s 
boundaries are specularly reflected. This effect has 
previously been reported in diamond" and sapphire.'® 
On the basis of the model of Berman, Simon, and 
Ziman, which corrects the Casimir model to include 
specular boundary scattering, 20% of the boundary 
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Fic. 5. Variation of (Bi: +Bz)exp with silicon concentration. 


4 R. Berman, F. E. Simon, and J. M. Ziman, Proc. Roy. Soc. 
(London) A220, 171 (1953). 

16 R, Berman, E. L. Foster, and J. M. Ziman, Proc. Roy. Soc. 
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Fic. 6. The magnitude and temperature dependence of 
Ky=k®BI2/2x*c. The calculations shown are for germanium with 
B,+Bz set equal to 2.77 X 10™" sec/°K®. 


scattering is specular. In this connection it is of interest 
to note that all of the specimens had smooth, shiny 
surfaces. All were etched in CP-4 previous to being 
soldered to heater and heat sink. It is not clear, how- 
ever, why the Ge specimen should exhibit partial 
specular scattering when the other specimens ap- 
parently did not. For specimens No. 2 and No. 4, 
containing 0.77 at. % Si and 7.25 at. % Si, the values 
for c/L which gave the best fit to the data were equal 
to the values computed from the specimen dimensions. 

In Callaway’s expression for the thermal con- 
ductivity, given in Eq. (9) of this paper, there occurred 
two contributions, i.e., K=K,+Ko2, where K; is equal 
to kI,/2n*c and Ko is equal to kBJ,/2x°c. Calculations 
of K, and Kye on the IBM 704 indicate that for the 
specimens discussed here K, is negligible compared to 
K,. In Fig. 6 are shown plots of Ky calculated for 
specimen 1, pure germanium, for which K;/K, is a 
minimum, The various curves correspond to different 
values for r= B,/ (B+ B.). The parameter r is a measure 
of the relative importance of Umklapp and N processes. 
For r=1, B,=0 and N processes are unimportant, in 
which case K,=0. For r=0, B,:=0, which implies that 
Umklapp processes are unimportant and gives an upper 
bound for K, (for a given value of B:+B,). Comparison 
of these curves to C1 of Fig. 2 indicates that Kz is at 
most 4% as large as Ki. 
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As a final observation, it is interesting to note a 
relationship between the variational calculation of 
Berman ef al. and Callaway’s calculation. It can easily 
be shown from Callaway’s Eq. (24) that the thermal 
conductivity in the limit of low temperatures for an 
infinite crystal, i.e., one with no boundary scattering, 
is given by the expression 


k i 
4nc [A(B:+B2)T*}* 


(16) 


If we substitute Klemens’ expression for A, VoI'/4rc? 
into Eq. (16), we obtain the result 


4 V oT ; 
K=k /| ——(B,+B:)T*| . 
/ G 


(17) 


It is interesting to note the similarity between Eq. (17) 
and Eq. (8). By equating Eqs. (17) and (8), one can 
obtain a relationship between (B,+B,) and y. 


B,+ B.= yk*/[4(0.318)*h?c8M V 9 |. (18) 


If we substitute into Eq. (18), the appropriate constants 
for germanium and take y=1.42, we obtain (B,+B:) 
= 3.18 10-7 sec/°K* which agrees within 12% with 
Callaway’s value of 2.77X10-* sec/°K* and within 
25% with the value in Table II. 


V. SUMMARY OF CONCLUSIONS 


By comparing the thermal conductivities computed 
from the theoretical models of Klemens, Berman et al., 
and Callaway to the thermal conductivities measured 
for specimens 1 through 5 whose compositions are listed 
in Table I, the following conclusions were reached: 


1. The good agreement between the experimental 
data and the predictions of the models of Callaway and 
Klemens in the low-temperature region (i.e., at tem- 
peratures below that at which the maximum con- 
ductivity occurs) suggests the validity of the relevant 
assumptions made in the derivation and application of 
the models. These assumptions are: 


(a) The silicon and germanium atoms scatter 
phonons as isotopic point defects with a relaxation time 
given by the expression derived by Klemens. 

(b) The scattering of phonons at boundary surfaces 
is well represented by the constant relaxation time 
derived by Casimir. 

(c) The phonon specific heat can be adequately 
approximated by the Debye expression.'-4 

(d) For all of the specimens, the thermal conduc- 
tivities in the low-temperature region can be adequately 
described by postulating only the above two scattering 
mechanisms: boundary scattering and isotopic point- 
defect scattering. 


2. The model which best fits the experimental 
thermal conductivity data in the vicinity of the con- 





THERMAL CONDUCTIVITY 
ductivity maxima and at temperatures above that at 
which the maxima occur is the model proposed by 
Callaway. The good agreement between Callaway’s 
model and the experimental data in this temperature 
region indicates that the relaxation time for three- 
phonon processes in Callaway’s model is correct for 
germanium and dilute germanium-silicon alloys. In 
this temperature region, Klemens’ model does not fit 
the data well. This was pointed out by the author in a 
previous paper.'® The model of Berman et al.* predicts 
fairly well the thermal conductivities of the specimens 
at the highest temperatures if one chooses for y, the 
Griineisen constant, a value of 1.42. However, because 
the model does not take into account boundary scat- 
tering, one cannot expect to get agreement with the 
data in the vicinity of the conductivity maxima or at 
temperatures below that at which the maxima occur. 
In summary, of the three models considered, the one 
which best fits the experimental data over the entire 
temperature range considered, 2-50°K, is the model 
proposed by Callaway. 

3. There is strong evidence for the existence in the 
alloy specimens of internal boundaries which can 
scatter phonons in the same manner as the external 
surfaces. These internal boundaries are believed to be 
associated with microscale fluctuations in composition 
previously reported by Goss, Benson, and Pfann. 
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APPENDIX. DISCUSSION OF PLANAR DEFECTS 


It is clear from Figs. 1 and 4, that in order to fit any 
of the models under discussion to the alloy specimen 
containing Ge+7.56 at. % Si, one must use a value for 
c/L which is at least five times larger than for any of 
the other specimens, including the one containing 
Ge+7.25 at. % Si. Since it is extremely unlikely that 
the phonon velocity varies much from specimen to 
specimen, it follows that Z, the mean free path for 
boundary scattering, must be about five times smaller 
for this specimen, even though it is the same size as 
the other specimens. 

It was pointed out by Goss, Benson, and Pfann'? 
that microscale fluctuations of solute concentration 
occur in Ge-Si alloy crystals grown from the melt. These 
are revealed by grinding the specimen surface and 


16 A. M. Toxen, Phys. Rev. 110, 585 (1958). 
17 A. J. Goss, K. E. Benson, and W. G. Pfann, Acta Met. 4, 
332 (1956). 


OF Ge-Si 


SINGLE CRYSTALS 


if 5 MICRONS| 


Fic. 7. Bright-field photomicrograph of etched surface of 
Ge+0.77 at. % Si sample. The interval indicated on the photo- 
graph is equivalent to 15 microns on specimen. Arrow indicates 
direction of heat flow during thermal conductivity measurements. 


etching with CP-4, Because etch rate varies with com- 
position, fluctuations in silicon concentration are 
manifested as surface striae lying parallel to interface 
positions. In a specimen of Ge+6 at. % Si, Goss, 
Benson, and Pfann also observe dislocation etch pits 
lined up parallel to the striae. They infer that for a 
discontinuity in solute concentration of perhaps 0.1 
at. % or more, an array of edge dislocations may be 
expected. 

It seems quite likely that the planar interfaces 
between regions differing in solute concentration would 
scatter phonons. Further, it is likely that the scattering 
would be similar in nature to that which occurs at 
crystal boundaries, i.e., it would manifest itself by a 
decrease in LZ (or an increase in c/L). To see whether 
such fluctuations in solute concentration occur in the 
specimens under discussion, they were etched in CP-4 
and examined. In Figs. 7 to 11 are shown some of the 
results, 


Fic. 8. Bright-field photomicrograph of etched surface of 
Ge+-4.23 at. % Si sample. The interval indicated on the photo- 
graph is equivalent to 15 microns on specimen. Arrow indicates 
directicn of heat flow during thermal conductivity measurements. 
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Fic. 9. Bright-field photomicrograph of etched surface of 
Ge+7.25 at. % Si sample. The interval indicated on the photo- 
graph is equivalent to 15 microns on specimen. Arrow indicates 
direction of heat flow during thermal conductivity measurements. 


All of the alloy specimens show striae. In Figs. 7 to 
10 are bright field photographs of the specimens: 
0.77 at. % Si, 4.23 at. % Si, 7.25 at. % Si, and 7.56 at. % 
Si, respectively. The arrow marked Q shows the direc- 
tion of heat flow during the thermal conductivity 
measurements. The Ge specimen showed no evidence 
of striae. In addition to the striae, the 7.56 at. % Si 
specimen exhibited etch pits lined up parallel to the 
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striae. None of the other specimens showed this feature. 
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Fic. 10. Bright-field photomicrograph of etched surface of 
Ge+7.56 at. % Si sample. The interval indicated on the photo- 
graph is equivalent to 15 microns on specimen. Arrow indicates 
direction of heat flow during thermal conductivity measurements. 
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Fic. 11. Dark-field photomicrograph of Ge+7.56 at. % Si. The 
interval indicated on the photograph is equivalent to 15 microns 
on specimen. Arrow indicates direction of heat flow during thermal] 
conductivity measurements. 


This is shown best in Fig. 11 which is a dark-field 
photomicrograph of the 7.56 at. % Si specimen. 

Since the 7.56 at. % Si specimen exhibits the most 
prominent striae as well as the arrays of dislocations, 
it seems reasonable to conclude that in this specimen 
the fluctuations in silicon concentration are the most 
extreme. Hence, if the interfaces between regions of 
differing silicon concentration scatter phonons, the 
effect should be most prominent in this specimen. 
Indeed, it is just for this specimen that it was necessary 
to increase c/L by a factor of five from the expected 
value to account for the observed thermal conductivity. 

The specimen with the next most prominent striae 
was that containing 4.23 % Si. In addition, in this 
specimen the direction of heat flow in thermal conduc- 
tion measurements 
whereas the heat flow was parallel to the interfaces for 
the other specimens. It is therefore significant that for 
this specimen also an increase of c/Z improved the fit 
of the theoretical curve to the experimental data. 

The nonuniform distribution of would 
have an additional effect. The values for A used in 
calculating the theoretical curves of Figs. 1, 2, and 3 
were calculated under the assumption that the silicon 
was homogeneously distributed. Any deviation from 
the homogeneous distribution would result in smaller 
values for A. This is the observed deviation as is 
evident from a comparison of Table I with Table II. 


was normal to the interfaces, 


the silicon 
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Techniques are described for measuring the effect of hydrostatic pressure on the critical field, H., of 
superconducting Pb. Pressures up to 650 atm were applied using solid helium as the pressure fluid. Observa- 
tions were made from about 7 to 1°K, and values of dH)/dP, dT./dP, and the temperature variation of 
(0H./dP)r are reported. From these data the value of (1/*) (dy*/dP) is deduced, where y* is the tempera- 
ture coefficient per unit volume of the normal electronic specific heat. The observed data are accurately 
represented over the full range of measurement by the equation H,(P,T)=Ho(P) f(t) where t=7T/T, and 
f(t) is independent of pressure. The “similarity principle” requirement, H)(P)/T.(P)=const, is shown to 
be invalid for Pb. The results provide the basis for a discussion of the pressure effects on the net interaction 
potential, V, of the Bardeen, Cooper, Schrieffer theory and the density of electronic states near the Fermi 


surface. 





I. INTRODUCTION 


T has long been recognized that the superconducting 
transition may be displaced by the application of 
hydrostatic pressure.' However, the effect is very small 
and, until recently, experimental work has been largely 
confined to the changes in critical field, H., near the 
critical temperature, T., or the displacement of 7, 
itself. The present work describes the results of measure- 
ments of the pressure variation of H, for lead over the 
temperature range from 7, (7.175°K) to about 1°K. 
In fundamental physical terms the analysis of the 
observed effect is complicated by several concurrent 
effects which result from the application of pressure. A 
theoretical approach to the situation is provided by the 
expression 


kT.=1.14hw exp[—1/N(0)V], (1) 


from the theory of Bardeen, Cooper, and Schrieffer 
(hereafter BCS).2 In Eq. (1), » is a characteristic 
phonon frequency (proportional to the Debye 6), NV (0) 
is the density of states at the Fermi level, and V charac- 
terizes the net electron-electron interaction. Each of 
these parameters is sensitive to pressure. 

Reduction of the specific volume under pressure 
changes the lattice vibrational frequency, w, leading to 
a displacement in 7, as seen in the simpler isotope 
effect.* The change in phonon spectrum may also affect 
V since that term contains the electron-phonon inter- 
action responsible for superconductivity. Finally, the 
reduction in specific volume affects N(0) in a manner 
which may be separated (at least formally) as follows: 
(a) an increase in the spatial density of electrons, and 
(b) a modification of the electronic band structure due 
to the reduced interatomic spacing. 


* This work has received support from the Office of Ordnance 
Research, U. S. Army, and from the Alfred P. Sloan Foundation. 


7 Present address: General 
Schenectady, New York. 

1C. A. Swenson, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1960) Vol. 11, p. 41. 

2J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 

§ See, for example, B. Serin, Encyclopedia of Physics, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. XV, p. 237. 
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In the present case, the total change in N(0) with 
pressure can be obtained from y, the temperature co- 
efficient of the normal electronic specific heat. The value 
of y can be deduced thermodynamically from the tem- 
perature dependence of the critical field as T— 0°K. 
A somewhat analogous measurement (but presumably 
without the complication of changes in the phonon 
spectrum) has recently been described where the 
changes in NV (0)V were due to dilute impurity additions 
(which have the effect of depressing T, of the impure 
superconductor).*:® 

From an experimental standpoint, Pb should be a 
favorable element on which to study the effect of pres- 
sure upon . Because of its high critical temperature, a 
reduced temperature ‘= 7/T,=0.14 is readily achieved 
with Pb without recourse to the special techniques 
necessary to make measurements below 1°K. It is thus 
convenient to obtain a relatively close approximation 
to the limiting low-temperature behavior of H, from 
which y must be derived. 


II. EXPERIMENTAL 


A. Apparatus and Procedure for Work Near T, 


The experimental procedure followed in this work was 
different above 4.2°K from what it was in the liquid 
helium range. For the work above 4.2°K the apparatus 
and general procedure were similar to that described 
by Hake and Mapother.® We will therefore give only a 
brief outline. 

Two identical samples were placed in an isothermal 
container whose temperature was regulated electroni- 
cally to about 10-*°K. One of the samples had pressure 
applied to it while the other served as a comparison 
sample. The critical field values of the two samples were 
alternately measured and the results plotted with time. 
In this way temperature drifts were readily apparent 


4. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. 
Solids, 3, 165 (1957). 

5G. Chanin, E. A. Lynton, and B. Serin, Phys. Rev. 114, 719 
(1959). 

®R..R. Hake and D. E. Mapother, J. Phys. Chem. Solids 1, 
199 (1956). 
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and it could be ascertained whether the two samples 
were drifting together. The drift curve for the sample un- 
der pressure was subtracted from that for the standard 
sample. This procedure gave, in a very direct manner, 
AH., the shift in critical field due to pressure. 

For these measurements the pressure was kept below 
the solidification pressure of helium corresponding to the 
temperature at which the data were taken. The pressure 
of gaseous helium at the specimen was read directly on 
a high-precision Bourdon gauge at room temperature. 
This gauge was calibrated by the manufacturer and is 
accurate to +15 psi.’ 


B. Apparatus and Procedure for 
Work Below 4.2°K 


Another apparatus was used for the work done below 
4.2°K, which differed from the one used at higher tem- 
peratures in two respects. Most important, it was possi- 
ble in this apparatus to measure the pressure in the 
helium surrounding the sample even though the helium 
had solidified. The second difference was the absence of 
a comparison sample. This made it necessary to measure 
the temperature to high precision, but was advantageous 
in that, aside from the sample under observation, there 
was no diamagnetic material about and therefore no 
magnetic field distortions at the sample. 

A detailed drawing of this apparatus is shown in 
Fig. 1. The sample, marked A, is held by Teflon spacers 
on the axis of a tellurium copper fitting G. The tellurium 
copper piece serves to introduce the sample into the 
pressure chamber and to position it with respect to the 
external magnetic field. By virtue of its fairly high 
thermal conductivity, the tellurium copper piece pro- 
vides an isothermal shield around the sample and com- 
municates its temperature to the lower carbon resistor, 
M. The pressure vessel, B, is made of beryllium copper, 
heat treated to an ultimate tensile strength of approxi- 
mately 200000 psi. A second carbon resistor, F, was 
clamped at the top of the bomb to check for temperature 
gradients. 

The seal against high pressure is made by compressing 
a Teflon gasket, H, against a flange on the tellurium- 
copper piece (G) and the wall of the pressure vessel. 
This gasket is compressed by a hardened beryllium- 
copper ring, V, clamped in position by the large beryl- 
lium-copper plug, E. which is bolted to the bottom of 
the bomb. At low temperatures this seal proved tight 
up to pressures of about 13000 psi, but above this 
pressure leakage occurred.*® 


7 The gauge was obtained from Heise Bourdon Tube Company, 
Newton, Connecticut. 

’ Although Teflon is a satisfactory gasket material at helium 
temperatures, one must design to allow for the large thermal 
shrinkage of Teflon. This is handled straighforwardly by com- 
pressing the Teflon to a sufficiently high pressure that it won’t 
‘unload” at low temperatures. For this reason, the large surface 
area of the present gasket (necessitated by the low strength of the 
tellurium-copper flange) is a weakness of the present design. 
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Fic. 1. Cross-section view 
of the pressure bomb as- 
sembly. Parts shown are: 
A—Pb specimen ; B—beryl- 
lium copper bomb; C—ca- 
pacitor plates for pressure 
measurement; D—speci 
men pickup coil; E—clamp- 
ing plug and dummy pickup 
coil; F—upper carbon ther- 
mometer; G—tellurium cop- 
per specimen holder; H— 
Teflon pressure gasket ; J 
pressure line; K—Teflon in- 
sulator; Z—split copper 
support for upper capacitor 
plate; M-—lower carbon 
thermometer; N—beryl- 
lium copper clamping ring; 
O—heater coil. 
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Helium gas, the pressure-transmitting fluid, is ad- 
mitted to the pressure vessel by means of one of the 
stainless steel capillaries, J. The second capillary goes to 
the high precision Bourdon gauge at room temperature 
which measures the pressure. These capillaries, having 
inner and outer diameters of 0.008 and 0.016 inch, are 
soft soldered into the beryllium-copper chamber. The 
use of two lines, an inlet and a return, enables one to 
know whether the pressure is actually being transmitted 
to the sample or whether the lines are blocked. 

At the top of the pressure vessel is a capacitor as- 
sembly, C, which serves to measure the pressure when 
the helium is solid. The top plate of the capacitor is 
threaded into an insulating bushing which is rigidly 
fixed with respect to the bomb, while the bottom plate 
is attached to the top of the bomb. Elastic extension of 
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the bomb due to internal pressure decreases the capaci- 
tor gap. This change is detected by a capacity bridge 
and is balanced out with an external capacity in parallel 
with the bomb. 

The bomb capacitor is directly calibrated against the 
pressure readings of an external Bourdon tube gauge 
which measures the pressure of gaseous helium within 
the bomb. The calibration is done by raising the tem- 
perature of the bomb to a value such that the helium 
remains gaseous at the highest pressure reached. At the 
temperatures of calibration (about 10 to 15°K) the 
elastic properties of the bomb’s walls are essentially 
temperature independent and it is assumed that the 
calibration is valid down to the lowest temperature of 
measurement. 

The pressure sensitivity of the bomb capacitor de- 
pends upon the adjustment of the initial (zero pressure) 
spacing between the capacitor plates. In the present 
work, with a spacing of about 0.015 inch, the sensitivity 
was about 2X 10~ puf/psi. 

The assembly shown in Fig. 1 is suspended in a can 
filled with helium gas, and this can is surrounded by a 
second can immersed in liquid helium. A schematic 
diagram of a cryogenically similar apparatus and the 
method of temperature regulation have been described.*® 

Critical fields were determined by a ballistic induction 
method. A complete description and analysis of this 
method, as well as a detailed description of the Dewars, 
solenoids, and a cryostat substantially the same as the 
one used for this experiment have been given elsewhere.® 

Temperatures were obtained in two ways. For Run 
No. 1 the temperature was measured using a carbon 
resistor calibrated against the critical field of lead at 
zero pressure. Calibrations were made at the beginning, 
at the end, and in the middle of the run which lasted 
for one week. Differences between the calibrations varied 
from 1 millidegree at 4.2°K to about 4 millidegrees at 
the lowest temperatures obtained. These differences 
introduce an uncertainty of about 0.1 gauss in AH, 
which is about the same size as the scatter in the data, 
and we therefore ignore it. For Runs 2 and 3 liquid 
helium was condensed in the inner can and the tem- 
perature was obtained from measurement of its vapor 
pressure. 


The experimental procedure was as follows. The inner 
can was raised to a temperature somewhat greater than 
the solidification temperature of helium at the pressure 
desired. Pressure was then applied to the sample by 
means of helium gas and a bomb calibration obtained. 
After the high-pressure gas inlet blocks with solid 
helium, the entire bomb assembly is cooled slowly allow- 
ing the helium in the pressure vessel to solidify. During 
the cooling the bomb capacitor is measured as a function 
of temperature. A typical cooling curve is shown in 
Fig. 2. The initial decrease in pressure of the bomb with 


9 J. F. Cochran, D. E. Mapother, and R. E. Mould, Phys. Rev. 
103, 1657 (1956). 
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Fic. 2. Typical pressure variation in bomb during solidification 
of helium (which occurs at approximately constant volume). 
Bridge readings give the value of a balancing capacitor in parallel 
with the bomb capacitor. Pressure calibration is indicated on the 
right-hand scale. 


decreasing temperature is caused by thermal contraction 
of the gas. A slight reduction in pressure with decreasing 
temperature is observed following solidification (T<T7,), 
but this causes no difficulty since the bomb capacitance 
can be measured at the temperature of the critical field 
measurements. Below 4°K the thermal expansion of 
solid He is negligible’ and the bomb pressure remains 
constant. 

At T; the gas begins to solidify, with the solidification 
complete at T;. In the region T,<7<T; the helium in 
the bomb presumably follows the melting curve, the 
solidification taking place at essentially constant volume. 
The final pressure of the solid helium around the Pb 
specimen is given directly by the calibration of the bomb 
capacitor. However it is also possible to check the pres- 
sure obtained from the capacitor reading by using the 
observed value of 7; to check for self-consistency with 
the existing data on the thermodynamic properties of 
helium along the melting curve." The directly measured 
and thermodynamically inferred values agree within 
about 3%. 

The cooling described above is done over a period of 
one or two hours. It appears that this rate is slow enough 
so that no inhomogeneous strains are set up in the solid 
helium. Recent work has shown that, when subjected to 
inhomogeneous strain, lead exhibits large magnetic 
hysteresis in the superconducting transition." The de- 
tails of the magnetic transitions of our sample do not 
vary with pressure in any way. We take this fact to be a 
confirmation of the absence of inhomogeneous strain in 


0 J. S. Dugdale and F. E. Simon, Proc. Roy. Soc. (London) 
A218, 291 (1953); R. L. Mills and E. R. Grilly, Phys. Rev. 99, 
480 (1955). 

11 R, W. Shaw and D. E. Mapother, Phys. Rev. 118, 1474 
(1960). 
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Fic. 3. Shift of critical field with pressure. Measurements 
at T7=6.86°K, H.=72 gauss when P=0. 
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the specimen despite the use of solid helium as the 


pressure fluid. 


C. Specimens and Details of the 
Magnetic Transitions 


The specimens used in this work were in the form of 
long thin cylinders. The samples used in the measure- 
ments near 7°. were 5.5 cm long and 0.24 cm in diameter. 
The sample used for the low-temperature measurements 
was 5.1 cm long by 0.32 cm in diameter. All the samples 
were vacuum cast in graphite-coated glass tubes which 
were subsequently etched away. The cooling from the 
melt was done in a gradient furnace at a rate of about 
20°C per hour. The Pb from which the samples were 
grown was nominally 99.999% pure, obtained from the 
American Smelting and Refining Company. Etching 
showed a grain size of about 1 cm. 

The magnetic transitions in the measurements below 
4.2°K showed the same type of hysteresis which has 
been discussed in some detail in recent articles from this 
laboratory. The hysteresis observed here is somewhat 
smaller in magnitude than in the best previous speci- 
mens" but is identical in all other respects. The H, 
values at low temperatures were corrected for this effect 
in the manner described in previous articles by taking 
the average of the apparent H. values observed in the 


S-N and N-S transitions." 


III. EXPERIMENTAL RESULTS 
A. Measurements Near the Critical Temperature 


Data obtained in a series of isothermal measurements 
at T=6.86°K are shown in Fig. 3. The pressure shift, 
AH., is defined by the equation 


AH.(P,T)=H.(0,T)—H.(P,1), (2) 


and, as shown in Fig. 3, AH, varies linearly with the 
applied pressure. When defined according to (2), AH, is 
always positive since the application of pressure always 

2D. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 
112, 1888 (1958). 
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reduced H, under conditions of constant temperature. 
The equation of the line in Fig. 3, as determined by a 
least-squares analysis, is 


AH .(P)= (0.04+0.03)+ (6.18+0.10)K10-*P, (3) 


where AH, is in gauss and P is in psi. This gives 
(0H ./OP)r—6.s6°k= — (6.18+0.10)X 10~* gauss/psi. 


Extrapolation of (0H ./dP)r to the value character- 
istic of T, requires knowledge of the pressure and tem- 
perature dependence of H, which is obtained experi- 
mentally in the following section. Discussion of this 
extrapolation and the calculation of d7T./dP will be 
deferred until after the presentation of the results of 
the measurements at low temperatures. 


B. Measurements Below 4.2°K 
1. Effect of Pressure on Ho 


The data in the liquid helium range were taken in a 
series of isobaric measurements. Since the pressure shifts 
are small, a convenient way to display the data is to 
subtract off the known critical field of lead at zero 
pressure. The difference, AH., is defined by Eq. (2) 
where H/.(O,7) is the function reported by Decker et al.” 
The AH, values are plotted in Fig. 4(a) and 4(b) from 
which it may be seen that, within the scatter, the points 
vary linearly with 7°. The solid lines shown on the figure 
were determined by a least squares analysis of the values 
obtained for each pressure. 

The intercept at 7*=0 in Fig. 4 defines AH, the shift 
in the critical field at the absolute zero. The variation 
of H» with pressure is shown in Fig. 5. The equation 
of the straight line fitting the data is 


AHo= (0.144+0.09)+ (5.36+0.14)K10-*P gauss, (4) 
yielding 


dH/dP= — (5.36+0.14) X 10-4 gauss/psi 


= — (7.90+0.21)10~* gauss/atm. 


2. Effect of Pressure on the Electronic Specific Heat 


As first shown by Daunt and Mendelssohn,” it is 
possible to deduce +, the temperature coefficient of the 
normal electronic specific heat, from knowledge of the 
limiting temperature variation of H, as T approaches 
0°K. The relevant equation is 


AS y 1 OH, 
lm —=y*T= (~)r- — ( -) lim u(—) » (5) 
T-0K » v 4 / T-0 OT / p 


where v is the molar volume of the superconductor. 
At constant pressure the critical field of Pb can be 
accurately expressed as a polynomial in powers of 7? 


143 J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A160, 127 (1937); also J. G. Daunt, A. Horseman, and K. 
Mendelssohn, Phil. Mag. 27, 754 (1939). 
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as follows: 


H.(P,T)=Ho(P)+Ai(P)T?+A2(P)*+---. (6) 


Since the terms of higher power than 7? become negligi- 
ble as T approaches 0°K, evaluation of (6) yields 
y*=(HoA;)/2x.% Both Ho and A; are sensitive to 
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Fic. 4. Temperature variation of isobaric pressure shift for 
different pressures. Numbers identifying coded symbols give the 
pressure. of measurement in pounds per square inch. (a) Run 
No. 1, six isobars at pressures from 3055 to 7500 psi. (b) Runs 2 
and 3, four isobars at pressures from 4650 to 9550 psi. 

14 Tt should be expressly noted that the validity of this analysis 
requires that data at sufficiently low temperatures be available to 
define a value of A; which does not vary with the lowest measuring 
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Fic. 5. Variation of the critical field intercept, Ho, with 
pressure. ©O—Run 1; e—Run 2; A—Run 3 


pressure so that 


(1/-y*) (dy*/dP) = (1/H») (dH o/dP) 
+(1/A1)(dAi/dP). (7) 


Determination of (¢dA,/dP) should, in principle, be 
done by measuring the limiting slope of a plot of 
H, vs T? at the lowest temperature. Unfortunately, the 
experimental scatter, as well as the scarcity of points 
at the lowest temperatures of measurement, makes such 
an analysis unreliable in the present case. Instead, the 
following approximate method was used. 

From (6) it follows that AH, may be written as 


AH .=H.(0,P)—H.(P,T) 
= AHy+AAiT?+AA,T?+AA2T* ++. (8) 


In the temperature range below 4.2°K (¢=0.585), the 
contribution of terms involving T to a higher power 
than 7? is small and decreases rapidly as T decreases. 
Accordingly, an approximately linear variation of AH, 
with 7? is expected, with a slope about equal to AA;(P). 
The data of Fig. 4 were analysed by least squares to 
obtain the slope, which was interpreted as AA;. Adding 
the estimated AA, values to the value of A;(P=0) from 
previous work,” and plotting against pressure gives the 
results shown in Fig. 6. While the scatter of the points 
in Fig. 6 is considerable, a perceptible decrease in A, 
with increasing pressure seems to be present. From the 
slope of Fig. 6 the following value is obtained 


(dA,/dP)=— (1.39+1.17)X10~* gauss/psi deg?. 
Using previously reported values of Ho and A;,” Eq. (7) 
may be evaluated with the result that 

(1/y*) (dy*/dP) = — (5.6541.05) 10-7 (psi)-! 

= — (8.31+1.54) 10-6 (atm). 


As might be expected, there seems little doubt that 


temperature. For most superconductors this necessitates measure- 
ments below 1°K, but because of the relatively high T, of Pb, it 
appears that the limiting value of A; can be obtained with reason- 
able reliability from measurements no lower than 1.2°K, 
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Fic. 6. Variation of the coefficient A; with pressure. 
o—Run 1; e—Run 2; A—Run 3. 


A, is rather insensitive to pressure. Unfortunately, 
despite the apparently small magnitude of (dA,/dP) 
and its consequent experimental uncertainty, the 
(dA;/dP) term in (7) makes a contribution of the same 
order of magnitude as the more accurately known 
(dH,/dP) term. Accordingly, the possible error in 
(dA,/dP) introduces a substantial uncertainty into the 
calculation of (1/y*)(dy*/dP). 

It seems possible that more measurements at lower 
temperatures will permit a more direct and accurate 
determination of (dA,/dP). However, such measure- 
ments on Pb will be complicated by uncertainties intro- 
duced by the hysteresis correction which becomes more 
acute as 0°K is approached. 


3. The H.-T-P Surface for Lead 


The present measurements permit a determination of 
the analytical form of the thermodynamic surface which 
separates the superconducting and normal regions above 
the P-T plane for the case of Pb. The critical field of 
Pb may be expressed in terms of reduced coordinates 
as follows. 


5 


HA(P)/H(P)=>X 


— 
n=( 


h(P,t) 


a (F)*. 


where ao=1 and t=(T/T.). We find that the data for 
all isobars measured in the present work are precisely 
represented by this expression. The differences between 
h(P,t) at all temperatures and pressures of measurement 
and h(0,t) as previously reported by Decker et al.” are 
of the order of 1 or 2X10~ which is about the limit of 
precision of the present critical field measurements. 
Thus, to present experimental accuracy, the coefficients, 
dn, in (9) are independent of pressure. This property 
(the invariance of the a, under pressure) will be desig- 
nated hereafter as ‘‘geometrical similarity’? which, as 
shown later, is one (but not the only) condition of the 
familiar “similarity principle.” 

If our results are idealized by the assumption that 
geometrical similarity is exactly obeyed, the critical field 
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surface may be described by the following expression 
(10) 


where Ho(P) is the linear function of P described above 
and f(t) is the reduced critical field curve of Decker 
et al. In the following discussion we offer further 
evidence to support the suitability of this representation 
for the H,-T-P surface of Pb. 

(a) Temperature variation of (8H./dP)r. The con- 
sistency of the assumption expressed in (10) with experi- 
mental observations may be demonstrated by comparing 
the results which it predicts with the observed tempera- 
ture dependence of (0H ./dP)r. 

Differentiation of (10) yields 


H.(P,T)=Ho(P) f(t), 


(0H ./dP)r= I t)(dH,/dP) 

— (H,/T.)(d7 /adP i(df dt), (11) 
and (dT./dP) may be evaluated from the general 
relation 

(8T/aP)u.= — (dH./dP)1(dT/aH.)p. 
At T=T, and P=0, this becomes 


(0H./0P)r=r. 
dT ./dP=— (12) 


(H./8T) pao 


For comparison with experimental data, it is convenient 
to cast (11) into a dimensionless form by dividing 
through by (dH)/dP). The resulting equation is 


AH .(P,t)/AHo(P)= (0H ./dP)1/(dHy/dP) 
f(t)— Bi(d f/dt), (13) 


where 


H,(dT./dP) dinT./dP 


 T(dH,/dP) d\nH,/dP’ 


and AH,(P,t) and AH)(P) are the shifts resulting from 
the same applied pressure at the temperature corre- 
sponding to ¢ and at 0°K, respectively. 

Accurate evaluation of B involves an extrapolation 
to determine (0H ,/dP)r.. We shall defer comment on 
this point until later since the extrapolation depends on 
the validity of (10) which is presently under considera- 
tion. For the moment we simply assert that B is 
practically independent of pressure.'® Thus, it follows 
that (13) describes a relation which is independent of 
the pressure of measurement. The comparison between 
experimental values of AH./AHp» for various pressures 
and the predictions of (13) via (10) is shown in Fig. 7. 
The agreement is quite satisfactory. 


18 Trrespective of its actual magnitude, the invariance of B 
with respect to change in pressure follows from the fact that it is 
determined by the ratio of the derivatives (dT./dP) and (dH)/dP). 
Within the range of pressure employed here, H, varies linearly 
with pressure at all temperatures. Thus, the pressure derivatives 
in the expression for B [which are computed from the limiting 
values of (8H./aP)r at T=0 and T=T7-.] must be independent 
of pressure and the same must be true of B. 
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Fic. 7. Normalized variation of pressure shift with temperature. 
Curve I is obtained using the assumption of geometrical similarity 
and measured values of dHo/dP and dT./dP. Curve II assumes 
geometrical similarity and also Ho/T.=const (i.e., the similarity 
principle). A’s give results at various pressures up to 9550 psi 
which, in this representation, should be independent of the 
pressure. © (present work) and @ (reference 6) aré results of 
measurements using gaseous helium near T,. 


It is interesting to compare the results shown in 
Fig. 7 with the “similarity principle”—a term generally 
understood to describe the simultaneous validity of the 
following two conditions: (a) geometrical similarity (as 
previously defined) and (b) the requirement that 
H,(X)/T.(X) is independent of X, where X is an inde- 
pendent variable such as the pressure or the isotopic 
mass.'* Although these two conditions are independent, 
available evidence as well as theoretical considerations 
indicate that both apply in the case of the isotope effect 
(in which connection the term “similarity principle” 
was first introduced).!7'8 Previous pressure effect results 
have suggested that the similarity principle was obeyed 
in the case of tin but not in the case of indium." 

The condition of a constant value of Ho/T, is defi- 
nitely not fulfilled in the case of Pb. If Ho/T. were 
constant, it would follow that 


(dH./dP) Ho 


(dT./dP) T. 


which gives the value B=1 in Eq. (13). The value, 
B=1, leads to the curve marked II in Fig. 7 which is 
clearly beyond the limit of the experimental uncertainty, 
especially near 7.. (Curve I, which fits the experimental 
data, corresponds to a value of B=0.562.) Even though 


16 N. L. Muench, Phys. Rev. 99, 1814 (1955). 

17 J. M. Lock, A. B. Pippard, and D. Shoenberg, Proc. Cam- 
bridge Phil. Soc. 47, 811 (1951). 

18 R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev. 
121, 86 (1961). 
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the scatter of the experimental points in Fig. 7 is ap- 
preciable, the data seem good enough to provide reason- 
able confirmation of the hypothesis which underlies 
curve I. 

It will be noted that the slopes of curves I and II 
differ by a factor of almost 6 at 7,. This is enough to 
introduce appreciable error into the extrapolation of 
experimental values of (0H./dP)7 to T. if such extra- 
polation were made according to the similarity principle. 

(b) Pressure effects on T.. The value of dT./dP is of 
interest for comparison with theory and to permit the 
calculation of the constant B introduced in (13). As 
shown in (12), dT./dP requires knowledge of the values 
of (0H ./dP)7 and (0H ./dT)p, both evaluated at T=T*,. 
An accurate value of (0H ./dT) p is available from earlier 
work,” but determination of (@H./dP)r=r, involves 
extrapolation of measurements made at temperatures 
below 7, and is somewhat sensitive to the analytic form 
of the H.-T-P surface. 

Assuming the validity of (10) it follows quickly from 
(11) and (12) that 


(0H ./dP)7.= (T-/Ho) (1/t) (dt/df) (0H ./8T) 7. 
X((@H./dP)r—f(t)(dHo/dP)], (14) 
where (0H,/dP) is the experimental value obtained at 
the temperature T= TJ. 
The value obtained from (14) in the present work is 


(0H ./dP)7T.= — (6.2340.10) X10 gauss/psi 
= — (9.15+0.15) x 10-* gauss/atm, 


and, using (12), 
dT ./dP= — (3.8440.07) X 10-5 deg/atm. 


These values are about 6% smaller than a similarly 
corrected value derived from earlier measurements near 
T. by Hake and Mapother.” For reasons not clearly 
understood, this difference is greater than the reported 
experimental error, but the discrepancy does not seri- 
ously complicate the picture as can be seen from Fig. 7. 
The two experimental points nearest T, in Fig. 7. were ob- 
tained by calculating AH./AHo= (0H ./dP)7/(dHo/dP) 
using experimental values of the derivatives obtained 
in the present work and from the corrected value of 
(0H./dP)r of the previous pressure effect work.* The 
scatter of these points is not substantially worse than 
that apparent in some of the lower temperature meas- 
urements shown in the same figure. Thus, this uncer- 
tainty does not compromise the previous conclusions 
regarding the validity of curve I. 


'® Corrections must be applied to the earlier reported value in 
the light of recently improved accuracy in the knowledge of the 
superconducting constants of Pb. These corrections affect the 
earlier values of the temperature of measurement, T., (@H./dT)p, 
and also the earlier assumption that the similarity principle was 
valid. The final corrected value is (d/./0P)r=— (6.63+0.12) 
X10 gauss/psi= — (9.75+0.18)X10~* gauss/atm and dT,/dP 
= — (4.09+-0.08) x 10-° deg/atm. 
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The quantity B in Eq. (13) is defined as 


H,(dT./dP) 
B —_ 


~ T.(dHo/dP) 


Substituting experimental values yields B=0.545+0.037 
from the data of the present work, and B=0.580+0.041 
using the data of the earlier measurements. The cumula- 
tive effect of experimental uncertainty in the quantities 
used in the calculations has magnified the uncertainty 
in B to a point where the errors overlap. Under the 
circumstances, it seems reasonable to use the average 
value of B=0.562, which is what was done in computing 
curve I in Fig. 7. The average value of dT ./dP becomes 
— (3.97+0.10) XK 10~° deg/atm. 

(c) Derivation of (1/y*)(dy*/dP) from the H.-T-P 
surface. The internal consistency of our representation 
of the H.-T-P surface for Pb may also be exhibited by 
calculation of (1/7*) (dy*/dP) from (10). By comparison 
of coefficients in (6) and (9) it is seen that 


A,=Hya,/T?. (15) 


The quantity (1/A:)(dAi/dP) may be evaluated by 
differentiation of (15) and inserted in (7) to give 


(1/y*) (dy*/dP) = 2[(1/Ho) (dH o/dP) 


—(1/T.)(dT./dP) |\+(1/a;)(da,/dP). (16) 


According to (10) we set da,/dP=0, and substituting 
the average of the (dT./dP) values from the previous 
section, we obtain 


(1/y*) (dy*/dP) = — (5.88+0.80) X 10-7 (psi), 


which, aside from the appreciable uncertainties involved, 
is within 4% of the value obtained by experimental 
determination of dA,/dP at the lowest temperature. 

It must be emphasized that this agreement does not 
improve the accuracy of our knowledge of the pressure 
variation of y*. It only shows that the assumption, 
da,/dP=0, is consistent with the best experimental 
determination of (dA,/dP). A more rigorous experi- 
mental test of the pressure independence of a; encounters 
the same problems and is, in fact, identical with the 
problem of more accurate measurement of (dA,/dP). 


4. Comparison with Other Measurements 


Values of (0H./dP)r may also be deduced from 
measurements of the change in length which occurs at 
the superconducting transition. Results of such meas- 
urements on Pb have been previously reported by other 
workers and are listed below for comparison. 

Olsen and Rohrer report” 


(dH\/dP) = — (6.4+0.3) X10-* gauss/atm 
(0H ./dP)r.= — (11.2+1.0) X10 gauss/atm 


0 J. L. Olsen and H. Rohrer, Helv. Physics Acta. 30, 49 (1957). 
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while Cody gives” 
(dH /dP) = — (9.23+0.5) X10 
(0H ./dP)7r.= — (11.041.1) X10 gauss 


gauss 


As described above we obtain 
(dH)/dP) = — (7.9040.21) xk 10 
(0H ./0P)7.= — (9.45+0.30) X 10 


gauss/atm 
gauss/atm, 


where the latter value is obtained by averaging the 
values of (0H ./dP)r, from the two available measure- 
ments of the pressure effect near 7... 

The values derived from the length change observa- 
tions are obtained by extrapolation of data observed in 
the temperature range from about 1.5 to 4.7°K, using 
the relation (0H./dP)ry=a+0bf, where a and b are 
experimental constants. While the best available ex- 
pression for f(t) of Pb which was used in (14) shows 
small departures from a linear dependence of (8H ./dP)1 
upon /*, such deviations are beyond the limit of accuracy 
of any experimental measurements undertaken thus 
far and thus (0H./dP)r=at+bf is an adequate 
approximation. 

Comparing values of dH)/dP, the agreement between 
the present directly measured values and those deduced 
from length changes is fair. Olsen and Rohrer’s value is 
about 19% smaller, while Cody’s value is about 15% 
larger than our value. The temperature dependence 
of (0@H./dP)r is roughly indicated by the ratio 
(0H ./dP)7./(dHo/dP) which has the value 1.76 from 
Olsen and Rohrer and 1.20 from Cody. The average 
value obtained from curve I of Fig. 7 is 1.20 which 
agrees very well with Cody’s result though not with 
Olsen and Rohrer’s. 

We believe that the values obtained from our direct 
measurements are more reliable than those deduced 
from the length changes. However, it must be realized 
that the length change in the superconducting transition 
is extraordinarily small (AL/ZL~10~") and therefore 
very difficult to measure with precision. In view of this, 
we think that the agreement between the two types of 
measurement is remarkably good. 


IV. DISCUSSION 


The experimental values for lead, expressed in terms 
of both pressure and volume derivatives, have been 
collected in Table I. In converting the observed pressure 


TABLE I. Summary of results. 





(d InX/dP)X10-* 
(atm) 


d\nX/d Inv 


+5.90+0.16 
+3.31+0.09 
+4.97+0.92 


—9.85+0.26 
—5.53+0.15 
—8.31+1.54 
+2.79 





1G. D. Cody, Phys. Rev. 111, 1078 (1958). 
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derivatives to volume derivatives the value, «= 1.67 
X10-* per atm, calculated from the elastic constants,” 
was used for the compressibility of lead. The derivatives 
of the Debye temperature for lead, 0p, are computed 
from the work of Dheer and Surange.* 

These experimental data may be used in the formulas 
of the BCS theory to determine the pressure variation 
of V, the BCS interaction parameter. However, in 
making such a calculation it must be recognized that 
Pb is a special case among the superconducting elements 
for which the original BCS treatment of the cutoff fre- 
quency is probably incorrect. For this reason it is pre- 
ferable to work from the BCS theoretical expression 

valid at T=0°K instead of Eq. (1).% Although Eq. (1) 
expresses the same result at 7., it implies a law of 
corresponding states between superconducting elements 
which is known experimentally to be invalid for Pb.” 

From BCS’s Eq. (2.42) we write 

H2/8~~2N (0) (hw)? exp[ —2 


N(O)V}. (17) 


Differentiating and replacing [dlnN(0)/dP]_ by 


(d Iny*/dP) we obtain 


d\lnV 


d InHo 
(O)V F 
dP 


dP 
d Iny* 


dP 


d |ny* 


—0.5— 


d ~~] 1 
8) 


dP dP 


Evaluating (18) from the experimental data [and, for 
reasons discussed below, using \ (0) V = 0.66] we obtain 
d InV/dP=3.4X10~* per atm (or d InV/d Inv= —2.04). 
With the same value of V (0) V, an analogous calculation 
proceeding from Eq. (1) gives the result dlnV/dP 
= 2.8 10~° per atom which is not significantly different 
from the result of (18). 

It is difficult to place limits on the precision of our 
calculated value of (d InV/dP). Because of the present 
inadequacy of the theoretical understanding of Pb, there 
is doubt regarding a suitable value for VN (0)V. The value 
N(0)V =0.41, obtained by solving Eq. (1) using experi- 
mental values of 7. and 6p, implies a cutoff frequency 
corresponding to 0.75@p. For the case of Pb, estimates 
based on lifetime effects®® indicate that the cutoff fre- 
quency may be of the order of @p/3 or even less. In 
evaluating (18) we have used Morel’s calculation” for 
Pb, V(0)V =0.66, which corresponds to a cutoff fre- 
quency of 0.36p. A value of N (0)V greater than unity is 
required to reverse the sign of (d InV/dP), the positive 
sense of which is a noteworthy feature of the present 
results. 

The BCS criterion for superconductivity requires that 


2 fF, Goens, Ann. Physik 38, 456 (1940). 
2 PN. Dheer and S. L. Surange, Phil. Mag. 3, 665 (1958). 
poe Bardeen (private communication). 
5 J. Bardeen and J. R. Schrieffer, Progress in Low-Temperature 
Physics, edited by J. C. Gorter (to be published), Vol. III. 
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V be positive, and the application of pressure increases 
V. An increase in V, if acting alone, favors supercon- 
ductivity, and so would shift 7, to higher temperatures. 
However, the change in N (0) must over-ride the changes 
associated with V and @p to produce a net decrease in 
T. if the theory is to be in accord with experiment. 

Morel has described detailed calculations of the pres- 
sure effect?’ based on the BCS theory via Eq. (1). His 
theoretical expressions are not in good agreement with 
the results described above. In addition to predicting a 
negative value of (d InV/dP), Morel’s results are very 
sensitive to the value (dlny*/dp) employed in the cal- 
culation. For Pb he uses a value of about 1.2 10-6 per 
atm deduced from earlier results,” but this is consider- 
ably smaller than the value of the present work. Revis- 
ing his calculations using the experimental values listed 
above does not improve the agreement with experiment. 
Such revision increeses his calculated value of 
(d\n7./dP) from about half the observed value to a 
new result which is 3.8 times larger than the observed 
value. 

A theoretical estimate of the experimental constant, 
B, is possible from BCS’s Eq. (3.39) which is valid at 
0°K, and according to which 


Hea N(O)e?, (19) 


where ¢€o is the energy gap at O0°K. Despite the ab- 
normally large value of ¢9 characteristic of Pb (4.12777 
vs 3.5kT for the BCS theory), it seems likely that ¢o/7T. 
is independent of pressure ; particularly so in view of the 
observed geometrical similarity expressed by (10). If it 
is assumed that ¢9/7. is independent of pressure, (19) 
gives 

Heay*Te. (20) 
[The same relation follows by eliminating common 
factors between Eqs. (1) and (17) since they implicitly 
contain the assumption, ¢o7.=const. However, this 
approach is less fundamental than (19) ]. Differentiation 
of (20) leads to the following expression 


d\nT,/dP 


B=——_——_ = 1-- (0.5 
d |InHy/dP 


d Iny*/dP 


(21) 
d InH /dP 
Substituting experimental values in (21) gives B(calc) 
= 0.58 which is in very good agreement with the directly 
measured value, B(exp)=0.562. 

We turn now to the effect of pressure upon *. In 
general”® 


= 5k’ N (0), (22) 


where & is Boltzmann’s constant. From Eq. (22) {which 
was the basis for the replacement of [d InN (0)/dP] by 


*° P. Morel, J. Phys. Chem. Solids 10, 277 (1959). 

27 1). M. Ginsberg and M. Tinkham, Phys. Rev. 118, 990 (1960); 
P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 

*8 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, England, 1954), Chap. VI. 
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(d Iny*/dP) in (18)}, we obtain 


d InN (0)/dP=d Iny*/dP= —8.31X10~* per atm. (23) 


This result is very different from that expected from the 
free-electron model, according to which N (0) « nt, where 
n is the number of electrons per unit volume. However, 
in general, 

d |nn/dP 


—d \nv/dP=k, (24) 


where » is the molar volume and « is the compressibility, 
and so the free electron model predicts 


[d InN (0) ‘dP \te. el. * 3(d Inn/dP) 
=«/3 


™~+5.6X10~' per atm, (25) 


a result 15 times smaller than the measured value and 
of the wrong sign. The implication is clear that the 
free-electron model is not very satisfactory for dealing 
with the pressure effect in the case of Pb. 

Consider now a density of states curve having the 
shape near the Fermi energy as suggested by Gold.” 
On the basis of Steele’s measured values of the absolute 
thermoelectric power of Pb,® Gold obtains 


1 ON(E) 
- ) — 0.90 per ev, 
N(Ep) dE EF 


(26) 


where N(E,) is the density of states for both spins, 
i.e., N(Er)=2N(0). The Fermi energy, Fr, is defined 
by the equation 


f N(E\dE=n. 


Differentiating (27) with respect to pressure 


dn Er 9N(E) dEp 
ea? m= f — dE+N(Er)— 
dP oP dP 


(27) 


and, solving for (dEr/dP), we obtain 


dE, nk ] Er 9N(E) 
(—) - . J dE, 
dP N(Er) N(Ep) oP 


73 (1960 
1951 


2 A.V. Gold, Phil. Mag. 49, 


mM. ( 


*. Steele, Phys. Rev $1, 262 
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A detailed calculation is required to evaluate 
[AN (£)/aP], but, as a rough approximation, we shall 
take it to be zero. We thus obtain from (20 


dEr nk 
_~- = 5.15<10-5 ev 


rc (30) 
dP N(Erp) 


atm, 


where we have used the values, V(Er)=1.30 per ev 
per atom from the value of y given by Decker” and 
n=4 per atom. 

A general expression for the pressure variation in the 
density of states at the Fermi surface is 


dN(Ep) (~~) (— ~) dE p 
———= |[ - i ’ 31) 
dP oP EP dE Ep dP 


According to the present approximation [dN (£)/dP | 


=0, and so we finally obtain 


d |InN(Ep) 1 (= dE; 
dP N(Ep) OF ), p dP 


—4.6X10 


per atm 


upon inserting the values from (26) and (30). 

The approximate result in (32) compares reasonably 
well with the experimental value of —8.31X10~® per 
atm. Moreover it can be seen from (29) and (31) that 
the effect of including the neglected [AN (£)/dP | term 
would make [dN (Er)/dP_] more negative. Since pres- 
sure decreases the interactomic distance and therefore 
broadens the energy bands, it is to be expected that 
[AN (E)/dP] is negative. It is thus possible that an 
improved calculation will result in still better agreement 
with our experimental result. 
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It is shown that there is a class of graphs of the Ising model (or Heisenberg model for T>Tcurie) which 
is comprised of cycle graphs plus some excluded volume effects which sum to the spherical model. The 
spherical model, suitably generalized for T<Tcurie, was conjectured in a previous work to be the high- 
density limit of the Ising model, correct to 1/z, where z is the number of spins in the range of the exchange 
potential (not restricted to nearest neighbor interactions). zt measures the range of the exchange potential. 
This is now proved by examining the omitted graphs. The error is shown to be O(1/2*). 


I. INTRODUCTION 


N this paper, we examine and justify the conjecture 

of the validity of the spherical model to O(1/z) 
which was set forth in a previous work’; z is the number 
of spins in the range of the exchange potential (not 
restricted to nearest neighbor interactions). We first 
show that the spherical model corresponds to the 
summation of cycle diagrams, with a certain class of 
errors of excluded volume included. Then, it is shown 
that the class of graphs which is omitted is higher 
order in 1/z, completing the proof. 

It is rather remarkable that a model first proposed on 
grounds of simplicity? alone does in fact correspond to 
a well-defined approximation to a certain physical 
model. The spherical model apparently possesses many 
of the analytic features of the Ising and Heisenberg 
models in a qualitative and semiquantitative way. 
Further, it offers the possibility of a first-order approxi- 
mation about which one can develop a more exact 
theory. In the text it is shown that the spherical model 
in fact generates a very convenient propagator which 
includes in a rather accurate way spin-spin correlations. 
All graphs not included in the spherical model are 
conveniently reduced to simpler graphs in terms of 
this propagator alone. Finally, it has been shown 
recently that a simple extrapolation from quantum spin 
waves to the spherical model Curie point can be formu- 
lated.* The validity of the extrapolation rests on the 
above estimate in 1/z. 

We first discuss the error in the remark of I, that 
cycle graphs with no excluded volume effects included 
are the 1/z graphs.‘ We confine ourselves for the 
moment to the case T7>T,. For (T—T,)/T.<1/z, then 
cycles of order z start to contribute in an important 
way to InZ and as T—> T,, cycles of arbitrarily high 
order contribute. Now if a cycle has order <z, it is 
clear that the number of configuration for which 


* This work has been supported in part by the Office of Naval 
Research. 

t Albert J. Sloan Fellow. 

1R. Brout, Phys. Rev. 118, 1009 (1960); hereafter referred to 
as I. 

2 T. Berlin and M. Kac, Phys. Rev. 86, 821 (1952). 

3 F, Englert, Phys. Rev. Letters 5, 102 (1960). 

‘TI owe this remark to Professor Michael Cohen of the Uni- 
versity of Pennsylvania. 


excluded-volume effects are important is small. This 
was the basis of the classification of such graphs as 
O(1/2*) and smaller in I. Hence the reasoning in I is 
correct for (T—T.)/T.>1/z and the results quoted 
there are correct in this temperature range (precisely 
the temperature range where the problem of incon- 
sistency of I-Sec. IV did not arise). However, for large 
cycles of order >z, the number of configurations where 
mistakes of excluded volume arise becomes very large 
and in fact soon dominates the 1/z effect due to a 
restriction on summation. In other words, the number 
of cycle graphs with dashed line insertions dominates 
the 1/z effect due to restrictions. Thus for (T—T,.)/T. 
<1/z, the classification of I breaks down and it becomes 
necessary to evaluate excluded-volume graphs. It is 
rather remarkable that the requirement of a consistent 
treatment of the 1/z term, taking into account excluded 
volume, gives rise to a consistent theory of the Curie 
point in that the Curie points found from above and 
below coincide. 


II. SPHERICAL MODEL AND EXCLUDED- 
VOLUME EFFECTS 


We first show how the spherical model accounts for 
the excluded-volume effect mentioned above, in a 
qualitative fashion. The most convenient formulation 


of the spherical model is in the two equations of I, 
Eqs. (5.10) and (5.11) 


(1/N)>)«{1—B[0(q)—6]} “= 1, 


$= —2E/N, 


(2.1) 
(2.2) 


which supply an equation for the energy GE in terms of 
the quantities 6v(q). This is most easily obtained by 
writing Eqs. (2.1) and (2.2) as 


~28E=¥ ¥ [8/(14+-26|E|/N)]*Co(q)}*. (2.3) 


q n=2 


Solving Eq. (2.3) iteratively then gives the power 
series in 8 for BE(8). We now note that the sum on 
cycle diagrams without excluded volume effects gives 
for BE [I—Eq. (4.1)] 

—2BE=> ¥ B"[v(q) ]*. 


q n=2 


(2.4) 
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Fic. 1. Cycle diagrams to fourth order. 


Thus the effect of the spherical model is to suppress 
the contribution of the mth cycle by a factor of 
(1+28|E|/N)-* as compared to the simple result 
(2.4). (Recall BE <0.) 

Now in I, it was shown that at T=T,, we have the 
order of magnitude 6.E/N~O(1/z) and for T>T-,, 
BE decreases with increasing 7. We then see from (2.3) 
that for (T—T.)/T.<1/z, where BE/N=O(1/z), the 
higher order cluster contributions (m>z) are indeed 
given an appropriate suppression factor, whereas for 
n<z the suppression factor is relatively unimportant. 
For (T—T.)/T.>1/z, then BE/N —0 quite rapidly 
and the suppression factor (1+28|E|/N)-" becomes 
decreasingly important. This is the range of good 
convergence and only cycles for »<z contribute in an 
important way; hence the suppression factor need not 
play an important role. We then see that the spherical 
model expresses in a qualitative fashion the remarks 
made in the introduction. 

We now will prove that the spherical model sums 
the class of graphs of the Ising model (or Heisenberg 
model for T>T.) which comprises cycles plus all dashed 
line insertions in configurations such that the dashed 
lines do not cross. 

Before constructing the formal proof, we shall indi- 
cate the likelihood of the truth of the theorem by 
power series methods. Solving (2.3) for BE as a power 
series in 6 gives the following result. We abbreviate 


{o")= (1/N)X [v(q) J". 
—2BE/N= ¥ anf", 


n=2 


(2.5) 


a2= (0); a3= (v*) 

a= (v*)—2(0*)(0?); as= (08) —5(2*)2*) 

ag= (0°) — 6(0")(v*) — 3 ((v*))?+-7 ((0*))8 

az= (0”) — 7(v){0?) — 7(*)(0*) + 28(0?)(0*)(0*) 

aa= (0*)—8(08)(*)— 8(08)(82)— 404) 
+36(2#)(08) ot) + 36408) (02)0*) — 30((22))* 


a2 and a3 are two- and three-membered cycles given by 
Figs. 1(a) and 1(b) for which there are no dashed line 
insertions possible. a4 is the sum of contributions of the 
cycle graph on four vertices with all mistakes included 
(no dashed lines) plus the two possibilities with diagonal 
lines. These are Figs. 1(c), 1(d), and 1(e). Figure 1(f) 
is not included. Rather than go on with the tabulation, 


(a) (b) (c) 


Fic. 2. Contributions 
to the term ((v*))* in a 
sixth-order cycle. 
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we pick one more sample case. We shall give the 
diagrams which contribute to the factor 7((v?))® in ag. 
These are Figs. 2(a), 2(b), and 2(c). There are six 
Figs. 2(a), three Figs. 2(b), and two Figs. 2(c) of 
opposite sign from 2(a) and 2(b). 

We make one more point here. It has been stated 
that all graphs whose dashed lines do not cross are 
included in the spherical model. All such graphs are 
calculable by convolution, giving rise to the a, coeffi- 
cients of (2.5). This is not to say that all graphs 
obtainable by convolution are counted by the spherical 
model. Thus in eighth order, Fig. 3(a) is included and 
3(b) is not included even though both have the same 
value. This is discussed in detail in Sec. III. 

Now we turn to the formal proof.' It is our aim to 
evaluate the contribution of certain cycle diagrams to 
BE for T>T-,. This is given by 

a 


—2BE/N= >) B*™! S! o(103)0(iyte)- + -v(in1). 


n=] ij-+-+tin 


(2.6) 


The prime over the second summation means that the 
sum is over those cycle graphs which have dashed line 
insertions with no crossings. In what follows we shall 
consider as distinct each one of the ! orderings of the 
indices i;-+-i, (so that the reflection symmetry of a 


Fic. 3. Contribution to 
an eighth-order cycle. (a) 
Contributes to spherical 
model. (b) Does not con- 
tribute to spherical model. 


(a) (b) 


) 


cycle is given up). Define the “irreducible” quantity 
8, as the total contribution from all possible orderings 
of k particles in a cycle of order k+1 with no dashed 
line insertions. The point 1 is considered fixed. Thus 


B= Bh! D [o(1is)-+-0(és1)] 


=k1(1/N)X[60(q) 4. (2.7) 
q 


Define a “reducible” quantity 6; as the total contri- 
bution of all cycles of (/+1) particles (with the position 
of particle 1 fixed) including all insertions of dashed 
lines such that the dashed lines do not cross. With 
this definition 
b=B 1! S’ o(14;)-+-v(i;1),  bo= 
we 


t tl 


(2.8) 


where the prime means the same here as in (2.6). 
We have according to (2.6) 


—28E/N=>(b,/1!). 


l=] 


(2.9) 


Now consider a given graph contributing to bz. For 


5 The work here is inspired by the recent elegant combinatorial 
approach to statistical mechanics of E. E. Salpeter, Ann. Phys. 
5, 183 (1958); and E. Meeron, J. Phys. Fluids 1, 139 (1958). 





STATISTICAL 


the moment we take graphs which are comprised of a 
“skeleton” irreducible part comprising k vertices (k <L) 
and the particle 1 plus reducible parts which are 
articulated on to each one of the vertices. A convenient 
graphical notation is obtained by drawing a set of 
vertices connected by dashed lines as a single vertex 
corresponding to the fact that a dashed line is a 6 
function. For example, in the new notation Fig. 4(a) 
becomes Fig. 4(a’), Fig. 4(b) becomes 4(b’), and Fig. 
4(c) becomes Fig. 4(c’). In this new notation, we draw 
for example a contribution to b,; for L=11 in Fig. 5(a). 
For this case we have k= 4. To vertex (1) is articulated 
no cluster. To vertex (2) is articulated two clusters of 
orders two and three (/=1 and 2, respectively). To 
vertex (3) is articulated no cluster and to vertex 4 is 
articulated one cluster of order five (=4). The total 
contribution of such a configuration to 6; is obtained 
by summing on all possible contributions which have 
the form of Fig. 5(a). For example one would add Fig. 
5(b) to Fig. 5(a). The result of this grouping is to 
convert each of the figures articulated on to the vertices 
of an irreducible skeleton into a sum of reducible 
graphs. Thus, associated with such a particular articu- 
lated portion of / points, in addition to the vertex of 
the irreducible skeleton itself is a factor —d;. 

We now calculate the total contribution to bz due to 
a particular splitting up of the Z particles with k 
particles in the irreducible skeleton (in addition to the 
given particle 1), /,' particles grouped into a cluster of 
order (/,'+1) articulated to vertex 1, /,? particles 
grouped into a cluster of order (/,2+1) articulated to 
vertex 1, ---/,”' particles grouped into a cluster of order 
(ly"+-1) articulated to vertex 1, - - -/;/ particles grouped 
into a cluster of order (/;/+1) articulated to vertex i 
(i=1, 2, ---, k+1); the superscript 7 labels which 
cluster articulated to 7 is in question. 

We write down the answer to this problem and 
justify each factor in the succeeding paragraph. 


CL! ke — bi; — bi,” 

2th ft). 

ki i= 1}! 1;%! 
The factor [L!/k![],(J2!)---(*!)] is merely the 
number of ways to achieve the grouping in question. 
The factor 8; is the contribution from the & skeleton 
particles and particle 1. Each of the factors —61,? is 
the contribution from the articulation of an (J;/+1) 
cluster on to point 7 in the skeleton. The factor g; is a 
further combinatorial effect describable as follows. On 
to vertex 7 a certain number »; of clusters are articu- 
lated. These are of various orders 1; (j=1, ---»;). Let 
there be m;,‘ clusters for which /;/ is 1, me‘ clusters for 
which /;/ is 2, etc. Then 


(2.10) 


v4 
> ms=. 


j=l 


The number of ways to articulate these clusters on to 
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Fic. 4. New notation for 
dashed line graphs. 


(c') 
point 7 is g;: 
gi(lA, +++, 1%!) =v;!/myt!- + -my;*l. 


(2.11) 


We now calculate the factor which arises from all the 
graphs for which there are »; clusters articulated on to 
point i. This is clearly 


0 w — bi; — bi," 
| ioe © gl he) ( ~).--(—*). (2.12) 
Ij'=1 1"*=1 L;’! 1,7*! 


Making use of the fact that (2.11) is the multinomial 
coefficient, (2.12) is easily summed to 


(—1)"*{¥ b,/l! = (—1)*(28| B| /N)%. 
l=] 


Hence the sum of all clusters articulated on to the 
vertex 7 is 


14+3(—1)'(28|E|/N)"=[1428|E|/N}. (2.14) 


Thus the sum of all diagrams whose skeleton diagram 
is of order k where there are all possible diagrams 
articulated on to each vertex i (i=1, ---, k+1) is 


B,/k1[1+26| E| /N TO, (2.15) 


Summing on & we find 


—2BE/N= > B.1+28| E|/N}- 


k=1 


= ¥ YL[60(q)]}"/[1+28/E|/NP*, (2.16) 
n=2 q 


thereby proving the theorem. 


























(a) (b) 


Fic. 5. Contributions to 5; for /=1, k=4. 
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Fic. 6. Sample single cross- 
linked graphs. 


SS 


(a) (b) 


From the analysis of I, Sec. VI, it is seen that this 
proof holds equally well in the Heisenberg model for 
T>T, and zero magnetic field. 

For the Ising model and T7<7,, the work of I, 
shows that the graphs which arise in 1/z are “general- 
ized cycles” which merely changes the spin factor from 
1 to (1—R*)". The spatial factors, however, are the 
same. Since the above work is concerned with spatial 
factors only, we then have found the class of graphs 
for T<T, which corresponds to the generalized spherical 
model with R fixed as given in I. 


Ill. HIGH-DENSITY LIMIT 


We show that cycle diagrams not included in the 
spherical model (i.e., those with crossed dashed lines) 
contribute higher order in 1/z. To understand why this 
is so, consider the general topological configuration of 
Figs. 1(e) and 1(f). It is clear that the space which 
may be covered in 1(f) is considerably less than that 
of 1(e). If z is large, this means that there will not be 
as many of 1(f) as of 1(e). As an example, we will 
first sum all diagrams with one pair of crossed lines. 
Schematically, this is represented by the diagram of 
Fig. 6(a). Between points 1 and 2, there may appear 
arbitrarily many bonds and dotted lines. The sum of 
all such diagrams is equivalent to the evaluation of 
(ue) in the spherical model where 2 is at a given 
distance from 1. We call this function gis. Its value is 
[see I, Eq. (5.10) ff. ] 

812= 24 g(a) expliq: (Ri— R2) J, 
g(q)=8v(q)/[1—Bw(q) ]; 
This is slightly different from the value given in I, 
where g(q)=1/[1—fw/(q) |]. The expression (3.2) has 
the constant 1/(1+ 8) subtracted from this value. 
This only affects gi2 at R=0 which is not pertinent to 
the present calculation. For the case R= Rp, it is easy 
to see that diagram 6(a) goes like (@E)*(dBE/dg) 
=0O(1/z*). The value (3.2) is the one directly obtained 
by graph summation and is the more appropriate one. 
The evaluation of the energy=>°,[¢(q)v(q)] is not 
affected by which form is adopted since }-»(q)=0. 

It is proved in the Appendix that diagram 6/(a) 

gives a contribution to 28E/N equal to 


>: B(0g12/ 08) g21g12821= (8/4) (0/08)>2 £12". 


This is conveniently evaluated by Fourier transforms. 


(3.1) 
w(q)=2v(q)—6. (3.2) 


(3.3) 


58 Nolte added in proof. The argument given in I is only correct 
for simple cycles. Once indices duplicate, there are commutator 
problems which render the above statement incorrect as it stands. 
A more complete report on this problem and its relation to spin 
wave interaction will be forthcoming. 


Accordingly we analyze g(q) given by (3.2) at T=T, 
since the maximum value of all functions is attained 
at this temperature. At T=T., the behavior of g(q) is 
given by 


g(q)~B.0(0)/z'g?~ 1/z!¢°, 


q| <z7}; (3.4) 
q 


> b (3.5) 


g(q)~0, 
and in configuration space, since g(R=0)= 86, we have 


R<z2!; 


R>3z?. 


(3.6) 


(3.7) 


g~l Z, QO: 
g~1/z2!R, 


We may similarly analyze 80g,./08, the Fourier trans- 
form of which we call g’(g). This is shown in the 
Appendix to be 


; B.v(q) 
g’(q) =8o(q)/L1—Bw(q) P ~ 


r 


[v(0)—»(q) 2 
T=T,. (38) 


It appears from (3.8) that g’(q) has an infrared diver- 
gence at g=0. This would be serious, but is avoided 
because of the saddle-point condition of the spherical 
model in the following way. Consider an integral of 
the form / f(q)g’(q)dq such that f(¢=0) exists. The 
saddle point condition is 


1=(1/N)>_[1—Bw(q (3.9) 


which upon differentiation is 


>  08w/q)/a8 )/[1 


(3.10) 
Now 


im [dBw(q)/d8 |= v(0) — (085/08) =a+0. 


| (3.11) 
B-Be 


The infrared divergence of (3.10) cancels out. We then 
see that a subtraction procedure is available: 


Bv(q) 
[rosa = f — ——dq 
[1—Sw(q) P 


dg 
-{— ————{B»(q) f(q) 
[1—Bw(q) P 


— [Br (0) f(0) a |(0Bw(q) 0B)}. (3.12) 


Since we generally will deal with f(q) an even function, 
the curly bracket in (3.12) is of O(g’), thereby can- 
celling the infrared divergence. Thus as far as order of 
magnitude arguments at small g (large R) are concerned, 
it suffices to replace 8dg/08 by g since the property 
(3.4) and hence (3.7) holds for the former as well as 
the latter quantity once the subtraction procedure is 
adopted. At small R, however, this is not the case, 
since as seen from (3.12), v(q) is no longer a factor; 
hence there is no cutoff at gq=O(z~“). 

With the above remark, we first calculate >°2 gis! 
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and then discuss the appropriate modifications to 
evaluate (3.3). Using (3.6), we have® 


1 


~ 


J dR/R?~1/2°. (3.13) 
zt 


For the calculation of g12°(dgi2/d8), the above discussion 
has shown that the second term is 1/2’; however, at 
small R we have @(dg/d8)=>_, Bv(q)/[1—Bw(q) F. It 
is difficult to evaluate this expression exactly ; however 
it certainly varies between O(1) and O(1/z), probably 
more likely being of O(1), like the specific heat. This 
is obtained from the use of (3.12) with f(q)=6v(q), 
the upper limit of this integral being independent of 
z, we expect O(1). We then find 


ye B(dgi2, ‘dB)gi2>~O(1/2"). (3.14) 


We now proceed to sum all graphs of the form (6b). 
In the Appendix these are shown to be 


- ¢) 


pa (—1)"4 > (dgiiy dB) giyigiyi?* + + int”. (3.15) 


Again we first will study 


ao 


} (—1)** 2% Qlir’* + + Zin? 


i=l 


and then show how to modify this to obtain an estimate 
for (3.15). Let the Fourier transform of gi? be G(q); 
then we have 


LY (-1)""! LY gi’ + gin’ =— LD L (—1)*G*(q) 


1 
n=l it-++in N q n=2 


= (1/N) Do, @(a)/[1+G(q)]. 


From Eqs. (3.6) and (3.7) it is seen that the function 
[1+G(q) } is well behaved for all q and G(q) is higher 
order than 1/z. Because of this, it may effectively be 
replaced by unity and the estimate (3.13) applies to 
(3.16). A check on this statement is made by noting 
that for small g we have G(q)~ (1/qz**). Substituting 
into (3.16) and integrating to z~ gives (1/2*)[1+ (1/2) 
XIn(1/z)]. Further, for small R, g?(R)~1/2*, so that 
for g>z?, there can be no trouble either. Finally the 
discussion after (3.13) still holds for the present case 
and therefore leads to the statement that the sum of 
all graphs of type (6b) is O(1/2*). 

The next set of cycles to consider is that of Fig. 7 
with two sets crossing. Unlike the set of Fig. 6 this set 
cannot be summed analytically. However, the following 
argument applies. Introducing one more crossing as in 
Fig. 7 introduces two extra g factors and one extra 
integration. From our previous experience (e.g., Eq. 


(3.16) 


6 We replace all sums by integrals. This is permissible to 
calculate orders of magnitude. The lower limit in (3.13) should 
be the lattice distance rather then zero. This also however, does 
not affect the estimate. 
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s. 7. Sample double cross 
linked graph. 


3.13) it is seen that each factor g introduces a factor of 
1/z and each integration a factor of z. Hence Fig. 7 
will introduce one extra factor of 1/z compared to 
those of Fig. 6. This argument continues—the more 
crossings, the higher the order in 1/z. 

Other diagrams which should be reconsidered are 
those which are not included in the cycle approximation. 
For example, there are the ladder diagrams of reference 
I (e.g., Fig. 4(d) of I). Summation over these ladders? 
replaces the function §2;; by tanhBv,; <8v;;+0(1/2) at 
8=8,. Hence these can be neglected. Similarly there 
are diagrams like Fig. 8 which itself is obviously higher 
order in 1/z. Such diagrams have the same topological 
structure as diagrams with crossed dashed lines [i.e., 
Fig. 8 and Fig. 6(a) have the same topological struc- 
ture |. Since it has been shown that the order of magni- 
tude of the crossed dashed lines is of higher order in 
1/z, it follows that the same is true for the graphs of 
overlapping cycles, of which Fig. 8 is an example. 

Finally we return to the point made earlier: that 
some graphs in the spherical model are included while 
others of the same magnitude are not [e.g., Figs. 3(a) 
and 3(b)]. From the derivation in Sec. II, it is seen 
that the set of graphs for which more than one reducible 
cluster is articulated on to a vertex of the irreducible 
skeletons changes the factor (1—28E/N)* to (1 
+28E/N)-*. However, since 8E/N~O(1/z), this is an 
unnecessary refinement. In fact the energy need only 
be calculated to 1/z in order to get the Curie point to 
1/z; ie., if the suppression factor is (1—28|E|/N) 
rather than (1+28|E|/N)~ we would obtain kT, 
=v(0)[1—2E/NkT. -[0(0)—2E/N+0(1/2*)] where 
2E/NkT, need only be calculated to O(1/z). However, 
it would be more consistent to calculate BE to O(1/2?) 
in the spherical model in order to exhibit the same 
singularity for all thermodynamic functions. With this 
thought in mind we now observe that Fig. 3(a) con- 
tributes to a refinement of the spherical model in 
O(1/z*). Hence it did not have to be used in the high- 
density proof. All that is claimed is that the coefficient 
of 1/z in the spherical model is the same as the coeffi- 
cient of 1/z in the Ising (or Heisenberg for T>T,) 


Fic. 8. Sample overlapping 
cycles. 


7 In fact this is the basis of the method of Kac and Ward on 
the two-dimensional Ising model [M. Kac and J. Ward, Phys. 
Rev. 88, 139 (1952). 
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model. On this point, it is a matter of indifference 
whether Fig. 3(a) is included or not. 

In reference I, a considerable issue was made about 
the fact that the Curie points did not coincide when 
obtained from above (divergence in C,) or below 
(confluence in root of R=0 or alternatively divergence 
of x). In the Gaussian model this relative discrepancy 
was O(1/z). We now see that the spherical model 
guarantees kT, to O(1/z) and thus we have the right 
to demand of it that there be agreement to O(1/z). It 
is the virtue of the spherical model, that it sums just 
those terms of higher order in 1/z to lead to perfect 
agreement. However, the value of kT. so obtained 
should still be regarded as having a relative error in 
1/2. Further, the singular analytic behavior of thermo- 
dynamic function for finite 1/z is by no means guaran- 
teed by the spherical model since the coefficient of 1/2? 
may have entirely different analytic properties at 
T=T, from the coefficient of 1/z. Even for small 1/z, 
it is possible that sharper singularities in the coefficient 
of 1/2? and higher orders might dominate the term in 
1/z very close to the Curie point. 

One final point is the necessity of having to sum 
cycle diagrams in the order given in the paper. Had 
we first not taken the spherical model diagrams, but 
rather only cycles with no excluded-volume effects 
included (Gaussian model), then the infrared divergence 
of (3.8) could not have been eliminated. We would have 
been led to a spurious infinity in the same way that the 
Gaussian model leads to infinite C, at T=T7,. The 
elimination of this infinity comes from the no-crossing 
rule regrouping. The very fact of the convergence ob- 
tained in this manner leads one to conjecture on the 
mathematical necessity of the type of regrouping con- 
sidered here. In any one’s confidence in the 
spherical model is enhanced thereby. 


case, 


APPENDIX 


Consider a special diagram of the form Fig. 6(a), 
such that between the vertices connected by dashed 
lines there are m, m2, m3, and m4 vertices in all orders 
where m#~n2~n3~n4. The total number of ways to 
lay the crossed lines to pick up all such splits is the 
number of ways to lay down, say point 1 (where by 
definition , is the number of points to the right of 1), 
multiplied by the number of ways to arrange the other 
three groups. Thus 


[Number of crossed line graphs splitting a cycle 


intO m1, M2, M3, M4] =3!(my+me+m3+m,4). (A.1) 


This combinatorial factor is multiplied by the contri- 
bution of each of the segments, i.e., m, factors of 
Bv/(1+ 6) from 1 to 2, etc. Now the number of ways 
that such factors come up in (0g12/08)gosgsagai_ is 


BROUT 


calculated as follows. If 2; factors come up in 0g12/08, 
this gives a factor m, from differentiation of 8™ (it is 
understood that 6 is not to -be differentiated); the 
distribution of mo, 23, m4 in the remaining factors comes 
up in 3! ways. Similarly for m2 factors in 0g12/08, etc. 
Thus (A.1) is accounted for. 

Similar arguments are easily carried out if two or 
more of the m,’s are equal. For example, if two m,’s are 
equal, the number of dotted line configurations is 
3(2n+-n2.+n;). The number of ways that this distri- 
bution comes up in (0g12/08)gosgsagai is calculated as 
follows: For n bonds in 012/08, the total number of 
ways to achieve this is 3! which is then multiplied by 
M2 OF M3, respectively. The result on adding is (3!n) 
+3(ny+nz2). 

Clearly the applies for general 
diagrams of the type Fig. 6(b). Here the number of 
ways to lay down configurations for arbitrary splits 
{n} is (X:-1’ n;)(v—1)! for v segments and all n 
different. This is the factor arising in 
(0g12/08)---g,, from such splits. For some m; the same, 
it is easily verified that the result is still valid. 

We complete this Appendix by proving Eq. 
We have, on summing spherical model graphs, 


£12(q) = (1+-85)-*[ Bv(q)+Bv(q 
= [Bv(q)/(1+88) ](1/[1—Bw/q 


Remembering however, that for the graphs in question 
with various g;; attached to one another, that the 
common vertex has only one set of articulated reducible 
parts, not two. 

Hence one should only articulate reducible graphs 
on to one end of a g bond and not to each end as in 
(A.2). Therefore the result (A.2) must be multiplied 
by (1+ 6). Finally we must differentiate the result 
with respect to 8, ignoring however the dependence of 


86 on B. 


Same argument 


prec isely 


(3.8). 


1+-86)—'B1 q)+---] 


|}. (A.2) 


Bdgy2/dB=[Bv/q)/ (1+ 85) ]+2[B0(q)/ (1+ 86) P+--- 
= (1+ 5)8v(q)/[1—Bw(q) P 
= Bv(q)/[1—Bw(q) P[1+0(1/z) ]. 


It is the form (A.3) that is used in the text. 
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Far-infrared cyclotron resonance absorption in n-type InSb has been measured to determine the variation 
of the conduction electron effective mass with magnetic field. At high magnetic fields the absorption was 
resolved into a strong line with a weaker satellite line at lower photon energy and a broad, weak absorption 
at still lower energy. The interpretation of this structure in terms of the conduction-band properties of InSb 


is discussed. 





1. INTRODUCTION 


ICROWAVE cyclotron resonance absorption’ in 
InSb was observed by Dresselhaus et al.,! who 
determined the conduction-electron effective mass and 
a heavy-hole effective mass. Burstein, Picus, and 
Gebbie® measured infrared cyclotron absorption and 
reflection in InSb and demonstrated that in the in- 
frared the w.7>1 requirement is easier to meet than in 
the microwave region. Pulsed-magnetic-field cyclotron 
absorption and reflection measurements were performed 
by Keyes ef al.,’ who showed that the conduction- 
electron effective mass increases with increasing mag- 
netic field, an indication of the nonparabolic nature of 
the conduction band. Also, Lipson, Zwerdling, and Lax‘ 
measured cyclotron resonance reflection in the far in- 
frared. A review of work to date on cyclotron resonance 
has been given by Lax and Mavroides.® 
We have measured cyclotron resonance absorption in 
the far infrared from 63 cm™ (1554) to 340 cm™ 
(29 ) to determine the variation of effective mass with 
magnetic field. At high fields, a strong absorption line 
was observed along with a weaker satellite line to lower 
energy, and a broad, weak absorption to still lower 
energy. This additional structure is probably due to 
transitions between various, nonequally spaced Landau 
levels and is discussed in detail in Sec. 4. 


2. EXPERIMENTAL TECHNIQUES 


The NRL Bitter solenoidal magnet has been used to 
obtain steady fields as high as 70 kilogauss. The meas- 
urements have been made at three temperatures, 
300°K, 80°K, and 25°K. For the room-temperature 
measurements the sample was simply taped to a suitable 
frame and inserted into the magnet. For the low- 
temperature measurements the sample, mounted on 
silicon, was attached to the cold copper block of the 


* Now at Hughes Semiconductors Products Division, Newport 
Beach, California. 

1G. Dresselhaus, A. F. Kip, C. Kittel, and G. Wagoner, Phys. 
Rev. 98, 556 (1955). 

2 E. Burstein, G. S. Picus, and H. A. Gebbie, Phys. Rev. 103, 
825 (1956). 

*R. J. Keyes, S. Zwerdling, S. Foner, H. H. Kolm, and B. Lax, 
Phys. Rev. 104, 1804 (1956). 

*H. Lipson, S. Zwerdling, and B. Lax, Bull. Am. Phys. Soc. 3, 
218 (1958). 

5B. Lax and J. G. Mavroides, in Solid-State Physics, edited by 
F, Seitz and D. Turnbull, (Academic Press, Inc., New York, 
1960), Vol. 11. 


47 


Dewar with GE 7031 cement. The effect of sample 
strain on the present data is not known. The sample 
could be mounted, so that the Poynting vector S of the 
radiation field was either parallel or perpendicular to 
the magnetic field H. Sample orientation in the beam 
is shown in Fig. 1. The sample plane was the (100) 
plane. The Dewar was equipped with polyethylene, 
crystal quartz, or CsBr windows depending on the wave- 
length region being surveyed. The sample, an n-type 
piece of InSb with m= 10'®/cm* and u= 267 000 cm?/volt 
sec at 80°K, was glued to the silicon backing with 
cellulose caprate thermoplastic cement and ground and 
polished to a thickness of about 15 microns. 

Two basic optical systems were used, one employing 
a prism or grating monochromator and one employing 
a reststrahlen monochromator. These are shown sche- 
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Fic. 1. Optical arrangements for infrared cyclotron 
resonance absorption measurements. 
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matically in Fig. 1. For the lower frequency infrared 
region where energy is scarce, the reststrahlen mono- 
chromator was used to provide a broad band of energy, 
whereas at the higher frequency where energy is more 
plentiful, a CsI prism or grating monochromator pro- 
viding improved resolution was used. To reduce the 
effects of water vapor absorption, the entire optical 
path was covered with a vinyl plastic tent and the air 
dried with a molecular sieve. 

Two types of measurements were made, fixing the 
wavelength and varying the magnetic field, and fixing 
the magnetic field and varying the wavelength. In the 
high-frequency region, where there is sufficient energy, 
circularly polarized light was used to determine the 
sign of the charge carrier. The proper polarization was 
obtained using a CsI Fresnel rhomb in conjunction 
with a ten-sheet pile-of-plates polyethylene polarizer. 
The orientation of the sample was such that S||H. 

The principal uncertainty in the measurements is the 
average wavelength of the energy passed by the optical 
system when using the reststrahlen monochromator. 
Two or three crystal reflections were employed to isolate 
a narrow band of wavelengths. The average wavelength 
of this radiation was obtained by correcting the energy 
distribution of the source, assumed to be a blackbody, 
by the reflectivity of three reststrahlen plates, and the 
transmission of the crystal quartz filter. The results 
indicated that this average wavelength was not the 
wavelength of the reflection peak or even the center 
of gravity of the reflection curve which is almost sym- 
metrical, but was a still shorter wavelength. The aver- 
age wave numbers of the wavelengths used in this ex- 
periment were KRS-5—64 cm“, CsI—70 cm“, CsBr— 
85 cm, KI—111 cm™, KBr—131 cm™, KCl—164 
cm, and NaCl—192 cm™'. The uncertainty in these 
values is about +2 cm~. 
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Fic. 2. Cyclotron resonance frequency as a function of magnetic 
field for n-type InSb at liquid nitrogen temperature. 
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Fic. 3. Variations of effective mass with magnetic field in 
InSb. The dashed line is the theoretical result from fourth order 
effective-mass theory and the solid line is the theoretical result 
from the simplified Yafet theory. The experimental points are the 
circles. 


3. EXPERIMENTAL RESULTS 


Some experimental results are shown in Fig. 2. Here, 
the frequency of the observed absorption maximum 
obtained at 80°K is plotted against magnetic field. For 
comparison, the curve for a fixed mass of 0.014m is 
shown as a straight line. It is apparent that the position 
of the cyclotron absorption maximum does not vary 
linearly with magnetic field. The curvature is indicative 
of an increasing effective mass in the conduction band. 
Figure 3 is a plot of the effective mass (m*),.x, obtained 
from the data of Fig. 2 from the equation 


(m* exp = eH /we. 


The effective mass so defined is an average mass whose 
theoretical interpretation in terms of the nonparabolic 
nature of the conduction band is discussed in Sec. 4. 
The effective mass ratio is seen to be about 0.0145 at 
the bottom of the conduction band at H=0 and in- 
creases roughly linearly with H. The uncertainty in 
this value is slightly less than +0.001. Figure 4 shows 
some of the absorption curves measured. The curve 
obtained at 80°K is superimposed on the curve ob- 
tained at 300°K to emphasize the change in band shape. 
An idea of the signal-to-noise ratio can be had from 
these curves. Note that the wavelength was fixed and 
the magnetic field varied. The field was changed from 
zero to maximum to zero, and the two ‘“‘mirror image” 
line positions were averaged. Figure 5 shows the ab- 
sorption band obtained at a fixed high field while 
varying the wavelength. The absorption band at room 
temperature was quite broad, the relative transmission 
persisting at about 50% from the short wavelength 
edge to the longest wavelengths studied. The radiation 
used was unpolarized. At 80°K the absorption band 
sharpened considerably and a satellite line was resolved 
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at a slightly lower energy than the main absorption 
line. Also, there was a region of broad absorption at 
still lower energy. The separation of the main line and 
satellite varied roughly linearly with magnetic field, 
although the scatter was too large to establish the exact 
dependence on magnetic field. In Fig. 5 the main line 
and satellite line occur at 337 and 309 cm™ (0.0418 
and 0.0383 ev) at 69.2 kilogauss and 80°K, while they 
occur at 301 and 276 cm™ (0.0373 and 0.0342 ev) at 
62.4 kilogauss and 25°K. Use of circularly polarized 
light indicated that the absorption was due to electrons 
rather than holes. 

As shown in Fig. 5 the low-energy tail of the absorp- 
tion at room temperature is reduced considerably at 
lower temperatures. However, even at the lower tem- 
peratures some structure is resolved in this tail using a 
prism monochromator and high magnetic fields. At 
lower magnetic fields, the separation of the satellite 
and main line is smaller. Consequently, when measure- 
ments were made at lower frequency with these lower 
fields using a KCl reststrahlen monochromator with 
poorer resolution, the satellite line was only indicated 
by a tail in the absorption band and not resolved. As 
shown in Fig. 4 at still lower frequency and magnetic 
field using KI reststrahlen, this satellite structure 
could not be seen, and the absorption band appeared 
symmetrical. 

At 25°K the bands sharpened somewhat with the 
satellite still evident. The broad, low-energy absorption 
was reduced slightly. 

It is interesting to note that Boyle and Brailsford® 
observed two impurity transitions in the same infrared 
region where some of the present data were obtained. 
Their sample was pure enough so that there was ap- 
preciable freezeout of carriers into the two lowest im- 
purity levels below the conduction band. According to 
their work and that of Wallis and Bowlden,’ a strong 
and a weak impurity transition occur near each other, 
forming a strong line and a weaker line to lower energy. 
The weak, lower energy impurity transition should 
have about the same energy as the cyclotron resonance 
transition. Study of their data shows that the weak 
absorption observed by Boyle and Brailsford falls very 
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Fic. 4. Cyclotron resonance in m-type InSb at 111 cm™. 
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Fic. 5. Cyclotron resonance in n-type InSb at various 
temperatures and magnetic fields. 


near the strong cyclotron line we observe. Considering 
the work of Sladek* and Keyes and Sladek,® it does not 
seem likely that there was appreciable freezeout in our 
experiments for the temperatures, magnetic fields and 
sample purities used. 

The principal data presented here in Figs. 2 and 3 
give a liquid nitrogen temperature effective-mass ratio 
of 0.0145 at the bottom of the conduction band. The 
original microwave cyclotron resonance data! at liquid 
helium temperature gave an effective-mass ratio of 
0.013+0.001 near the bottom of the band. The im- 
purity transition measurements of Boyle and Brailsford® 
at liquid helium temperature infer an effective-mass 
ratio of 0.0155 near the bottom of the conduction 
band. We believe that within experimental error, these 
low-temperature mass ratios agree with the liquid nitro- 
gen temperature mass ratio reported here. 

Figure 4 and Fig. 5 give a slight indication that the 
points of minimum transmission for the room tempera- 
ture and liquid nitrogen temperature data do not 
coincide. Some of the other data not shown also suggest 
this. However, since the room temperature lines are 
broad, there is considerable uncertainty in locating 
the transmission minimum. This difference indicates 
that the room temperature effective-mass ratio is 
smaller than the mass ratio at 80°K by about 0.001 for 
all values of magnetic field measured. 

By taking an average of the room temperature data, 
we estimate that the room temperature effective-mass 
ratio at the bottom of the band is about 0.0135 which 
is smaller than the liquid nitrogen temperature mass 
ratio by 0.001. Room-temperature cyclotron resonance 
data of Burstein, Picus, and Gebbie? give a mass ratio 
of 0.015 at 40 kilogauss. However, we believe that this 
value is low because of an error in magnetic field cali- 
bration and should be more nearly 0.016 which is in 


®R. J. Sladek, J. Phys. Chem. Solids 5, 157 (1958). 
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better agreement with our room-temperature data near 
40 kilogauss. The high-field, room-temperature cy- 
clotron resonance measurements of Keyes e¢ al.’ have 
been discussed by Lax and Mavroides® who conclude 
that the room-temperature mass ratio is 0.010 at the 
bottom of the band. This result was obtained by 


using Kane’s” formula for the effective-mass ratio 


2 1 
(its) 
Eg EetA 


where P is a momentum matrix element between va- 
lence and conduction bands at k=0, Eg is a correspond- 
ing energy gap and A is the spin-orbit splitting in the 
valence band. Lax and Mavroides assumed that P and 
A are constants independent of temperature, that Eg is 
given by the experimental optical gap at the appropriate 
temperature, i.e., 0.24 ev at 4°K and 0.18 ev at 300°K, 
and that m*/m has the value 0.013 at 4°K. If one uses 
the low-temperature mass ratio 0.0145 obtained in the 
present work, a similar calculation yields a room tem- 
perature mass ratio of 0.0115. We believe that the ex- 
perimental errors in our room temperature measured 
value of 0.0135 are not sufficient to account for this 
discrepancy. A possible explanation of this discrepancy 
may be that P and A are not independent of tempera- 
ture. Another possibility is that one should not use the 
full experimental change in optical gap in calculating 
Eg but rather only the dilational contribution to the 
change since Kane’s formula is derived for a rigid 
lattice and contains no effects due to lattice vibrations. 
As pointed out by Moss" dilation accounts for one- 
third and lattice vibrations for two-thirds of the total 
change in gap between liquid nitrogen temperature and 
room temperature. If one uses only the dilational part 
of the change in band gap and uses the value 0.0145 
for the low-temperature effective mass ratio, one ob- 
tains the value 0.0135 for the room-temperature mass 
ratio in agreement with our experimental result. It 
still remains to be shown, however, what modifications 
in Kane’s formula for the effective-mass ratio will be 
produced by inclusion of lattice vibrational effects in 
the theory. 

The frequency obtained from measuring the trans- 
mission of the sample may have to be corrected for 
possibly two reasons. As shown by Dresselhaus, Kip, 
and Kittel,” the position of the cyclotron absorption 
may be influenced by depolarization effects due to 
sample geometry. The observed position w of the reso- 
nance does not yield the cyclotron frequency w,, but it 
is related to it by the relation 


m 2 
©. .- Pp? 


m* 3 


we=wl1— (wz/w)*], 


10 EF. O. Kane, J. Phys. Chem. Solids 1, 249 (1956). 
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where w, is a frequency given by 
w= (LN2/m*)}. 


In this equation LZ is a depolarization factor which 
depends on the sample geometry. As discussed by 
Dresselhaus, Kip, and Kittel,’ this factor is small for 
a disk-shaped sample and the electric vector of the 
radiation in the plane of the sample. As the thickness 
of the sample increases, so that the disk becomes a 
thick cylinder, the factor L approaches 4/e, so that 


wL— (4rNe?/m* eo)? Wp. 

Here, €o is the dielectric constant of the host lattice. 
This quantity wp is just the usual plasma frequency, 
the frequency at which a semiconductor becomes highly 
reflecting due to free carrier absorption. For the InSb 
sample used, the plasma frequency corresponds to a 
wavelength of about 500 microns. In view of the fact 
that the sample used in the present investigation was 
approximately 0.70.5X0.0015 cm*, the value of wy is 
negligibly small compared to w, so that w.=w. There- 
fore, no correction to the observed frequency was made 
to obtain the cyclotron frequency. 

There is another correction arising from the fact that 
in the present experiment; the transmission of the 
sample is measured and not the complex dielectric 
constant or real conductivity. For circularly polarized 
light, the real and complex dielectric constants of a 
material containing free electrons under the influence 
of a constant external magnetic field are 


where the dc conductivity oo= Ne’r/m*, €o is the di- 
electric constant of the lattice, and the + signs refer 
to right and left circularly polarized light. From these 
equations, one can compute the index of refraction, 
extinction coefficient, reflectivity, and transmission of 
the sample. The above equations illustrate some in- 
teresting magneto-optic effects. For magnetic field H 
=0, these equations yield the usual result that the 
reflectivity has a minimum and then quickly approaches 
a maximum of unity in the region of the plasma fre- 
quency wp. For low magnetic fields such that w.<wp, 
this minimum moves to higher frequency by an amount 
equal to 3w,. For higher magnetic fields, this minimum 
moves to still higher frequency, always remaining at a 
frequency slightly higher than w,. These effects are 
discussed by Boyle, Brailsford, and Galt,’ and Lax 


18 G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 368 
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109, 1396 (1958). 
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and Wright.'® Also, the difference between the minimum 
and maximum of reflectivity decreases as H increases. 
As applied to the particular InSb sample used in the 
present experiments, the equations show that whereas 
the real conductivity or complex dielectric constant 
peak at w, and are nearly symmetrical, the extinction 
coefficient and the transmission do not peak at w, but 
at a slightly higher frequency. Thus, the observed fre- 
quency should be corrected downward to obtain the 
cyclotron frequency. For the InSb sample used, this 
correction varies from about 0.3% at 300 cm™ to 1% 
at 70 cm™'. This correction is so small that it has not 
been made for the data presented here. However, the 
correction becomes larger the smaller w,.7 is and can 
amount to several percent in some III-V semiconductor 
samples. 

The lattice absorption and reststrahlen in InSb fall 
in the region between 50 and 60 microns. The peak 
reflectivity occurs at 53.8 microns while measurements 
of the sample transmission indicated the fundamental 
lattice vibration absorption at 55.1 microns. The sample 
is at best a few percent transmitting from 52 to 58 
microns and increases to about 30% on both sides of 
this lattice absorption region. Since the band pass of 
the optics using. NaCl reststrahlen and crystal quartz 
is centered at 52.0 microns, exclusive of sample, there 
is some uncertainty as to the average wavelength of 
the energy absorbed in cyclotron resonance. Therefore, 
the NaCl point in Fig. 2 at 35 kilogauss is questionable 
even though it falls on the smooth curve. 


4. THEORETICAL INTERPRETATION 


The magnetic field dependence of the effective mass 
and the structure of the cyclotron resonance absorption 
band observed at room temperature and at low tem- 
perature can be interpreted in terms of the nonparabolic 
character of the conduction band as established by 
Kane. Wallis'® has developed a theory of conduction- 
electron cyclotron resonance in InSb taking into ac- 
count &* terms in the conduction-electron energy ex- 
pansion, but neglecting spin effects. His treatment 
predicts that each Landau level becomes nonparabolic 
to a different degree and the separation between suc- 
ceedingly higher Landau levels at k=O decreases. 
Vertical transitions occur between the two lowest 
Landau levels for values of k, #0. (We assume through- 
out this paper that the magnetic field is in the z direc- 
tion.) Consequently, these transitions will produce a 
low-energy tail. Also, the transitions between higher 
Landau levels will occur at lower energy and will con- 
tribute to the tail and possibly lead to resolvable sub- 
sidiary peaks. At lower temperatures the number of 
electrons in higher Landau levels will decrease, and the 
number of electrons with large k, values will also de- 
crease. Therefore, the tail due to these two kinds of 


15 B. Lax and G. B. Wright, Phys. Rev. Letters 4, 16 (1960). 
16 R, F. Wallis, J. Phys. Chem. Solids 4, 101 (1958). 
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trarisitions should be reduced at lower temperatures. A 
further consequence of the nonparabolic character of 
the conduction band is that the separation of the 
Landau levels is not simply proportional to the mag- 
netic field, so that the effective mass determined from 
the cyclotron resonance frequency has an apparent 
magnetic field dependence. 

The work of Roth e/ al.’ on magneto-optic phe- 
nomena and of Bowers and Yafet'* on magnetic sus- 
ceptibility has shown that the spin-orbit interaction 
produces very important effects in InSb. We have 
therefore extended the work of Wallis to include the 
spin-orbit interaction and the interaction of the spin 
with the external magnetic field. To fourth order in 
effective mass theory’® and taking into account only 
the interactions of the conduction, light-hole, heavy- 
hole, and split-off bands, the energies for the Landau 
levels of the conduction band can be written as 
E(1, ke, +) 

= §.4J t+hw.(l+3)+i?k2/2m*+} (m*/m)hwego* 

+ Ko(hw./Eg)hw.(l+-4)+ Ki (hw./ Eg) Wk? /2m* 
+ (K2/Eg@)[hw-(l1+-3)+07k?2/2m*, (1) 
where 
w.=eH/m*c, (1a) 
J = —} (hw./Eg@)[ (1—y)/ (2+)? ] 
x {L$ (1—2)?— (24°) ](2+2)y 
+4(1-2*)(1+2)(1-9)}, 
go* = 2{1—[(1—«)/(2+-«) L(1—»)/y],} 
Ko= (1—y) (1—2){(2+$a+-2°7) 
X (1—y)/ (2+)? ]—$y}, 
K,= (1—y)[(1—«)/(2+2)] 
K{L(2+$2-+2%)(1—y)/(244] 
—4(1-2)y}, 


(1b) 
(1c) 


(1d) 


(le) 
(1f) 
(1g) 
(1h) 


In the above equations / is the Landau quantum 
number and k, is the propagation constant parallel 
to the magnetic field. The quantities 6., Eg, A, and 
m* specify at k=0 the energy of the conduction bands, 
the separation of the valence and conduction bands, 
the spin-orbit splitting of the valence bands, and the 
curvature effective mass of the conduction band, re- 
spectively, in the absence of a magnetic field. The 
constant go* is the effective g factor'’ for small magnetic 
fields at k,z=0, while Ko and K, specify the change 
in g factor with Landau quantum number / and with 
k,, respectively. For zero magnetic field the conduction 


K,= —[(1+42")/(1+-4x)](1—9)', 
x=[1+(4/Ea) }", 


y= m*/m. 


171. M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114, 90 
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18 R. Bowers and Y. Yafet, Phys. Rev. 115, 1165 (1959). 
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band energy is given by 


E(k) = &.+h?k?/2m*+ K h'k*/4m" Eg, (2) 


so that K¢ is the fourth order constant and corresponds, 
aside from a constant factor, to &,7*** in the earlier 
treatment of Wallis. It may be noted that the value of 
Kz is quite insensitive to the value of A so that the 
expression previously given'® for &.**** remains quite 
accurate even for A>Eg. 

Since the value of go* is approximately —50 for InSb, 
the lowest Landau level in the conduction band has 
energy E(0, k., +). The principal peak in the cyclotron 
resonance absorption spectrum at liquid nitrogen tem- 
peratures and below then corresponds to vertical transi- 
tions from the E(0, k., +) level to the E(1, k,, +) 
level. In InSb the most important transitions involve 
k.=0 for carrier concentrations ~10'® cm~*, magnetic 
fields > 10 kilogauss, and liquid nitrogen temperatures. 
The effective mass (m*)exp= (eH /w.) calculated from 
the experimental value for the frequency of maximum 
cyclotron absorption should therefore correspond rather 
closely to transitions between the energy levels E(0, 0, 
+) and E(1, 0, +) when the low-temperature data is 
used. A magnetic field-dependent effective mass can 
accordingly be defined by 


——= (c/heH)[E(1, 0, +)—E(0, 0, +)] 
m* (#1) 


1 
—[1+ (Ko+2K_2) (hw./Eg¢) ]. 
m* ‘ 


Values of m*(H) have been calculated from Eq. (3b) 
using the values m*=0.0145m, Eg=0.225 ev, and A 
=0.9 ev. The results are indicated by the dotted curve 
in Fig. 3. The slope of the dotted curve agrees rather 
well with the experimental data at low magnetic fields, 
but is significantly too high at the higher fields. 

A considerable improvement in the theoretical values 
can be obtained by calculating the energies of the 
Landau levels using the method of Bowers and Yafet.!* 
In this method the interactions of the conduction, 
valence and split-off bands are treated exactly, while 
other bands are neglected to first approximation. By 
neglecting certain terms of orders m*/m and E¢/A 
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Fic. 6. Spin splitting of Landau levels for conduction band in InSb. 
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one can obtain the following rather simple expression® 
for the energies of the conduction band Landau levels: 
E(|, 0, +)=3£e{1+[14+2(2/+ 13) tw./Eg) }}. (4) 
Equation (4) is the magnetic field analog of Eq. (13) in 
Kane’s theory of the band structure of InSb. The 
values of m*(H) calculated from Eqs. (3a) and (4) for 
InSb are given by the solid line in Fig. 3. This theo- 
retical result agrees with the experimental points to 
within experimental error. In principle, one can im- 
prove the theory by retaining terms of all orders in 
m*/m and E¢/A and also including interactions of 
higher bands. 

We have made such a calculation of the energies 
E(0, 0, +) and E(1, 0, +) for magnetic fields up to 
100 kilogauss using the method of Bowers and Yafet. 
The free mass terms and the free spin terms are in- 
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Fic. 7. Comparison of effective masses from Faraday rota 
tion and cyclotron resonance experiments at liquid nitrogen 
temperature. 


cluded to first order. First-order contributions involving 
Kane’s higher band interaction constants B and C are 
also included. The values for B and C were taken to be 
— (5/3). and —(8/3) atomic units, respectively, as 
given by Bowers and Yafet. The results for the effective 
mass ratio computed from Eq. (3a) differ insignifi- 
cantly from the solid line in Fig. 3 up to 70 kilogauss. 

Denoting the Landau levels by the notation (/, +), 
it is of interest to calculate the energy differences as- 
sociated with the transitions (0, +) — (1, +), (0, -—)— 
(1, —), and (1, +)— (2, +). The results obtained 
using Eq. (4) at 69.2 kilogauss are 0.0430 ev, 0.0378 ev, 
and 0.0341 ev, respectively. Comparison of these values 
with the 80°K data in Fig. 5 indicates that the principal 
peak at 0,042 ev is due to the (0, +) — (1, +) transi- 
tion, the subsidiary peak at 0.038 ev is due to the 
(0, —)— (1, —) transition while the long-wavelength 
tail is at least partially due to the (1, +) — (2, +) 
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transition. It may be noted that the lack of coincidence 
of the transitions (0, +) — (1, +) and (0, —) — (1, —) 
is due to the change in the effective g factor with energy 
into the conduction band.'* These transitions are illus- 
trated in Fig. 6 in which the g factor is shown to de- 
crease as / increases. 

The relationship between effective masses determined 
by cyclotron resonance and those determined by Fara- 
day rotation can be elucidated using the fourth order 
Eqs. (2) and (3b). According to Stephen and Lidiard," 
the effective mass measured by Faraday rotation on 
degenerate samples in small magnetic fields is given by 


1 dE(k) 
———= (1/h?k)——_, (5) 
m*(E) dk 


evaluated at the Fermi surface. By using Eq. (2) one 
obtains 


1 
=—{1+2(K2/Eg) (h2k?/2m*)} p 


* 


(6a) 


1 
~—{1+2(K2/Eo)[E(k)— 8 ]} ¢ 


m 


(6b) 


1 
= — 1+ (Ko+2K:)[2K 2/(Ko+2K2) ] 


m 
Comparison of Eqs. (6c) and (3b) indicates that m* 
(H) and m*(E) will be the same if 


[E(k)— 8. ]r=[14+3(Ko/K2) }hawe. (7) 


For InSb, the ratio Ko/K.=—0.41. Using Eq. (7) we 
have calculated equivalent magnetic fields for the 
Faraday rotation data obtained by Smith e¢ al.” on 
InSb samples doped to varying degrees with donor 
impurities. The results for the effective masses in the 
purer samples are specified by solid circles in Fig. 7. 
The open circles are the cyclotron resonance effective 
masses reported in the present paper. Considering the 
scatter of the Faraday data the agreement is reasonably 
good. The dashed line in Fig. 7 specifies effective masses 
derived from a curve which “best fits” the Faraday 
data of Smith et al. 

We wish to emphasize the difference in experimental 
conditions for the cyclotron resonance experiments re- 
ported here and the Faraday rotation experiments of 
Smith ef al. The cyclotron resonance work was done at 
high magnetic fields with rather pure samples, fiw, 
>([E(k)—&.]r. The Faraday work was done at low 
magnetic fields with impure samples, tw.<<[E(k)— &. |r. 


9M. J. Stephen and A. B. Lidiard, J. Phys. Chem. Solids 9, 
43 (1959). 

*S. D. Smith, T. S. Moss, and K. W. Taylor, J. Phys. Chem. 
Solids 11, 131 (1959). 
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Fic. 8. Simple energy bands of a semiconductor in 
the absence and presence of a magnetic field. 


Both procedures provide a means of probing the non- 
parabolic character of the conduction band and the 
results may be correlated using Eq. (7). 

A simple physical picture of the relationship between 
effective masses determined by cyclotron resonance and 
Faraday rotation can be given if one neglects the small 
term involving Ky in Eqs. (3b) and (7). The Faraday 
rotation effective mass is (1/h?k)(dE/dk) evaluated at 
the Fermi surface. Ordinarily the magnetic field is 
small, so that to first approximation the Fermi surface 
is not shifted by the magnetic field. The situation is 
indicated schematically in Fig. 8. The cyclotron reso- 
nance effective mass is derived primarily from a transi- 
tion of the electron from the /=0 Landau level at an 
energy ~}hw, above the bottom of the conduction 
band to a level at an energy ~3/%w,. The mean energy 
of the electron during the transition is then roughly 
hw, above the band edge. This situation is illustrated 
in Fig. 8. Consequently, one may expect the Faraday 
and cyclotron resonance effective masses to be roughly 
the same when fiw, in cyclotron resonance is equal to 
[E(k)—&, |r in the low-field Faraday effect. Inclusion 
of the interaction of the electron spin with the magnetic 
field complicates the above argument if the effective 
g factor is large as in InSb. A better comparison can 
then be obtained using Eq. (7). 

A possible source of discrepancy between Faraday 
and cyclotron resonance effective masses is the modi- 
fication of the energy bands by the impurities used to 
adjust the Fermi level in the Faraday experiments. 
This effect seems to be small in InSb for impurity 
concentrations less than 10'* cm~, 
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Electrical Conductivity of Single-Crystal Cuprous Oxide at High Temperatures* 
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The electrical conductivity of single-crystal CuzO was measured in the temperature range of 1100° to 
500°C in oxygen pressures from 152 mm to 10-5 mm of Hg. The loge vs logP (Oz) curves were found to be 
linear between the oxygen pressures of 50 mm and 10 mm, with an average slope of 0.1420, or approxi 
mately 1/7. These curves exhibit a radical change in slope at O2 pressures below 10? mm 

The plots of loge vs 1/T at constant oxygen pressure were found to be linear and the activation energies 
obtained from the slopes of these plots have an average value of 0.65 ev at O2 pressures between 50 mm and 
10 mm. At Oz pressures of 10-* mm to 10~ mm, the activation energy increases sharply to a value of 
1.05 ev. The activation energy obtained from the measurement of single-crystal Cu.O in air at temperatures 
from 1020°C to 1100°C was found to have an average value of 0.767 ev. 

An explanation for the physical significance of the activation energies obtained is suggested and the models 
proposed to explain the dependence of the electrical conductivity on the O, pressure are considered 





INTRODUCTION 


HE semiconducting properties of CusO have been 

of interest to investigators for many years, and 
as a result several excellent reviews on this material 
have appeared.'~* However, the majority of the data 
has been obtained on polycrystalline material and very 
little work has been done on single-crystal CuO because 
a good method for producing large single crystals of 
Cu.O was not available. 

Thus the various reported measurements of the high- 
temperature conductivity have been performed on 
polycrystalline CuO, with considerable variation in the 
resulting data. Some of the variation may be attributed 
to differences in the Cu from which the Cu,O was 
prepared. However, the major fault probably lay with 
the preparation of the test sample. Previously, test 
samples were usually prepared by embedding Pt wire 
in a Cu specimen and then completely oxidizing the Cu 
to form the Cu,O sample. An immediate fault in this 
method is that a sample prepared by the complete 
oxidation of a Cu sheet on all its free surfaces is not 
homogeneous, i.e., small voids form in the center of a 
plate or rod as a result of the complete oxidation of the 
Cu.‘ Also, during subsequent measurements at high 
temperatures grain growth can occur in the sample, and 
consequently the grain size cannot be controlled or 
specified. The effect of grain size on the conductivity 
at room temperature was investigated by Andrievskii, 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

t Now at the Physics and Electronics Department, Ford 
Scientific Laboratory, Dearborn, Michigan. 
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1H. K. Henisch, Rectifying Semiconductor Contacts (Oxford 
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2G. F. J. Garlick, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. XIX, p. 377-380. 

3J. S. Anderson and N. N. Greenwood, Proc. Roy. Soc. 
(London) A215, 353 (1952). 


*R.S. Toth, R. Kilkson, and D. Trivich, J. Appl. Phys. 31, 1117 
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Voloshchenko, and Mishchenko,® who found that the 
conductivity was directly proportional to the number 
of grains in the sample. If this effect is important at 
high temperatures, it would be impossible to maintain 
constant conditions in a polycrystalline sample unless it 
could be assured that the grain size remains constant. 

The purpose of this paper is to present experimental 
data on the electrical conductivity ¢ of homogeneous 
single-crystal Cu,O taken at temperatures between 
1100° and 500°C, at O, pressures from 152 mm to 10-5 
mm of Hg. Data are presented to show the variation of 
o with Op: pressure at constant temperature, and the 
variation of o with T at constant P(Q.). The data are 
used to discuss the band structure of Cu.O and to 
consider the validity of the models proposed to explain 
the dependence of ¢ on P(O.). 


II. EXPERIMENTAL METHOD 
A. Sample Construction and Electrical Contacts 


The samples used for measurement were obtained 
from large-area single-crystal plates of CuO prepared 
by a selective annealing process described in a previous 
article.t Johnson-Matthey Cu sheet of purity 99.999+-% 
was used as the starting material. Cu,O plates were 
selected which contained grains each large enough to 
extract one or more rectangles of dimensions # in. X # in. 
The rectangles were cut from the single crystal by use 
of a diamond saw and 4 holes were drilled along one 
long edge for later application of contacts. The sample 
was given a light abrasive polish on one face and then 
was turned over and polished until the interface region 
containing the voids at the center of the plate was 
eliminated. This produced a uniform sample with a 
thickness of 0.020 in. to 0.015 in. depending on the 
original thickness of the Cu,O plate. The sample was 
cut out using a dental sandblasting unit in design which 
allowed for two current and two voltage contacts. The 
sample was given a strong etch in dilute HNO; and then 


5 A. I. Andrievskii, V. I. Voloshchenko, and M. T. Mishchenko, 
Doklady Akad. Nauk S.S.S.R. 90, 521 (1953). 
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in an ammonium persulfate solution or a sodium cyanide 
solution. ' 

Making electrical contact to Cu,O is complicated by 
the fact that Cu,0 readily attacks most materials at 
high temperatures. Platinum has been found to be a 
material not readily attacked, and consequently was 
used for the contacts. To insure a good contact between 
the Pt and the Cu,O already formed, small Cu hooks 
were inserted in the holes in the drilled sample and 
attached to the Pt contact wires. When the sample was 
heated to a high temperature, the Cu hooks became 
oxidized and formed a good Cu,O-Cu,0 contact and at 
the same time formed a good Cu,0-Pt contact. Observa- 
tions on the samples tested showed that the Cu hooks 
were completely oxidized. 


B. Furnace Assembly and Gas Regulation 


The experimental apparatus used is shown schematic- 
ally in the diagram of Fig. 1. The sample was suspended 
in the apparatus from a ground glass joint to which were 
attached two double-bore Alundum thermocouple tubes. 
Platinum wires were threaded through the tubes and 
attached to the sample as described above. An Alundum 
spacer was used to protect the sample from touching 
the wall of the furnace tube, which was either of quartz 
or Mullite. The sample temperature was read with a 
Pt-13% Pt-Rh thermocouple placed a few millimeters 
from the sample inside the tube. The gas flow into the 
system was regulated by a needle valve on the inlet side 
and by a constriction on the pump line, and was meas- 
ured on a flow meter. In this manner, the sample was 
constantly bathed in the atmosphere passed into the 
furnace tube. Pressures as low as 3X10-° mm were 
obtained by using a CEC GF-20A oil diffusion pump in 
conjunction with a Cenco Hyvac fore pump. The 
pressures were read on either a manometer, a 3-scale 
CEC Type GM-100 McLeod Gauge, or an ionization 
gauge. 

The gases used in the experiments were pure Oz, air, 
or a special mixture of 0.001% Oz in N» obtained from 
the Matheson Company. When air was used, the partial 
pressure of O. was assumed to be 20%. 


C. The Measurement Circuit 


The resistance of the samples was measured with a 
standard potentiometer circuit containing a Leeds and 
Northrup K-2 potentiometer and a Leeds and Northrup 
Type E galvanometer with a sensitivity of 0.005 
pa/mm. 


D. Experimental Procedure 


The measurements on the samples were carried out 
over a wide range of O, pressures and temperatures 
chosen so that only Cu,O was the stable phase. The 
stability diagram shown in Fig. 2 was consulted to 
choose the range of temperatures and O, pressures. In 
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Fic. 1. Schematic drawing of the furnace assembly and gas 
regulation system used in the measurement of the high-tempera- 
ture conductivity of Cu.0O. 


each run the sample was brought to a high temperature 
by first placing it in the cold furnace tube and evacuat- 
ing the tube to a pressure of 10-* mm. The temperature 
of the sample was increased rapidly to 800°C at this 
pressure. Pure O. was then allowed into the furnace, 
and the O: pressure and temperature were continuously 
adjusted within the Cu,0O stability region to reach a 
value of about 50 mm and 1000°C respectively. The 
samples were annealed under these conditions for at 
least one hour to insure that the Cu hooks were com- 
pletely oxidized. 

The measurements were initiated at this point, and 
all subsequent measurements were carried out at a con- 
stant Oy, pressure. Thus, at the chosen O2 pressure the 
stability diagram was consulted to find the temperature 
region in which Cu,0 is stable. The high and low values 
of the temperature range for a given Oy» pressure were 
chosen so that they were within the regions indicated 
Noo? 1000 900° _800* 

T T T T 
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Fic. 2. Temperature dependence of the oxygen equilibrium 
pressure in the system Cu/Cu,0/CuO; (a) Gundermann, Hauffe, 
and Wagner," (b) quoted by E. Engelhard, Ann. Physik 17, 501 
(1933), and (c) after Hauffe, as quoted by Béttger.” 
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Fic. 3. Conductivity: of Cu,O as a function of temperature with 
the oxygen pressure as a parameter. Sample 142-C-2. 


by the most conservative curves in Fig. 2. In all cases, 
the temperature was raised to the high value of the 
range and the sample was annealed at this condition for 
times ranging from 1 hour to 15 hours depending upon 
the O, pressure, before the measurements were started. 
In this way complete equilibrium between the sample 
and atmosphere was assured before the measurements 
were taken. 

Readings on the samples were taken over a complete 
cycle of the temperature range for a given O»2 pressure 
starting from the high-temperature end, proceeding 
toward the low end, and then back to the high tempera- 
ture. At O, pressures of 150 mm to 1 mm, readings were 
taken every 10-20°C while at lower pressures tempera- 
ture intervals of 25°-S0°C were used. Fifteen- to 
twenty-minute intervals were allowed between indivi- 
dual measurements of the resistance and a check on the 
temperature immediately before and after each meas- 
urement showed a temperature variation of only +1°C. 

The measurements were taken for both directions of 
the current and the average computed. The current was 
limited to less than 1 ma and was allowed to flow only 
when the measurements were in progress. 


Ill. EXPERIMENTAL RESULTS 
A. Conductivity vs Temperature 


Measurements were made on a total of 9 samples, and 
a typical set of results for the pressure range of 60 to 
10~* mm is shown in Fig. 3. Figures 4 and 5 show the 
results for samples which were measured at lower 
pressures. The results of measurements for the pressure 
range 60 mm to 10~* mm were similar for all samples, 
and it can be seen from the agreement between points 
taken at decreasing and increasing temperature that no 
hysteresis effects occurred. This indicated that equili- 
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TABLE I. Average values for the conductivity (in ohm=! cm™) 
of single-crystal CuO at different oxygen pressures with tempera- 
ture as a parameter. 








Pressure 
(mm Hg) 


1000°C 950°C 900°C 


4.82 


3.81 


2.77 


1.99 
1.42 


brium existed between the sample and the atmosphere.® 
Average values for the conductivity at different O, 
pressures and temperatures in this range are given in 
Table I. At pressures below 10~ mm, it was found that 
the measurements taken in the direction of increasing 
temperature did not reproduce those taken in the 
direction of decreasing temperatures. However, the 
plots for the decreasing temperature sequence were 
found to be still linear and these are shown in Figs. 4 
and 5, with the caution that they may not represent 
equilibrium conditions. It is important to note that the 
values of the conductivity show an increase at 10-° mm 
and lower, over the value at 10 mm. 

There is some additional concern over the validity of 
the curves at pressures lower than 10~* mm due to the 
Knudsen effect. Since the sample is at a high tempera- 
ture while the ionization gauge reading the pressure is 
at room temperature, a correction for the O2 pressure 
should be made for each experimental point. However, 
the points shown were plotted without applying the 
Knudsen correction since it was felt that the variation 
in the conductivity due to the changing temperature far 
outweighed any change due to the changing O, pressure 
caused by the changing temperature. In any case it is 
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Fic. 4. Conductivity of CuzO as a function of temperature with 
the oxygen pressure as a parameter. Sample 141-C-2. 


°G. Blankenburg, Ann. Physik 14, 290 (1954). 
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_ Taste II. A comparison of average values for the conductivity 
(in ohm™ cm™) of CuzO at the oxygen pressure 152 mm Hg at 
different temperatures. 
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clear that the conditions and the existence of equili- 
brium in these samples connot be as well specified as in 
the case of the equilibrium which did exist for O, 
pressures about 10~* mm and above. 


B. Conductivity Measurements in Air 


The conductivity of five samples was measured in 
air [P(O.)=152 mm] at high temperatures. Blanken- 
burg and Kassel’ and recently Zuev® have indicated 
that Cu,0 is stable in air at temperatures above 1020°C. 
Consequently, the measurements were carried out from 
1020°C to 1100°C. The samples were annealed for two 
hours at a temperature of 1020°C or slightly higher to 
insure equilibrium. Measurements were made every 
10°-15°C going up in temperature and again for de- 
creasing temperatures. A typical curve, shown in Fig. 6, 
again exhibits no hysteresis. Average values of the 
conductivity for various temperatures in air are given 
in Table II. 


C. Activation Energies 


The experimental curves of logs vs 1/T are linear 
(log=logio) and the data can be represented by the 
expression : 

o=ooe*!*T, (1) 
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Fic. 5. Conductivity of CuO as a function of temperature with 
the oxygen pressure as a parameter. Sample 147-C-2. 

7G. Blankenburg and K. Kassel, Ann. Physik 10, 201 (1952). 

* K. P. Zuev, Soviet Phys.-Solid State 1,111 (1959). 
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Fic. 6. Conductivity of CuO in air as a function of temperature. 
Consequently, ¢, the “activation energy” can be ob- 
tained from the slopes of the curves. Figure 7 shows the 
activation energies obtained as a function of the O, 
pressure for all the samples tested. Points at pressures 
lower than 10-* mm are plotted without correcting for 
the Knudsen effect. As can be seen, the activation 
energy has an average value of 0.65 ev at O2 pressures 
from 10~ to 10 mm. At pressures of 10 and 10~ mm, 
there is a sharp increase to a value near 1.05 ev. At O» 
pressures above 100 mm, the curve begins to increase, 
and at 152 mm e¢ has an average value of 0.767 ev. 


D. Conductivity vs Partial Pressure of Oxygen 


From a comparison of the logo vs 1/T curves it is 
seen that the conductivity varies with the O2 pressure. 
Thus the expression 


ox[P(O2) }?, (2) 


can be written, and from a plot of loge vs logP(Oz) at 
constant temperature, the value of the exponent can 
be determined. Such a representation for the sample of 
Fig. 4 is given in Fig. 8. The points for the curves were 
obtained from the loge vs 1/T curve by determining 
the conductivity at constant temperature at the various 
Oy» pressures. In Fig. 8, it can be seen that the curves are 
linear over the pressure range 60 mm to 10? mm, but 
that there is a sharp drop at lower pressures. At Oz 
pressures below 10-* mm the curves show a departure 


TABLE III. Experimental slopes of the loge vs logP (Oz) plots for 
Cu.0 for various temperatures. 





Cu,0 
sample No. 
147-C-2 
147-C-1 
141-C-2 
1 

1 


1000°C 


0.1420 
0.1404 
0.1400 
0.1460 
0.140 

0.1397 
0.1452 
0.1419 


950°C 900°C 


0.1410 
0.1391 
0.1439 
0.1415 
0.138 

0.1393 
0.1440 
0.1410 


850°C 
0.1430 


0.1425 
0.1430 
0.1439 
0.1435 
0.1412 
0.1397 
0.1488 
0.1432 


0.1440 
0.143 
0.1335 


141-C- 
132-C- 
132-C-2 
142-C-2 
Average 


0.1408 
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Fic. 7. Experimental activation energy for CuzO as a function of 
oxygen pressure at high temperatures 


from the linear behavior. Consequently the value of the 
exponent in Eq. (2) was obtained from the linear portion 
of the curves between the O2 pressures of 60 and 10-* 
mm, The values of the exponent for various tempera- 
tures are shown in Table III. 


IV. DISCUSSION OF RESULTS 
A. Numerical Value of the Conductivity 


The experimental values of the conductivity deter- 
mined here at the different temperatures and QO, 
pressures can be compared to the recent work by 
Stecker® and by Béttger® on polycrystalline Cu,0. 
Table IV shows a typical comparison for data obtained 
at 1000°C for O» pressures in the Cu,O stability region. 
It can be seen that the variation among the results is 
not excessive considering the variation in specimen 
preparation and measurement technique. As mentioned 
previously, the existing variation in the values is 
thought to be due to the polycrystalline nature of the 
sample used by previous investigators, and to differences 
in the grades of Cu used to prepare the Cu,O samples. 
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Fic. 8. Conductivity of Cu2O as a function of oxygen pressure 
with temperature as a parameter. 


® K. Stecker, Ann. Physik 3, 55 (1959). 
1 QO. Béttger, Ann. Physik 10, 232 (1952). 
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TABLE IV. A comparison of values for the conductivity (in ohm 
cm™) of CusO at 1000°C at different oxygen pressures. 





0.01 mm 


1.42 
0.20 
2.24 


10 mm 1 mm 0.1 mm 


3.81 
0.50 
5.01 


Oz: pressure 


Our data 
Bottger 
Stecker 


777 


2.44 
0.36 
3.98 


1.99 
0.25 
3.02 





B. Conductivity of Cu,O in Air 


The data obtained for o in air can be compared with 
the results of Zuev,*® who is the only previous worker to 
investigate this range. Using polycrystalline plates and 
sintered blocks, he obtained loge vs 1/T curves which 
were linear from 1020°C to 1070°C but which increased 
in slope above 1070°C. Our results show a linear depen- 
dence of loge vs 1/T from 1020° to 1100°C without any 
break at 1070°C. The average activation energy ob- 
tained from our data (0.767 ev), differs considerably 
from that obtained by Zuev in the 1020° to 1070°C 
region (0.95 to 1.00 ev). A considerable variation in the 
numerical values of o exists between these two sets of 
data, as shown in Table II. 


C. Dependence of « on P(O,) 


Since it is well known that Cu,O prepared at high 
P(Oz) is a p-type semiconductor and it has been con- 
clusively demonstrated that o depends upon the am- 
bient O2 pressure present in the preparation period, 
models have been proposed to explain this dependence 
assuming p-type conduction. Wagner and Hammen!"! 
were the first to postulate an equilibrium between the 
Oz and solid CuzO of the form 


Cu20+O.2Cu20+4V cu’ +49, (3) 


where Vo,’ represents a Cu ion vacancy and # represents 
an electron hole.” Applying the law of mass action, 
and defining an equilibrium constant, ox, for the re- 
action of Eq. (3), they obtained 

b*(Veu’)*= Rox P (Or). (4) 
Assuming that at high temperatures the electrical 
neutrality condition was (Vc,y’)= >, they obtained the 
relation p'=k,xP(Oz). They then assumed that the 
conductivity was due primarily to hole conduction and 
arrived at the relation 


o=Kox{ P(O2)}''. (5) 


However, the experimental work by Wagner and co- 
workers'*-4 showed that o varies with P(O,) to the 1/7 


1 C, Wagner and H. Hammen, Z. Chem. B40, 197 
(1938). 

2 We use here the notation of F. A. Kroger and H. J. Vink, in 
Solid State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1956), Vol. 3, Chap 3. p. 307. 

43H. Dunwald and C. Wagner, Z. physik. Chem. B22, 212 
(1933). 

4 J. Gundermann, K. Hauffe, and C. Wagner, Z. physik. Chem. 
B37, 148 (1937). 
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ELECTRICAL CONDUCTIVITY OF SINGLE-CRYSTAL Cu;:0 


TABLE V. Calculated concentrations of imperfections in Cu2O at 1006°C (Based on a model suggested by Bloem). 


P (Oz) o (exptl) 
mm Hg) (ohm= cm-") 


koxP (Oz) 
(cm) 


p n Vo 
cm?) (cm7%) (cm~?) 
1.67 X 10"* 9.5 X10'* 
2.02 X 10"* 1.7410" 
2.72 10" 4.1210" 
3.62 10"* 9.7310"? 
4.85 10'* 2.33 X 108 


hon 
(cm™) (cm Hg)! 
50 . 6.56 10"7 1.31 10"7 
10 3. 1.31 10"? 
1 ; 1.31 10" 
0.1 : 1.31 10" 
0.01 A! 1.3110" 


1.14XK 10" 
1.7110" 
3.0 10" 
5.4X 10" 
9.8X 10" 


3X 10'8 
2.45 X 10'8 
1.84 108 
1.38 10"8 
1.03 X 10'8 


power, in the P(O,) range 10-? mm to 10 mm Hg. The 
recent experimental work by Béttger™ has also shown 
the 1/7 power behavior in this pressure range. At lower 
P(Oz) he found ¢ to vary in an anomalous way with 
P(Oz) and to deviate considerably from the 1/7 relation. 
In comparison, Stecker® has found the dependence to 
be 1/8.3, more in line with the original Wagner theory. 
All of these previous measurements were performed on 
polycrystalline Cu,O. 

Our data obtained on single-crystal Cu,O support the 
work of Wagner and Béttger and indicate this depend- 
ence of 1/7 to be a real value. Thus the deviation from 
the theoretical value of 1/8 is probably not simply due 
to errors in experimentation or sample preparation. 
Consequently the original simplified Wagner model 
must be modified to account for the experimental result. 
A recent attempt to do this has been made by Bloem,'® 
who carried out a more detailed analysis assuming only 
Schottky-Wagner disorder in Cu,O. His theory predic- 
ted the 1/7 behavior, and consequently we used our 
data to test his model. In order not to reproduce his 
entire treatment here, we will discuss only the essential 
features and give the final results. 

Bloem’s model assumes that there exist singly and 
doubly ionized anion vacancies in addition to the cation 
vacancies, and that association of defects may occur. A 
more general electrical neutrality condition is then 
written as 


n+ (Vou) = p+ (Vo)+2(Vo°'), (6) 


where 7 is the density of electrons, and (Vo°) and (Vo°") 
represent the concentrations of singly and doubly 
ionized anion vacancies, respectively. The concentra- 
tions of the carriers and defects depend upon the P(Oz), 
and in certain P(O.) ranges the neutrality condition 
[ Eq. (6) ] can be simplified to only two terms. Thus at 
high P(O2) Bloem assumes Eq. (6) to reduce to p= Vou’. 
This corresponds to the original Wagner assumption 
and leads to the 1/8 relationship [Eq. (5) ]. As P(Oz) 
becomes smaller, the concentrations of the defects 
change so that the neutrality condition in the next 
range is assumed to become (Vo')=(Veu’). By calcu- 
lating logo vs logP(O,) at medium oxygen pressures, 
Bloem indicates that a slope of 1/7 is found. 

Using the equilibrium constants arrived at by Bloem, 
we used our data to calculate the defect and carrier 
concentrations starting from the high O- pressures to 


16 J. Bloem, Philips Res. Repts. 13, 167 (1958). 


lower pressures. These results are shown in Table V. 
As can be seen in the table, the concentration of Vo" 
becomes larger than the hole concentration p at P(Oz) 
between 0.1 and 0.01 mm Hg. Therefore, a change to 
the 2nd neutrality condition would be necessary here. 
However, this would change the slope of the loge vs 
logP(Oz2) curve only near the end portion. Thus, Bloem’s 
model also predicts the 1/8 behavior in the region where 
the experimental data indicate the 1/7 power. 

It is possible that the equilibrium constants are in 
error and need modification to achieve a satisfactory 
agreement with Bloem’s model. This could be done 
without violating established data, since the effective 
masses and mobilities of both holes and electrons in 
Cu,0 have not been determined at high temperatures. 
It is also possible to introduce new reactions involving 
Frenkel-type defects together with the Schottky- 
Wagner defects to account for the 1/7 dependence. 

However, it is felt that such arbitrary assumptions 
and evaluation of constants would not give a concrete 
foundation to a model which would explain the experi- 
mental results. It is felt that more useful information 
can be obtained by further experiments, in particular 
the evaluation of mobilities of the carriers at high 
temperatures, and the establishment of the existence 
of other types of defects. 


D. Activation Energies 


Many different values for the activation energy at 
high temperatures have been reported in the literature. 
This has been due primarily to the fact that the O, 
pressure was not always controlled and specified in the 
experiments. Recent data, however, are in better agree- 
ment than earlier reported values. The results reported 
here in the O2 pressure range of 10-? mm to 10 mm 
agree favorably with the value obtained by Béttger" 
(0.62 ev) and Stecker® (0.65 ev) in the same pressure 
range. At pressures above 10 mm, we can compare our 
results only with those reported by Zuev. His reported 
value of 0.95-1.00 ev is considerably higher than our 
value of 0.767 ev at 152 mm. However it is significant 
to note that the activation energy in our data does show 
an appreciable increase at the high O, pressure. At 
pressures below 10-* mm, our data show a sharp increase 
to 1.05 ev. This agrees favorably with an increase to 
0.95 ev reported by Béttger in this region. Stecker, on 
the other hand, did not find this increase in his results. 
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The activation energy of 1.05 ev reported by Anderson 
and Greenwood? agrees very well with our value. They 
measured o vs T from high to very low temperatures by 
continuously adjusting the O, pressure to maintain 
Cu,0O stable but without specifying the values for 
P(O2). It is conceivable that their measurement of o 
at high temperature was carried out at P(O2) of 10~* 
mm, since this pressure allows a wide and convenient 
temperature range in which Cu,0O is stable. 

The physical meaning of the activation energies 
experimentally obtained has not been clear. Several 
investigators*'® have assumed that the activation 
energy of 0.65 ev represents the energy required to lift 
an electron from the valence band to an impurity level 
0.65 ev above it. However, low-temperature data show 
that the impurity level is 0.30 ev to 0.35 ev above the 
valence band. On the basis of this result, Feldman'® 
postulated that the 0.65-ev value represents a combina- 
tion of two processes, the electronic excitation energy 
and the heat of formation of the defect. Recently 
Rudolph” has postulated a similar interpretation for 
activation energies obtained on other compound semi- 
conductors. Unfortunately, the value for the heat of 
formation for the cation vacancy in Cu,0O is not known 
and consequently it is not possible to isolate the electron 
excitation energy. 

However, it is quite probable that the concentration 
of defects does not remain constant as the temperature 
is varied and that an energy change is associated with 
the creation of defects. Thus it is our opinion that the 
experimental activation energy of 0.65 ev does not 
represent an electronic excitation to an impurity level 
0.65 ev above the valence band. In the simplest model, 
based on Wagner’s original model, one could explain the 
experimental activation energy as being due to the 
energy required to create a neutral copper vacancy and 
the energy required to ionize this vacancy. Thus one 
could assign a value of about 0.3 to 0.4 ev to the ioniza- 
tion of the vacancy, based on low-temperature conduc- 
tivity data, and assign the remainder of the 0.65 ev to 
the energy of formation of the vacancy. If a more com- 
plex model is chosen, such as Bloem’s, the experimental 
activation energy would be a properly weighted com- 

‘6 W. Feldman, Phys. Rev. 64, 113 (1943). 

17 J. Rudolph, Z. Naturforsch. 14a, 727 (1959) 
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posite of several contributing temperature coefficients 
such as those involving the heat of formation of the 
neutral Cu and oxygen vacancies, the thermal ionization 
energies of the copper vacancy acceptors and the 
oxygen vacancy donors, and the thermal band gap. 

It is seen that the activation energy increases at both 
the high and low ends of the curve in Fig. 7. In the 
high-pressure—high-temperature range, Zuev has pos- 
tulated that the activation energy he obtained (0.95-1.0 
ev) corresponds to intrinsic conduction in Cu,O. He 
supports this statement by his observation that, at 
temperatures of 1050°C and higher, the CusO becomes 
enriched with Cu, and from the fact that the band gap 
of CusO has been found to be 2.176 ev.'® Our value of 
0.767 ev is somewhat smaller and certainly rules out the 
possibility of solely intrinsic conduction in this range. 
However, it does appear that the increase from 0.65 ev 
to 0.767 ev in our results at higher temperatures is due 
to the steadily increasing effect of intrinsic excitation. 

The increase in activation energy at low O, pressures 
is more abrupt than at high pressures. This sudden 
increase suggests a change in mechanism for the genera- 
tion of carriers. Anderson and Greenwood proposed that 
their value of 1.05 ev for activation energy represented 
intrinsic conduction. This seems reasonable since CusO 
should tend to become less p type as the Os» pressure 
decreases. It is our feeling that the sudden increase in 
activation energy and decrease in conductivity in our 
data in this pressure range is due to a change to intrinsic 
conduction. The subsequent decrease in activation 
energy and increase in o as the Oz pressure becomes still 
smaller is thought to be due to the advent of n-type 
conduction. However, it must be pointed out again that 
the data at these low O» pressures were obtained under 
conditions that may not have represented equilibrium. 

The indication that CuO intrinsic 
conductor at low Oy, pressures and then tends toward 
n-type conduction as the Oy pressure is further decreased 
has been a point of controversy in the literature.! Work 
is now being carried out in our laboratories to measure 
the Hall effect at high temperatures in order to resolve 
this problem. Low-temperature measurements on single 
crystals of Cu,O are also in progress. 


becomes an 


18 E. F. Gross and I. Pastrnyak, Soviet Phys.-Solid State 1, 758 
(1959). 
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Necessity and Experimental Consistency of Antiferromagnetic Ground 
State without Long-Range Order 


G. W. Pratt, Jr. 
Lincoln Laboratory,* Massachusetts Institute of Technology, Lexington, Massachusetts 


(Received December 5, 1960) 


A proof is given that long-range order measured as the average value of the s component of sublattice 
magnetization of an antiferromagnet must be zero in the exact ground state if that state is nondegenerate and 
the Hamiltonian is invariant under time reversal. The neutron diffraction magnetic cross section is shown not 


to depend on such a measure of long-range order. 


HE purpose of this note is first to point out that 
the correct quantum mechanical ground state for 
an antiferromagnet cannot show any long-range order 
regardless of the spin per atom, lattice geometry, or the 
nature of the anisotropy as long as the Hamiltonian is 
invariant under time inversion and the ground state is 
nondegenerate. All of the Hamiltonians proposed so far 
in discussing antiferromagnetism in the absence of an 
external magnetic field fall within this class. The second 
and essential point here is to show that starting from a 
ground state showing no long-range order, one can re- 
produce the elastic magnetic scattering of the completely 
long-range ordered classical Néel state. 

The definition of long-range order used here is the 
average value of the s component of the total spin of a 
single sublattice, i.e., (0|S47|0), where |0) is the anti- 
ferromagnetic ground state. This same definition or one 
completely equivalent to it has been used by many 
authors! in discussing the subject. An alternate defini- 
tion has been suggested by Rodriguez,’ this being 
essentially } (0|S;-Sj,.!0), where A is chosen such 
that the spins S; and S,,, are always on the same 
sublattice. Long-range order defined in this manner is 
not necessarily zero as will be evident in the following. 

So long as the Hamiltonian® is an even function of the 
angular momentum operators that appear in it, it is 
invariant under the operation of time reversal, denoted 
by K, which effectively reverses the direction of all 
momenta. Therefore, the nondegenerate eigenstates will 
also be eigenfunctions of K. Consider a portion of the 
total ground state that exhibits long-range order defined 
as (0|S47|0). Time-reversal symmetry requires that 
there be another part of the ground state with exactly 
the opposite long-range order and which appears in the 
complete eigenstate with the same weight. The net 
long-range order of these two parts, and hence of the 
entire state, is zero.' 

* Operated with support from the U. S. Army, Navy, and Air 
TP. Ww. Anderson, Phys. Rev. 86, 694 (1952); P. W. Kasteleijn, 
Physica 18, 104 (1952); H. L. Davis, Phys. Rev. 120, 789 (1960) ; 
and T. Nagamiya, K. Yosida, and R. Kubo, Suppl. Phil. Mag. 4, 1 
oy Phys. Rev. 116, 1474 (1959). 

8’ We treat conservative systems here so that the Hamiltonian 
is not an explicit function of time. 


‘Davis (reference 1) discussed the lack of agreement in the 
literature as to the existence of long-range order. See also R. 


We now show that the Néel state yy corrected for 
time-inversion symmetry, hence with zero long-range 
order, leads to exactly the same neutron cross section as 
the perfectly ordered state yy which we take for 
simplicity to be 


det , ‘ , 
at ah a dl ‘uv a(N)a(N)tia(N +1) 


(2 
—XB(N+1)- + -uya(2N)8(2N)|. (1) 
The time-inversion operator K is 


K= (1)?* Sy. il *SynaSyiB te “Sy N BC, 
C being the operation of complex conjugation. One finds 
that 
_ det e 
Kyy= (—1)4— | m4(1)B8(1)- + -uva(V) 
(2N!)! 


X8(N)uip(N+1)a(N+1)-++uye(2N)a(2N)}. 
Eigenstates of K that are even or odd under K are 

ve= (Yn t+Kyn)/V2, (2) 

Wo= (Wn— Kyn)/v2. (3) 


y- and y, are, of course, not actual eigenstates but they 
have the same average energy. The cross section for 
magnetic scattering of neutrons as used in experiments 
on antiferromagnets is® 


k’ 


da 1 ‘ 4 
a -x( :) J(K)|*Ou—-KKy) 2 Pee 
qq’ 


dQdE «n\me* 


XX exp[iK: (n—m) \g| Su‘{ 9’) 


h2 
X(g'| Sal g)3! EJ —E,t+— (k'?— k?) ' (4) 
| 2mo 


Here the initial state of the scatterer is |g), the proba- 
bility of this being P,, and the final state | q’), Sm* is the 
e(x,y,z) component of the spin at the mth lattice site, 


Orbach, Phys. Rev. 112, 309 (1958). L. Walker, Phys. Rev. 116, 
1089 (1959) has stated that it should vanish in the exact ground 
state, as have T. W. Ruijgrok and S. Rodriguez, Phys. Rev. 119, 
596 (1960). 

5 W. Marshall, unpublished lecture notes 
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and K is the scattering vector. It has apparently been 
customary to argue that the antiferromagnetic ground 
state must have long-range order on the basis of the 
experimental results for elastic scattering. This argu- 
ment assumes that the system is in the ground state 
before and after scattering and that since the scattering 
shows long-range order, so must the ground state. 
Therefore, the elastic scattering has been treated by 
setting |qg)=|q')=wWw in (4). If we do this and evaluate 
that part of (4) of interest here, i.e., 


DLL Gey KK yg) Sm*| XQ" | Sn"| 9), (5) 


aq’ en 
the result is 
(1—K,*)iy N | Sn? | v (Ww Sa® y¥ i> (1—KZ)S°mn, (6) 


where Om, is +1 if m and n are on the same sublattice 
and —1 if not and So is the spin per atom. The result of 
evaluating (5) using y. and y, is 


pwt+Kyn  bw—Kyy 
cnn ( LEE oO 


v2 v2 


+ —Kyy YvtKyy 
cad at 
v2 v2 


= (1—K?)(Wn Sia* YuiXwWn da” Wy) 
=(1—KZ)SeOnn. (7) 


Therefore, the degenerate pair of states y, and y,., which 
separately show no long-range order, lead to the same 
elastic cross section as the ordered state Wy. If the actual 
ground state were degenerate, which is unlikely, these 
states can always by a unitary transformation be made 
eigenstates of K, hence with (S47) zero, without changing 


the cross section which is invariant under such an 
operation. Thus it is not at all necessary to require that 
the ground state be ordered to be consistent with scat- 
tering results. 

It is of interest to evaluate the magnetic scattering 
for a more complicated set of states than y¥. and yo. 
Thus consider the set of states constructed by taking 
two sublattices each with maximum spin, i.e., S4= NS 
and Sg= NS» and combining S, and Sz to produce a 
total resultant spin of S=0, 1, 2, ---2NSo. Assuming 
that the system is described by the isotropic exchange 
Hamiltonian 


n.n. 


KH=—2J ap a Sia’ Sya, 
tA,jB 


raAT, 


JR. 


and for convenience that only the nearest neighbor 
exchange between spins on different sublattices is non- 
zero, one finds that the S=0 has the lowest 
average energy of the set for Jaz negative. That this 
singlet is not an actual eigenstate of (8) is not of para- 
mount concern here. The essential facts are that the 
singlet has no long-range order and that the S=1 
member of this set of states has an average energy only 
| Jan|/N higher than the singlet. This latter result is to 
be expected since the large sublattice spins can be re- 
garded classically. Because of this infinitisimal energy 
difference, transitions between the S=0 and S=1 
members of the set must be included in the elastic mag- 
netic scattering. 

If (5) is evaluated for this set of states, assuming that 
initially the scatterer is in the S=O state, then by the 
Wigner-Eckart theorem only when jg’) of (5) is 
¥(S=1, Ms=1, 0, —1) is there a nonzero result. The 
result is 


state 


~~ ¥E 6a—K Kb (s=0)| Sut | p(s 


Me €.9 


1, Ms) 
X(W(s=1, Ms)| Sy" 


2) (S07/3)Omn- (9) 
This differs from the Néel result (6) in that (9) is 
isotropic whereas in the Néel state the z axis is implicitly 
taken as a preferred direction. Thus if we were to make 
the scattering from yy isotropic by assuming K,?= K?/3, 
(6) and (9) become identical. 

The point we wish to make in exhibiting the result of 
(9) is that starting with states having no long-range 
order, as it is often defined, and recognizing that there 
are excited states infinitesimally near the ground state® 
to which transitions can be made (which would only 
show up experimentally as elastic) one can explain the 
magnetic scattering. Conversely, it is neither necessary 
nor correct to infer from the elastic magnetic scattering 
in antiferromagnets that the ground state must show 
long-range order. Therefore, the concept of the sub- 
lattice orientations interchanging over a period of years, 
which is equivalent to assuming that the antiferromag- 
netic ground state is not stationary and that thermal 
equilibrium is never achieved, is not to be regarded as a 
physical reality. However, if the degenerate pair 
Wv+Kywy very nearly represented the actual situation, 
an ordered linear combination could be used as a matter 
of convenience to discuss the energy of the ground state 
and of states nearby. Then this concept becomes a 
necessary condition that such a discussion be meaningful. 

8 For evidence that this indeed is the case, see L. Hulthén, Proc 


Acad. Sci. Amsterdam 39, 190 (1936); P. W. Anderson, Phys. Rev 
86, 694 (1952); and R. Orbach, Phys. Rev. 115, 1181 (1959) 
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Variation-Perturbation Method for Excited States* 


OKTAY SINANOGLUT 
Department of Chemistry and Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received July 22, 1960) 


The first-order wave function, X,, in the perturbation method can be obtained by a variational principle 
instead of summing the usual infinite series with a large continuum contribution. For a ground state or the 
lowest state of a given symmetry suitable trial functions, X;, are chosen to attain EZ», the second-order con 
tribution to the energy, as a minimum. This method is extended here to any excited state, m, regardless of 


its symmetry. To obtain X,", the expression 


Ei.” = (2(@o™, (H, — E,™)X,™ +(X.", (Ho— Eo™)X\™ } 2 E.", 


is to be minimized with X,™ in the form 


m—1 @y*(bo*,H 1Po™) 


rd 7 s 
X,*=X,"+ 2 
k=O 


(Eo™— Eo) 


with X,” orthogonal to the known unperturbed functions of the states lower than m. The X, gives also the 
third-order energy. The method may be applied to such excited states as (1s2s) 4S of He-like ions and to 
the similar electron pairs that arise in the writer’s theory of a many-electron atom or molecule. 


N the perturbation solution of the eigenvalue 
problem, H¥Y= EY, the first-order wave function, 

Xi, determines the energy to third order and the 
resulting energy will be an upper limit! to the exact F. 
The usual perturbation method gives Xi, £2, etc., in 
terms of the spectral representation of the unperturbed 
Hamiltonian, Ho. The resulting infinite sums are very 
difficult to evaluate because the largest contributions 
to them come from the continuum part? of the set of 
eigenfunctions of Ho. Instead, X; can be obtained by 
choosing suitable trial functions to make a certain 
expression, given below, stationary. For the ground 
state or the lowest state belonging to a given irreducible 
representation of the group of H, the exact X; makes 
this expression a minimum. Then one simply tries to 
attain this minimum to get the best X;. Hylleraas* has 
used this method to obtain a very good approximation 
to the X; and the second-order energy, F2, of the helium 
atom, 

For excited states which are not automatically 
orthogonal to the lower states by symmetry, the 
stationary expression will not be a minimum, and the 
variation-perturbation method described above must 
be modified. The purpose of this article is to develop 
such a modified variational principle by which trial 
functions, Xi, for an excited state, can be varied to 
attain a certain minimum subject to some restrictions. 
This is similar to what happens in the ordinary variation 
method, 6{(¥,HW¥)/(¥,¥)} =0, where the energy of an 
excited state will be obtained as a minimum only if the 
trial functions are restricted so as to be orthogonal to 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Sterling Chemistry Laboratory, Yale Uni- 
versity, New Haven, Connecticut. 

1 See the footnote 6 of O. Sinanoglu, Phys. Rev. 122, 493 (1961). 

2 See, e.g., P. O. Léwdin, Advances in Chemical Physics (Inter 
science Publishers, Inc., New York, 1959), Vol. IT. 

3H. A. Hylleraas, Z. Physik. 65, 209 (1930). 
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the exact eigenfunctions of all lower states. However, 
these exact functions are in general not known. In 
contrast, we shall show that the minimum principle 
to be developed here for the X; of excited states involves 
only the known unperturbed eigenfunctions of the lower 
states, 

Consider an unperturbed Hamiltonian, Ho, and a 
perturbation AH, with H=H,+AHi, HV=EW, and 
H go" = Ey*&o*, where ®o* is the kth unperturbed eigen- 
function. The usual perturbation expansion for the 
mth exact eigenstate of H is (for \=1) 


™=Go"+X)"+ rit. 


aed ue (1) 
E™= Eo™+ E,\"+ E.™"+E3"™+-->. 


The first-order wave function, X;", satisfies the non- 
homogeneous equation 


(Ho— Ey)Xi= (£,— H1)®o, (2) 


where £\=(®o,H ;@o). This equation will have a solution 
only if (£i— H)®¢ is orthogonal to the solutions of the 
homogeneous equation, (Hyp— Eyo)#=0. Thus, either Bp 
must be nondegenerate or else it must be chosen such 
that the above orthogonalization condition is satisfied 
(removal of degeneracy in first order), Equation (2) 
determines X, to within an arbitrary multiple of ®o. If 
this multiple is fixed so that (®),X:)=0, EZ, and E£; will 
be given by 


Ey = (o,H1Xi), 
E3=(X1, (Hi— £1)X)). 


(3) 
(4) 
X, does not have to be normalized, since its normali- 
zation affects the energy only to the fourth and higher 
orders.' 

Equation (2) can be put into an equivalent vari- 
ational form. The exact solution, X:”, of Eq. (2) for 
the mth state of H, makes the expression £,™(X.™] 
= {2(Bo", (Ai — Ey™)X™)+(X1", (Ho Eo™)X.™)} sta- 
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tionary,’ i.e., 
bE."(X."] 5{2(@ a (H,—E,")X." 
Xi", (Ho— Eo™)X1™)} =0. (5) 


This equation provides a convenient means of approxi- 
mating to X,” if the extremum, /,"[X,"], is also a 
minimum. Then, X,;", the trial function, can be varied 
until the lowest #.[ X; ] is attained. 

E,™(X," | will be a minimum*- if yo" corresponds to 
the ground state, &,". To see this, we write X;"=X." 
+6X,” in E,™[X,"] [see Eq. (5) ] and, using Eq. (2), 
obtain 

a r m7) > missy om ’ m\sX¥ 

F.™{( 6X1" |= E2™+(6X1", (Ho— Eo™)6X1™). (6) 
Thus, for (®o, (H,— £,)6X,) real, the first-order vari- 
ation of £,” vanishes corresponding to Eq. (5) and the 
error in /,” is of the second order in 6X,". Expanding 
(H )— E)6X,™ in the eigenfunctions of Ho, we have 


x 


Em[6X."]= E+ 


Ey" — Ey™)(y",8X.")°. 


For the ground state Ky"> ,", so that the last term is 


positive definite and therefore 
E.°[X1]> E>". (8) 


The same minimum principle applies also to any 
other X,” if it corresponds to the lowest state of a given 
type of symmetry. Then, since ®p", X," and 6X,” 
belong to the same irreducible representation of the 
group of H, just by symmetry 6X, will be orthogonal 
to all the states By* below &)”. Then the negative terms, 
(Eo*— Eo™), do not contribute to Eq. (7) and we still 
have £,™(6X,")>E.™. Thus (1s 2s) 35, LP, etc., states 
of He can be treated just like its ground state* by 
minimizing £,” with suitable trial functions, X1”. 

Consider now a general excited state which may be 
of the same symmetry as some of the lower states. To 
apply the minimum principle to the X," of such a state, 
m, the variation 6X," must be restricted so as to make 
the error in Eq. (6) positive definite. Hence in Eq. (7) 
we must have 

(o* bX1")=0, (k<m: Ey'— Ey™<0) (9) 
to remove the negative contribution of all the @o* of 
states lower than m. The 6X," above was defined as 
the error of the trial function, X,", with respect to the 
exact solution X," of Eq. (2); so the condition, Eq. (9) 
becomes 


(@o*,X1™)=(Ho*,X1"), [k=0, 1,2, ---(m—1)]. (10) 


*H. A. Bethe and E. E. Salpeter, Encyclopedia of Physi: 
Springer-Verlag, Berlin, 1957), Vol. 35 
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The particular solution of Eq. (2) is formally given! by 


i 


X." (Ev"— Hy bo", (11) 


H,—-E = 
where (Ho— ££) is the Green’s function operator, 


Ey™= (@o",H Bo"), and (X1",Po")=0. Substituting Eq. 
(11) in Eq. (10), and noting that (H)— £o™) 


adjoint since H, is, we get 
1 
(o*,X1") = ( bo*, (£i"— A, ou") 
Ho— Eo™ 
(9, HB"), 


so™— Eh 


‘is self- 


(12) 


Thus, even though we do not have X,” in closed form, 
we do know ( *,X,™). This makes the choice of the 
trial functions, X,", subject to the restriction Eq. (10) 
or (9), possible. Equations (10) and (12) show that 
X.” must be of the form 


a os m—I P, : (P \* Ay by™ 
a” = X ™ +> 


(13a) 
Eyo"— Ey 


and the arbitrary part, X,", of the trial function, X,", 
must be kept orthogonal to the 9’ 
lower than m, i.e., 


fo all the states 


(X1",Bo")=0, [k=0, 1, 2, ---(m—1)]. 


(13b) 


This gives the method for obtaining approximations to 
the X:", E,™ and £;™ [see Eq. (4) ] of any excited state, 
m. The expression, 


E.-(X." }= {2(Bo", (H,- E,y™)X,”) 


+(X.", (Ho— Ev") X.™)} > Ex™, (14) 


is to be minimized subject to Eqs. (13a, b). 

In the ordinary variation method for excited states, 
the trial functions must be kept orthogonal to the exact 
eigenfunctions of all lower states. In contrast to this, 
we note again that the variation-perturbation method 
given here by Eqs. (13) and (14) require only the known 
unperturbed functions, y", of the lower states. The 
method can be applied to such excited states as 
(1s 2s) 1S of the He-like ions to obtain the energy with 
explicit Z dependence as done for the (1s*)'S states*“ 
and also to the similar excited electron pairs that arise 
in the theory of a many-electron atom or molecule.'® 

5 If (Ho— Eo™)™ is written in the spectral representation of Ho, 
the usual formula, 

=< Do" 
Xi™)= Z 


nym Eo*—I 


dy * Hydo™ 


results. We have already mentioned the difficulty of evaluating 
this infinite sum. 
® Oktay Sinanoglu, Proc. Roy. Sox 


London 


to be published). 
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Perturbation theory with operator techniques is applied to a nondegenerate many-electron system taking 
the entire electron-electron repulsions, 2;,; 7;;~!, as the perturbation. The first order wave function X,, is 
obtained rigorously in terms of the first order wave functions of independent two-electron systems. The 
wave functions of these electron pairs contain nuclear parameters and can be obtained individually by varia- 
tional or other methods, then used in various atoms or molecules. For example Li atom is built up completely 
from the (1s)? 4S, (1s2s) 4S and 4§ states of Lit. The X; gives the energy to third order and as an upper limit 
to the exact E. The £2 is equal to the sum of complete pair interactions plus many-body terms of two types: 
(a) “cross polarization,” which exists even in no-exchange intermolecular forces, and (b) Fermi correlations. 


I. INTRODUCTION 


HE single-particle theories of atoms and molecules 
do not take into account the correlations in the 
motions of electrons. Large errors result in the calcu- 
lation of energy differences of chemical and spectro- 
scopic interest. To introduce electron correlation, the 
variation method has been used extensively. In the 
most common form of this method, a finite number of 
Slater determinants formed from a set of one-electron 
spin-orbitals are linearly combined into a trial function. 
This method suffers from very slow convergence. Also, 
it does not allow one to draw general conclusions which 
can be extended to larger systems since each atom or 
molecule is treated as a new numerical problem. 

How can a large atom or molecule be built up from 
smaller groups of electrons each containing some 
correlation? A treatment directed at answering this 
question would reduce a many-electron problem to 
several fewer-electron problems, but perhaps more 
importantly, would extend the qualitative concepts of 
quantum chemistry so as to include correlation. 

The shell structure of atoms and the independent 
behavior of certain regions of molecules are undoubtedly 
valid beyond the usual orbital approximations. For 
atoms and molecules as they exist in nature, we wish 
to ask questions such as: What is the difference between 
the free Li* ion and the core of Li atom? 

Recently! we treated a many-electron system by 
second-order perturbation theory starting from the 
Hartree-Fock energy. We used the ordinary form of the 
Rayleigh-Schrédinger (R.S.) method and classified all 
the virtual transitions represented by the unperturbed 
determinantal eigenfunctions.? Thus the energy was ob- 
tained as a sum of pair energies and “exclusion effects,” 
i.e., three- and four-particle Fermi correlations, al- 
though, to obtain each term in closed form and not as 


* This research was carried out under the auspices of the U. S 
Atomic Energy Commission. 

t Present address: Sterling Chemistry Laboratory, Yale Uni 
versity, New Haven, Connecticut. 

! Oktay Sinanoglu, J. Chem. Phys. 33, 1212 (1960). 

2 This is equivalent to the second quantized or hole-particle 
formalism. 


an infinite series, the approximation of replacing the 
energy denominators by pair “mean excitation energies” 
was made. 

In this theory as well as in Brueckner’s theory of 
nuclear matter* all the electrons of the N-electron 
system (the ‘“medium’’) affect a correlating pair (i) by 
their average (self-consistent field) potential, and (ii) by 
their “exclusion effects’ mentioned above. On the other 
hand, for the purpose of building up an atom or molecule 
from some groups of electrons which can be transferred 
from one atom or molecule to another, each group must 
be independent of the other electrons of the system and 
any extra “medium” effects should be added on rather 
than being implicit. 

To do this, we apply here formal perturbation theory 
to a nondegenerate -electron system taking the entire 
interelectronic repulsions, }°%;>j;-: 1/rij, as the per- 
turbation. We consider only the first order wave 
function (W.F.) and show how it can be built up from 
independent two-electron solutions. The formalism 
avoids the infinite sums of R.S. method over complete 
sets of eigenfunctions with very large continuum con- 
tributions. Instead each pair function is obtainable from 
a two-electron differential equation or an equivalent 
variational principle. So far, first order W.F.’s have 
been determinated mainly for He-like systems.‘ These 
can be used for instance to build up larger atoms. The 
first order W.F. determines the energy to third order. 
The energy comes out as a sum of independent pair 
energies and some added “‘medium” effects. The latter 
are examined in Sec. IV. The formalism of this Article 
will also be applied separately® to the correlation energy 
of a many-electron system starting from its Hartree- 
Fock solution and obtaining the results of reference 1 
in closed and rigorous form. 


3 See, e.g., K. A. Brueckner, in The Many-Body Problem, (John 
Wiley & Sons, New York, 1959). This theory is also based on 
pair correlations, but for finite systems [See R. J. Eden, in Nuclear 
Reactions (North-Holland Publishing Company, Amsterdam, 
1958), Vol. 1] it requires as yet formidable self-consistency 
procedures. 

*E. A. Hylleraas, Z. Physik 65, 209 (1930). 

’ Oktay Sinanoglu, Proc. Roy. Soc. (London) (to be published). 
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II. THE PERTURBATION METHOD 


Let Hy be the unperturbed Hamiltonian and H, the 
perturbation; then 


(Hot+H,)¥ 
H @o= Epo; 


EW, 


Po, = 1. (1) 


If we write: 


such that 
(@y,V 

we get exactly 

E=(%o,HV)= Eo+(®o,H1¥). 
rhe perturbation solution is obtained by 

X=XitX:+::-, 

E—Eo=E\+E.+ Est+::>. 

X; is a solution of 
(Ho— Eo)Xi1= (E1— H1)®o= —QH :%o, (5) 


where £,=(%0,H;%o), and Q=1—,)(®p is an operator 
that projects out po, 
The X; determines the energy to third order®: 


E, = (®o, HX, me E\(®o,X) , 
E3- (X1,H 1X; — F\(X;1,X) — 2E Xo, X1 a 


(6) 
(7) 


This is closely related to the fact that energies to odd 
orders are higher limits to the exact energy, E, and thus 
also follow from the standard variational method.’ 
Energies to even orders, however, do not have this 
relation to EF, 

Equation (5) is a nonhomogeneous partial differential 
equation. It has solutions only if the solutions of the 
corresponding homogeneous equation are orthogonal 
to the nonhomogeneity,® QH,%). This means that in 
cases of degeneracy, the degenerate zero order eigen- 
functions, ©)", must be chosen so as to satisfy 

(@y',0H ®y*)=0. (8) 
Then a different equation like Eq. (5) can be written 
down for every ®o* with a solution X,*. 

Equation (5) is equivalent to the extremum con- 

dition: 


6{2(Xi, (H,— E,)®; +(X1, (Hy— Ey)X1)} = 0. (9a) 


°H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35. 

7To see the relation between the energy calculated to third 
order and the exact /, substitute (#)+X,) with (#9.X,)=0 in 
(W,HV)/(¥,¥))>E and use Eqs. (6), (7) and the relation: 
X1,HoX1) = Eo(X1,X1)—(X1,H1%o) which follows from Eq. (5) 
Then we have 

E (Eo E+) 

since (X;,X,;)=|X,|*)0. The normalization correction is of the 
fourth and higher orders. See also: P. M. Morse and H. Feshbach, 
Vethods of Theoretical Physics (McGraw-Hill Book Company, 
New York, 1953), Vol. 2, pp. 1119-20. 

8B. Friedman, Principles and Techniques of Applied Mathe 
matics (John Wiley & Sons, Inc., New York, 1957) 


Eot+ Ey + E2+ E3, 
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In particular, the X; for the lowest state of a given 


symmetry can be found approximately by minimizing 


Eos {2(X1", (H,— E\)®.)+(X,", (A, Fey) X\" a (9b 


with suitable trial functions, X;" 
Eq. (9) to obtain the £, and X; for the ground state of 
the He atom.‘ The X; of an arbitrary excited state 
which may be of the same symmetry as some of the 
lower states may also be found by a minimization pro- 
cedure. We have developed such a procedure’ and shown 
that for an excited state, X," must be chosen subject 
to some restrictions which require a knowledge of only 
unperturbed W.F.’s of the lower states. 

The particular solution, X,”, of Eq 


H1)®o, (10 


Hylleraas has used 


(5) is given by: 
X,? Lo l( 


where Lo '= (Ho— Eo) 
ator. But the general solution, X;, is 


is the Green’s function oper- 


X,=X,"+C®); (11a) 
C is an arbitrary constant which can be chosen such 
that 

($o,X1)= 0. (11b 
Let the nondegenerate ground state of an .V electron 
system be 
1 

det {1 XxX) 2 


@o(X1,X0,° * -Xv)= 


V(N! 


(@{1(x,)2(x 


@ is the antisymm etrizing operato1 


I ~ 
> (-1 PP 


J/(N!) P \ 


a= 


We shall take for the unperturbed system the bare 
nuclei Hamiltonian : 


N 
HAyo= +2 h; ; 


i=] 


so that 


in atomic units (1 a.u.= 27.2 ev). Ra; is the 
electron i to nucleus a. The 1(x;), 2(xe), ---&(x;) in 


Eq. (12) are the spin-orbitals satisfying 


distance of 


h&k(x;) = €.°k(x;) (15) 


x, designates both the space (r;) and the spin (&;) 


9 QO. Sinanoglu, this issue [Phys. Rev. 122, 491 (1961 
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coordinates of the electron i. In atoms, the complete 
one-electron basis set {k} is the hydrogen-like orbitals 
multiplied by spin a or 8. Thus 1=1s,, 2=1s,, --- so 
that all odd integers stand for spin-orbitals with a 
spin, and all even ones for those with 8. 

From Eqs. (12) and (14), 


N 
FE, = (®0,H®o) = 2 (J i— Ki"). 


1 >j=1 


(16) 


Ji; and K;,;'! are the Coulomb and exchange integrals 
between the orbitals 7 and j: 


J i= (i(X1) j (2), 8124 (X1) j (X2)) = (77, grat J), 
K j;!!=(i (1) j (Xe), g12j (X1)i(%2)) = (i j,gi2ji), (17) 
K;;'! is nonzero only for i and j of like spin. 

Notice that in Eq. (12), before @ is applied, a spin- 
orbital and the electron occupying it are designated by 
the same numeral, e.g., 1(x:), 2(X2), etc. 

In the spectral representation of Ho, the Green’s 
function, Lo, in Eq. (10) is given by 


a 


>1(-++)n>1 


k(x1)1 (x2) - - -m(xw))(R(x1)1 (Xe) - - - (xy) 


(e°t+er+:- * én’) — (e°+e°+ a ey’) 
for the space of distinguishable electrons, and by 
Q(Rl-- +n) Q@(Rl- + -n) 


Lot= pi (19) 
n>+++>b>k>1 (ex° +e +n") — (€9 +62" + ey") 





for the antisymmetric space of NV fermions. In Eq. (18), 
k, l, etc., each runs over the complete one electron basis 
set of spin-orbitals. The sum in Eq. (19), on the other 
hand, is over all the unique N by N Slater determinants, 
i.e., “ordered configurations”! that can be formed from 
{k}. For use in the next section we also define 

es=h,—,°+ (spin part), (20a) 
and write 


1 1 


Ho— Eo eitestest:-+-en 





Lo = (20b) 


III. SEPARATION INTO PAIRS 


We now write X;, of Eq. (5), in terms of the first 
order wave functions of independent two-electron systems 
each one of which can be obtained from an Eq. (5) or 
Eq. (9) in exactly the same way as solving for the 
ground or an excited state’ of, e.g., the He atom.‘ 

Consider an N-electron state whose zero-order W.F. 
can be written as a single Slater determinant (closed 
shell or closed shell plus one electron system), From 


MAN Y~ELECTRON 


ATOMS AND MOLECULES 


Eqs. (5), (10) to (17), and (20) we have 


N 
X= Lo (£,\— Hi) ®o= Lo a (J 3 — Ki;"') 


i>j=1 


- > gis} @(123---N) (21) 


i>j=l 


(Ei—H) commutes with @, since it is unchanged 
after any permutation of the electron indices. Thus 


N 
Xi=Lr'@{ pa (J 3— Kij!!—gi)} (123---N), (22) 


i>j=l 
where 


(123- + -N)=[1(x:)2(x2)3(x2)-- +N (xy) ]. 


In gi;, i and j refer to the electrons (r; and fj), 
whereas in (J;;—X;j;!!) they refer to the orbitals i and 
j. Since there is a one-to-one correspondence between 
i and x; before operating by @, we associate a (Jij— Ki;) 
with each g;; and write 


mM; =J 5;—Kij—g353 
then in Eq. (22), 


(23) 


N 
Ql Jis—Kij!!—gi3)(123---N)} 


: >j=1 


= >> @{m,;(123---N)}, 


i>j 


(24) 


@ commutes with Hy and hence also with Lo, so that 
X,=Lo? } @{m,;(123---N)} 
>i 
N 
=@L;>" z. m;;(123--+N). 


i>j=1 


(25) 


If now Lo =(ei1t+e2+---en)! were applied to each 
m,;(123---N) term in Eq. (25) separately, it would 
have singularities in each such term, corresponding to 
degeneracies of the type 1(x:)2(x2) with 1(x2)2(x:), etc. 
[see, e.g., Eq. (18) ]. Of course these singularities cancel 
in the sum after applying @ in Eq. (25), so that X; is 
finite. 

To get Xi as a sum of terms, each term containing an 
independent two-electron solution, Eq. (25) must be so 
rearranged that each term will have no singularities be fore 
operating on it by @. 

To achieve this we go back to Eq. (24) and introduce 
first the operator ®,; in front of each m,;. The @,; is 
the antisymmetrizer that operates only on x; and x;; 
2. 

1 


1 
@i,j=—(1—P,;)=— det, (26) 
7 z! v2 


P,; interchanges only x; and x; and leaves the other 
electrons the same. Since P;; is an element of the per- 
mutation group of N electrons, the following relation 
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1 

—AB8ij= @, (27) 
” i. 

@ was defined in Eq. (13). From Eqs. (24) and (27) 

and considering that gi; is symmetric with respect to 

Pi, we get 


N 
> Q{m;;(123---N)} 
i>j=1 
Nn @ 
=2 


t>j=1 VZ 


Baj{m;(123- hei N)} 


@ N 
=> 


28 
v2 i>j= ( 


m;;@i;(123---N), 
1 


and 
1 N 1 
Xi=—@ > — —m ;®4;(123---N). (29) 
V2 i> imt ey +@2+- + ey 


From Eqs. (15) and (20a), 
e,i(x;)=0; (30a) 
thus’ for any analytic function, / of e;, 


f(e)i= f(O)i. (30b) 


Therefore: 


1 
———————-,j;8;;(12- - -i7---N) 
e:test+:--en 


= (12-- + (i—1)(j+1)---N)——m,;8;(i)), 


ei ej 


(31) 
and 
1 N 
Xi=—@j > (12---(i—1)(j+1)---N) 
VZ i>j=1 
1 


X—m,B,; (77) }. 
este; 


(32) 


Equation (31) can be verified also from Eq. (18). 
Some of the (i7) terms in Eq. (32) are already in the 
desired nonsingular forms, others are not, To examine 
each term in detail concretely, we now continue the 
derivation with a specific case: the Li atom. Then 
o(X1,X2,X3)= @(123) and 
(123) = (154(x1)153(x2)254(Xs)), (33) 


X, becomes 


1 
Xr=F OM (H1)uaa(X0,Xs) +2 (22)ura (5X9) 
+3(X3)t#12(X1,X2)}, 


(34a) 
where 


(34b) 


4ij=——8 (4 )). 
eit ej 
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Our aim is to write each u,; as the solution of a non- 
homogeneous 2-electron equation in the form of Eqs. 
(5) and (9). The condition that ;; in Eq. (34b) not be 
infinite is equivalent to the condition that 
(35) 
has a solution. As given by Eq. (2), this condition is 


(36) 


(e:+e;)usg= mizB(i7) 


( piz*,miiB(i7z = Q, 
¢ij* denotes either @(i7) or one of the other solutions of 
(e+ €)) ¢i;*= 0 (37) 


degenerate with it. If Eq. (36) holds, then u,; can be 
obtained from Eq. (35) by any method [including 
variational,® Eq. (9) ]. But Eqs. (34a), (10), and (11) 
show that it must be made orthogonal to @(i7) before 
it is inserted into Eq. (34a). 

In Eq. (34), two of the u,;’s already correspond to 
physically existing two-electron systems: 2(X1,X2) is 
the first order wave function of a free Li* ion in its 
ground state and satisfies 


(1+ €2)t12 - (Ji2— £12) ®(1salsz ). (38) 


Also, 113 is given by 


(e:+€3)Mis= (Jis— Kis— gis) @(1sa2sa), (39) 


and is the same as the (1s2s) *S state of Li*. It is not 
possible to write directly such an equation for #23. This 
case violates Eq. (36), because 


®e3(23) = (1/v2) det (1s,2s.) 


is degenerate with @(1s,2sg) and is not a pure spin 
state. To solve this difficulty we recall that in the over- 
all Li atom this degeneracy is finally removed after the 
application of @ in Eq. (34a). Thus, again we go back 
to Eq. (28), where Zo had not been applied yet, and 
remove the degeneracy in the following way: 

From Eqs. (29) and (34), the (23) term is 


1 a 
—— —(Jo3— go3){1(x1)@(23)}. 
ert+ertes V2 


@(1sg2s.) is a mixture of a singlet and a triplet state, 
so that 


(40) 


$23 1 
=—[@(23)+@(14)]. 
$23 v2 


(41) 


1 


The (+) sign refers to the triplet state 
@(14)= (1/v2) det (1s.2s,). 


To split Eq. (40) into two parts such that both will 
satisfy Eq. (8), we multiply it by 2/2, then add and 
subtract Kes[ 1@23(23) |, obtaining 


a 
ilo (J23— K2s— g23)[18(23) | 


+ (Jos +Ko3— g23)[18(23) ]}. (42) 
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If (J23— ges) 1(x1)@(1(x2)4(xs)) ] is added and sub- 
tracted and then Kes[_1(x:)@(1(x2)4(x3))] is added to 
each one of its terms, Eq. (42) remains unchanged, 
since 

@{1(x:)@(1(x2)4(x3))} =0. 


Then using Eq. (41), we get 


(43) 


@ 
Lo *— (J23— gos) { 18(23) } 
v2 


=$Lo@{1(x:)[(J2s— Keos— ges)* G23(X2,Xs) 
+ (J23+Ko3— g23)' ¢23(X2,Xs) ]}. 


Finally we commute ZL,“ and @ and use Eq. (30b). The 
result is that #23 in Eq. (34a) is now given by two terms, 
instead of by Eq. (34b): 


(44) 


1 
1423 (X2,X3) = ppl sa (xesXs) +t4o3(X2,X3) ]. (45a) 
Vv 


The triplet and singlet components of w#23 are the solu- 
tions of 
(e2+es) 3H23= (Jos— K2s— gos)*y 23, 


(e2+¢€3) 'uos= (Jost+Kos— gos) Go3, (45b) 


5403 and ‘#23 must be made orthogonal to *g23 and '¢23 
before they are inserted in Eq. (34a). 

The first of Eqs. (45b) and the spatial part of *223 
are the same as Eq. (39) and the spatial part of 13, 
respectively. The *#3 and «3 differ only in their spin 
factors, one being the @,=0, (a8+a), and the other 
M,=+1, (aa), component of the triplet. Thus the 
entire X; for the ground state of the Li atom is obtained 
by combining in Eq. (34a) the first order W.F.’s of the 
(1s)? 4S, (1s2s) 8S and (152s) \S states of the free (Lit) 
ion. The advantage of this approach is that the two 
electron solutions “,;; can be obtained independently 
and when they are obtained as a function of the atomic 
number, Z, as Hylleraas‘ has done for H-, He, Lit, etc., 
they can be used to build up larger atoms. In going 
from Li to Be, only one more pair function, the one for 
the (2s)?4S state, is needed. (For this state the (2s)*, 
(2p)? degeneracy would be removed first.) In general 
the number of independent pair states needed will be 
less than the total number of pairs, because of the 
multiplicity of some of the pair states. 

For the V-electron system with a single determinant 
yo, we now have [see Eq. (32) ]: 


1 N 


Xi=—=@{ D (12+ F=1)(F+1)-+ Nua). (46) 


v2 >j=1 


Wherever @(ij) belongs to a row of an irreducible 
representation of the symmetry group of the two- 
electron Hamiltonian, (h,°+/;°+;;), the corresponding 
u;; is the solution of 


(e;+e;)usjg=mj8(i7), (47) 
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such that (u,;,8(ij7))=0. In other cases, u,; must be 
decomposed into symmetry eigenfunctions as in Eq. 
(45a), and each part determined from equations such 
as Eq. (45b). A survey of the approximate methods for 
solving such two-electron equations are given by Bethe 
and Salpeter,® and the variational method, Eq. (9), 
and its extension to any excited state has been discussed 
by the author.® All the two-electron degeneracies, e.g., 
arising from angular momentum, etc., can first be 
removed in the same way as shown for the 15g2sq pair 
of Li. 


IV. THE ENERGY 


We now turn to the examination of the energy of an 
N-electron system obtained from the first order W.F., 
X;. Since each u,; in Eq. (46) is orthogonal to its ®(i7) 
or ¢i;, we have (#o,X,)=0; then 

| N @ 
Xeu)— 


i>j=l Vv 


E.=(®0,HX1)= (a(123. . -N), ( 


x (12- G11): Nua) ) 


i>j 
= (N!/2)@(123---N), (giot+gist::*) 


[(34- ++ N)uio+ (1256---N)uset-++ J). (48) 


The last step follows because @ is self-adjoint and 
@?= (N'!)'@. In (34---N)u2, etc., orbital and electron 
indices are the same [3(xs), etc. ]. 

For the Li atom, Eq. (48) gives 


E2=(@(12),g12¢12)+(@ (13),g13%13) +-(B(23), gostees) 
+ (3!2)*{(@(123),g133 (Xs) 12(X1,X2)) 
+(@(123),g131 (x1) m23(X2,X3)) 
+(@(123),g122(x2)m13(X1,X3))} (49) 


The first term is simply the ground state EZ, of (Li*); 
from Eq. (45a), the sum of the second and third terms 
are the sum of the F,’s of (1s2s) *S and 4S states of Lit. 
Notice that this result is more than the usual pairwise- 
additivity of dispersion forces: e.g., (@(12),gi2t#12) is the 
entire E, of Li ion. It includes both the dispersion and 
the “orbital average polarization” terms! which arise 
from double and single virtual transitions, respectively, 
in the Rayleigh-Schrédinger expression for Ez [i.e., 
using Eq. (19) ]. 

The remaining terms of Eq. (49) are the non-pair- 
wise-additive interactions in second order. Their 
meaning is made clear by expanding @(123) in its 
minors, in each of the last three terms of Eq. (49). For 
instance, the first of these terms becomes 


(312) @(123),g133 (Xs) 12 (%1,X2)) 
= 2{(228(1133),g1333¢12)— (128 (2133), g1333t12) 
—(328(1133),g133st12)}, (50) 


where we have used subscripts for electron coordinates, 
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e.g., 1,=1(x2), etc., and m12= m12(X:,X2). The last term 
is the “exclusion effect’! of the occupied orbital 3 on 
the correlating pair of electrons”® in #2. As discussed 
in reference 1, this is a three-body Fermi correlation. 
In the theory of nuclear matter," these exclusion effects 
turn out to be partly responsible for the smallness of 
the three-body Coulombic correlations which appear 
first in £3. Whether the same thing is true in atoms and 
molecules or not is a point that requires future 
investigation. 

The first two terms of Eq. (50) are of a different 
nature. They arise in Rayleigh-Schrédinger E, [using 
Eq. (19) ], as the cross terms upon squaring the single 
excitation, i.e., “orbital average polarization’! terms 
like (@(123),(30gi;)@(12k)). Such “cross-polarization” 
terms come up, as shown in the Appendix, even in the 
second order Van der Waals attraction of three separate 
atoms even when they are so far apart that all exchange 
effects can be neglected. 

Thus, for the energy of an JN electron system to 
second order, we have from Eqs. (14), (16), and (48): 


N 
Eo+ £1+E.= & (pair energies) 


i>j=1 


+> (cross-polarization and exclusion effects). (51) 
All of these terms and also E; in Eq. (7) are obtained 
from ®) and X; given by Eq. (46). The components of 
E; can be similarly separated and contribute to the 
energies of the independent pairs and three-electron 
terms. As mentioned’ in Sec. II, it is important to 
carry out the energy calculations to #; rather than E; 
so as to get an upper limit to the exact E. 


Vv. CONCLUSION 


We have shown that the first order wave function, 
X:, of an N-electron system can be obtained from the 
first order functions of the ground and excited states 
of a two-electron system with the same nuclear frame- 
work. Each pair function can be obtained from a 
2-electron nonhomogeneous differential equation, e.g., 


” The ‘‘exclusion effects” can be formally incorporated into 
the pair energies by making each u;; orthogonal to the remaining 
occupied orbitals ki, 7; e.g., in Li, we substitute 


Uy2" (X1,X2 = 12 (X1,X2) =~ V2Bi2{ (u12(x1,X2),3 (x2) x95 (X2) } 


for m2 in (®(12),g:2%12). The ( )x2 means integration over x: only. 
We have (12' (x:,X2),3(x2))x2=0. The m’s in the other two terms 
of Eq. (50) are left unchanged. In an atom or molecule with more 
than three electrons, there will also be four-electron exclusion 
effects.5 These arise because double excitations to a pair of orbitals 
occupied by two other electrons in ®p are excluded by the Pauli 
principle." The four-body exclusion effect will be much less than 
a three-body exclusion effect; because in the latter, not just one, 
but a whole set of double excitations are involved. These are the 
missing transitions of an electron to a complete set orbitals while 
another is prevented from going into an orbital already occupied 
by a third electron (see reference 5). 
HH. A. Bethe, Phys. Rev. 103, 1353 (1956). 
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by a variational method.*® Then both the individual pair 
energies and the nonpairwise additive effects in EZ, and 
E; follow from this X;. These results should be im- 
mediately applicable to atoms, since u;; can be obtained 
with explicit Z dependence,‘ and Li, Be, etc., can be 
calculated from mostly existing calculations on the 
ground and excited states of He-like ions. Similar 
calculations may be made on molecules, where, e.g., 
inner shell pairs can be taken over from atomic calcu- 
lations, and core-valence electron interactions obtained 
using core polarization potentials.'"* In many mo- 
lecular problems it is also possible to calculate X:, Eo, 
and £; starting from a Hartree-Fock ». There are now 
many Hartree-Fock molecular orbital (M.O.S.C.F.) 
calculations available, and we have separately de- 
veloped® methods similar to those given here to obtain 
correlation energies starting from Hartree-Fock 
solutions. 
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APPENDIX. NONPAIRWISE FORCES IN THE 
SECOND ORDER INTERACTION OF 
THREE SEPARATE ATOMS 


Consider three identical atoms A, B, C sufficiently 
far apart so that all exchange effects can be neglected. 
Let a, 6, and c be their ground states and Vaz, etc., 
denote the instantaneous electrostatic potential between 
A and B, etc. Using definitions similar to those in the 
text, we have 


1 
x,=——__{ (Jas— Vas) +(Jac— Vac) 
Cateste- 


+(J5-—Vaec)}(abc), (A1) 
where, e.g., Jas=(ab,V 4zab). Using Eq. (30), we obtain 
Xi= dUpet+buactCuar, 


1 
—(Jar— V az) (ab), etc. 
Cates 


Uab= 


Fo.=((abc), (VastV ect V ac)X)), 


or 


E,=(ab,V ap tar)+(ac,V ac Uac) + (be, V Bc us 
+. 2[ (abc, J "AC CUar+ (abe, V AC Ube) 


+(abc,V ap bttac) |. (A4) 


The first three terms of Eq. (A4) are the pair inter- 


12 Oktay Sinanoglu and E. M. Mortensen, J. Chem. Phys. (to 
be published). 
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actions. Notice that they include the mutual electro- 
static polarization within a pair in addition to the usual 
dispersion forces. The last three terms are the 3-body 
“cross-polarization” terms mentioned in the text [see 
Eq. (50) ]. If the atoms A, B, and C are neutral and 
spherical and if V4g is expanded in a multipole series 
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keeping only the dipole-dipole term, the pair polari- 
zation and the cross terms vanish. Then E» reduces 
simply to the sum of the usual London dispersion 
energies, '*.14 


8 F. London, Z. Physik Chem. B11, 222 (1930). 
14H. Margenau, Revs. Modern Phys. I1, 1 (1939). 
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The impact parameter treatment of the scattering of protons by hydrogen is derived and is shown to be 
valid for energies greater than a few electron volts. A novel treatment of the resultant equations is given 
.Which significantly modifies previously obtained results for inelastic scattering and charge-exchange 


scattering. 


I. INTRODUCTION 


T has long been realized that the system of two 
protons and an electron is one of the simpler three- 

body problems in quantum mechanics because of the 
large disparity in the electron and proton masses. Born 
and Oppenheimer! used this fact to treat the bound 
states of H.+. They made the approximation that the 
protons moved very slowly compared with the elec- 
trons. The resultant problem, the motion of the electron 
in the field of two fixed protons, could then be solved 
exactly.2 Similar approximations were made for the 
scattering problem,’ resulting in good agreement with 
experiment for low energies. The high-energy problem 
has been treated by Born approximation,‘ but the 
discussion of capture collisions has been somewhat 
clouded by the lack of orthogonality of the initial and 
final states and the consequent ambiguity in the contri- 
bution of the proton-proton potential to these re- 
arrangement processes.® The high-energy scattering has 
also been treated by an “impact parameter method,” 
where it has been shown that a “Born approximation” 
in this method is equivalent to the usual Born approxi- 
mation in the limit of the electron-to-proton mass ratio 
vanishing.® 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1M. Born and J. R. YorcE” Ann. Physik 84, 457 (1927). 

2 E. Teller, Z. Physik 61, 458 (1930). 

3N. F. Mott, Proc. Cambridge Phil. Soc. 27, 553 (1931); 
D. R. Bates, H. S. W. Massey, and A. L. Stewart, Proc. Roy. Soc. 
(London) A216, 437 (1953); D. R. Bates and R. McCarroll, Proc. 
Roy. Soc. (London) A245, 175 (1958); A. Dalgarno and H. N. 
Yadav, Proc. Phys. Soc. (London) A66, 173 (1953). 

‘H. C. Brinkmann and H. A. Kramers, Proc. Acad. Sci. 
Amsterdam 33, 973 (1930); referred to hereafter as B-K. 

5J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953); 
D. R. Bates and G. Griffing, Proc. Phys. Soc. (London) A66, 961 
(1953). 

6 J. W. Frame, Proc. Cambridge Phil. Soc. 27, 511 (1931). 


It is the object of this paper to present a systematic 
derivation of the “impact parameter method” (Sec. IT). 
It will develop that it is suitable for the description of 
collisions for proton energies of the order of a few 
hundred electron volts and greater. In Sec. III an ex- 
pansion is made which is suitable for direct (not re- 
arrangement) collisions. This is used to develop an 
“improved Born approximation” which is used to cal- 
culate the cross section for the transition 


p+H(1s) > p+H(2s) 


as an example. In Sec. IV an expansion is made which 
is suitable for the description of rearrangement colli- 
sions. A similar “improved Born approximation” is 
developed here with the result that the initial and final 
states are automatically orthogonalized, thus eliminat- 
ing the difficulties mentioned above in connection with 
this calculation. The method is applied to the calcula- 
tion of the cross section for the process 


p+H(1s) > H(1s) +p 


as an example. 
In Sec. V the problem of handling the low-energy and 
intermediate-energy ranges is briefly discussed. 


II. THE IMPACT PARAMETER METHOD 


A Born approximation calculation for the total scat- 
tering of a proton by atomic hydrogen yields the fact 
that the mean angle of scattering is of the order 
(m|Wo|/ME)', where |W o| =13.6 ev is the binding 
energy of hydrogen and £ is the incident proton energy.® 
For incident proton energies above an electron volt or 
so this is an extremely small angle, indicating that the 
proton travels in essentially a straight line. This means 
that the protons are distinguishable and that the Pauli 
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principle may therefore be neglected. The mean energy 
loss of the proton may also be estimated, with the not 
unexpected result that the fractional energy loss is 
AE/E~O(m/M)+0(|W,o|/E), so that for proton 
energies of a few hundred electron volts or more the 
velocity of the proton is almost unchanged. Finally, we 
may compare the de Broglie wavelength with the 
relevant distance in the atomic system, the Bohr radius 
a. The result is (m|W.|/ME)!. Thus the proton may 
be localized relative to the atom. We therefore expect 
that the proton motion may be treated classically and 
that the electron will move in the field of the two 
protons. The Schrédinger equation for the electron 
motion will then be 


(ihd/dt— H,.)W(x,t)=0 


| , (1) 
where 
he? e e 
H,=—-—VZ- 
2m 


_——————, (1a) 
|x—3R| |x+43R| 
Here R(é) is the classical interproton coordinate, which 
must be determined. 

Our starting point is the Schrédinger equation for the 
full three-body problem in the center-of-mass system: 


(ihd/dt— H)¥ (x,R,t) =0, 
where 
h? i? é e ée 
H=-——V;’?-—VZ2+—- ——_—_-- — , 
M 2m R |x—3R| |x+3R| 


Here M is the proton mass, m the electron mass, R the 
interproton coordinate, and x the electron coordinate 
relative to the center of mass of the protons. In (2a) we 
have neglected the difference between the electron mass 
and the electron reduced mass. This difference is of 
order m/M. It presents some nontrivial difficulties, 
which have been discussed elsewhere.’ We shall con- 
sistently neglect effects of this order, so they will not be 
discussed here. 

The full wave function, Y, may be obtained from the 
variational expression 


(3) 


1 a 
I= ; f exarrar W*i—Vv —V*HV+c.c. }, 
dl 


where c.c. represents the complex conjugate of the pre- 
ceding expression in the bracket. This may easily be 
shown to be stationary with respect to small variations 
of WY and ¥* about the exact solution to (2). The con- 
siderations above lead us to choose a trial function for V, 


Wo= Vr’ (x,/)xr’(R,/), (4) 


where y satisfies (1) and x is to be determined. The de- 
pendence on the as-yet-arbitrary function R(¢) has been 
made explicit. 


7S. Cohen, D. Judd, and R. Riddell, University of California 
Radiation Laboratory Report UCRL-8390 (1958); Phys. Rev. 
119, 397 (1960). 
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Substitution of Wo for Y in (3) and variation with 
respect to x* leads to the equation for x: 


(ihd/dt—Hz)Xp’=0 


where 
he? 2 7 
Hr= ——V;’ +——e*’Ar ‘(R,2), 
M R 


with 
Ba'(R= f Prlva(e)|" 


1 1 1 1 | 

|——__ "oan =? (6) 
Jx—4R| [x—4R'| [x+4R| |x+4R’|! 

We may look for a solution to (5) in the form of a wave 
packet. The distance over which A changes is of the 
order of a Bohr radius, so that the collision time will be 
of the order of r~a/V, where V is the interproton 
velocity. If we take the original size of the wave packet 
to be Axa, then after a time 7 the wave packet will 
have an extent® 


h? 
(Ax)?= (Ax)?-+—— 
4M? ( Axo)? 


r 


(7) 


This is minimized by (Axo)*=%a/2Mv, with (Ax)? 
=2(Ax»)?. Now the uncertainty of momentum in the 
wave packet is given by Ap=?/2Axo. We require that 
this uncertainty in momentum be small compared with 
the momentum, i.e., Ap<<Mv. These may be combined 
to yield 

(Mva/h)'>1. (8) 
Replacing the inequality by equality, we get 


E=14Mv?=(m/M)!|W,| ~0.007 ev. (8a) 


Thus the inequality is easily satisfied and the 
Schrédinger equation, (5), may be replaced by a classi- 
cal equation of motion for R: 


9 


@R e jn 
1M—— ve(—— e’Ar Ro). 
dt? R 


The function R’(¢) is still arbitrary at this point. In 
order to determine it we must consider the correction 
to Wy in V. 

If we set V=W,+ 5, then 


[ihd/dt— H ov = — e*Ar’(x,R,/)—Ag’(R,t) Wo, (10) 


where A has been defined in (6), and 


1 1 1 


a - _———__, 
[x—3R| |x—3R’| |x+3R| |x+3R’| 
(11) 


8L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 58. 


Ar’(x,R,/) _ 
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It is now evident that R’ should be chosen to be the 
classical interproton coordinate as determined from (9) 
in order to minimize the right-hand side of (10) and 
therefore to minimize 6¥. We therefore drop the dis- 
tinction between R and R’. 

In order to completely specify the solution to the set 
of Eqs. (1) and (9) we need initial conditions. These are 


lim (x,t) = po(x+3R(t)) expl—imVx/4h—o(t) ] 


(12) 
R=b+V1, 
where b is the impact parameter in the collision and 
€o(¢) is some phase which still remains to be chosen. 
Here ¢» is the hydrogen ground-state wave function. 
Let us now case these equations into atomic units. 

We shall measure all distances in units of the Bohr 
radius a; ¢ in units of the Bohr period #/|Wo| ; energies 
in units of the Rydberg, e?/2a; the proton velocity in 
units of ca=e?/2h, Then v=2 represents a proton labo- 
ratory energy of about 25 kev. Then we have 

| x 2 

,i—+ V+ +- 

| sR] |x+4R| 


1 





I(x.) =0, (13) 


(14) 


with the initial conditions 


Y= do(x+4R) expl—iV-x/4—ieo(t) | 
and 

R’=b+ Vi. (15) 
We remark here that the combination of the equation 
of motion for the electron [ (1) and (1a) ] with the equa- 
tion of motion of the proton [(5) and (Sa) ] and the 
definition of R’ conserves energy. Then a literal inter- 
pretation of these equations could be applied down to 
the energy region where the proton energy is comparable 
with excitation energies (13 electron volts). Such a 
program is difficult to carry out, so that in practice we 
shall not use the equation of motion of the proton 
[ (5) or (14) ] but instead we shall take the proton co- 
ordinate, R(#), to be an unaccelerated motion. As is 
evident from (14), the deviation from such motion 
occurs for impact parameters b~ (m/M)}. This region 
will contribute negligibly to the cross section, of order 
m/M. In addition, our neglect of the proton accelera- 
tions requires that the incident energy be large com- 
pared with the excitation energies, say of the order of a 

hundred electroa volts or greater. 


Ill. DIRECT COLLISIONS 


By direct collisions we mean collisions in which the 
electron is bound to the same proton in the final state 
as it was in the initial state. For such a collision we make 


SCATTERING 


SYSTEM 


the expansion’ 


¥(x,1)= Don an(t)bn(x+4R(d) exp[—}iR-x—ien(é)], 
(16) 


where ¢, is the hydrogenic state with energy W,. The 
phase in the exponent has been chosen to make each 
term a solution of the noninteracting problem. Substi- 
tution'of (16) into (13), with some obvious manipulation, 
yields 

R? R-&@R/de 


tig toy ig Wa , 
16 8 


7 2 y-@R/de 
+ ferisinr( 2 ey 
ly—R| 4 


+ z an f dy 6.49) 
men 

2 

x| : 

ly—R| 


y:@R/d? P 
. fone =0, (17) 


with the initial condition at t=>—<«: 
On=5dno. (18) 


We shall now choose e, to eliminate the diagonal transi- 
tions in (18): 


R? R-@R/de 
w= Wst(a 
16 8 


: 2 
-f a fayis.0)*—. a9) 
ly—-R| 
Here we have used the fact that ¢, is a parity eigen- 
function, to eliminate the d?R/df term. The choice of 
€, appears to be arbitrary. However, if we wish to 
consider the interaction as a perturbation, this choice 
would be dictated by the normalization condition, 


Lin |an(t)|?=1. 


This choice of €, has the effect of summing repeated 
elastic transitions, and so has a similarity to an optical 
potential." With this choice we obtain 


(20) 


‘=i om f dy 6."(y) 


nm 


2 y:-@R/d? 
x|— Wr te 5 
ly—R| 4 


®°D. R. Bates [Proc. Phys. Soc. (London) 73, 227 (1959)] has 
obtained a result identical with our Eq. (25) from his ‘distortion 
approximation.”’ Our numerical results, of course, agree with his. 

© M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198 
(1959). 
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Fic. 1. The amplitude for direct transition to the 2s state 
for E=2 (upper curves) and E=12 (lower curves). 


The a’s are transition amplitudes to the various 
states, so that the cross section for transition to any 
particular state is given by 


oa" | @b\a,(« )|*=2rat f bdb|an(%){?. (22) 


Here a word about the transition to the free state is 
in order. We have, so far, not mentioned the possibility 
of a rearrangement collision in which the final state is 
given by 


¢n(x—4R) exp[+}i(dR/dt)-x—ie,(t)]. (23) 


This state is not orthogonal to the states used in (16) 
for the direct scattering, which has the effect that the 
superposition of free states in (16) can be used to form 
a bound state of (23). Thus (22) cannot be used directly 
to obtain the cross section for the transition to a free 
state ¢ (ionization). Instead of a, we should use only 
that portion of a, which does not go into the super- 
position mentioned above. Thus we use 


6,=a,—). aye ven” fever 


n 


X (y+R)on(y)bn*(z)bx(z+R)d*z, (24) 


where the sum over » is restricted to all the bound 
states, and that over & to all the free states. All these 
considerations could be trivial if it were not for the fact 
that there is an infinite number of bound states in a 
Coulomb field and that the highly excited ones extend 
out very far. If this were not the case, the cone of 
“direct” free states that would be needed to construct 
the “‘exchange” bound states would shrink down to 
zero aperture as the protons become infinitely separated. 

We may take one of two approaches now. First, we 
may consider the Coulomb field as being screened, thus 
obtaining a finite number of bound states and then 
finally going to the limit of zero screening. In that case 
the second term in (24) vanishes. Or second, we could 
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directly evaluate the correction to a, in the limit i— ~. 
This yields the same result. Thus (22) may be used for 
ionization also. 

The simplest approximation for evaluating a, is to 
replace adm(?) on the right-hand side of (21) by 
Om(— © )=5mo. We obtain 


; 2 y° @R, ‘dt 
iif eyore]- = + — poise tn 0) 
ly—R| 4 
(25) 


As an example, we shall consider the transition to the 
2s state. The term in d*R/dé vanishes. If we neglect the 
integral terms in the phases, (19), then the integrations 
may be performed, yielding 


i4v2 1 b? 3 1 \3 
d2,(%0 )=—— ae _ 9 " -) | (26) 
9 ~YE1+(1/16E 16E 


2\ 10 2 
:) E [1+(1/16E)}* 


This is precisely what one would get from the quantum- 
mechanical Born approximation® in the limit m/M=0 
if the proton-proton interaction is dropped. When the 
integrals in ¢ are included, it is no longer possible to 
perform the integration analytically. However, the 
modification is expected to reduce the Born approxima- 
tion. This is borne out by numerical integration. In 
Fig. 1 the resultant amplitude |a2,(%)| is shown 
graphically in comparison with (26). It is seen that the 
modification is more important at lower energies and 
small impact parameters. Thus the higher energies and 
higher partial waves are left unmodified. 

In Fig. 2 the total cross section is plotted in units of 
the Born-approximation cross section, (27). 


IV. CAPTURE COLLISIONS 


In this section we turn our attention to collisions in 
which the electron is captured by the incident proton. 
We are interested in final states of the form (23), so we 
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Fic. 2. The ratio of a2, from present theory to the 
Born approximation. 
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Fic. 3. The amplitude for exchange 
scattering, (a) for E=2; (b) for E=10. 


Ib,,! €*2 





| | 


— BRINKMANN -KRAMERS 
——PRESENT THEORY 














1 | 1 it l 








1.0 2.0 


3.0 4.0 Fe) 2.0 3.0 4.0 


— b 


make the expansion 
Y= >> n bn (t)bn(x—4R) exp[—ien(t) + fix-dR/dt], 


with the initial condition 


(28) 


b,(— «) =eituno f d*x p,*(x—3$R)bo(x—4R) 


Xexp(—}ix-dR/di). (29) 


The capture cross section to the nth state is then given 


by 


x 


o,= dra f bdb\ b,(+2)!?. (30) 
0 


Substitution of (28) into (13), with manipulation similar 
to that for the case of direct scattering, (21), leads to 


b,=i> bm f dy O69) 
y:@R d 
— fone rem), = (311) 
4 


2 
x| 
'y+R| 

where e, is given by (19). Thus, diagonal transitions 

are eliminated in the representation of the final states. 

We again make the approximation of replacing },,(¢) 

in the right-hand side of (31) by 6n(— ©). This results 
in 


b,=ieilen » faye) 


Xex —4R-dR/d)| soon 
— 1iyaR] 4 de 


x | oo(7+R) exp(—Jiy-dR/di)—oa(y) 


x fas on*(x) exp(—}ix-dR/di)po(x +R) ; 


(32) 


We see that the result of our choice of ¢€, to eliminate 
diagonal transitions modifies the initial state, ¢o(y+R) 
Xexp(—}iy-dR/di), in such a way as to make it 
orthogonal to the final state, ¢,(y). Thus the difficulty 
associated with the lack of orthogonality between initial 
and final states is eliminated." As an example, we shall 
evaluate the cross section for capture to the ground 
state, dropping the d*R/d@ term. If we neglect the 
second term in the bracket of (32), the orthogonality 
correction, the result for the transition amplitude, 


bo(~), is 
4 OB 
be —K [b(1+?/16)*], (33) 
v [1+22/16] 


and the cross section is 


256 1 l 
wa" ’ (34) 
5 EF [1+E/4} 
where E is the proton laboratory energy in units of 
Mc*c?~24.6 kev. This is precisely the Brinkmann- 
Kramers‘ result, which was obtained from a quantum 
Born approximation by neglecting the proton-proton 
interaction and taking the limit m/M=0. 

The contribution of the second term in (32) to the 
amplitude 69(%) has been evaluated numerically with 
the aid of the IBM 650. The results are shown in 
Figs. 3(a) and 3(b), where the Brinkmann-Kramers 


'' A result equivalent to our Eq. (32) has been obtained pre- 
viously by K. Takayanagi, Sci. Repts. Saitama Univ. 2, 33 (1955), 
and D. R. Bates, Proc. Roy. Soc. B47, 294 (1959). The method of 
derivation of these two authors is similar. It essentially assumes 
that the wave function is a superposition of the initial and final 
states. These derivations have conceptual difficulties and lack the 
unity with the direct excitation collisions which is emphasized 
here. Neither of these authors presents numerical results for this 
process. 
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TaBLE I. Ratio of the Brinkmann-Kramers cross section 
to that obtained in this report. 





E (units of 24.6 kev) 








amplitude and the results of this calculation are com- 
pared. It is seen that the orthogonality correction 
becomes more important for lower energies and smaller 
impact parameters, It can also be shown that the 
orthogonality correction is of order 1/£! relative to the 
B-K result. Thus, this theory goes over to the B-K 
result at high energies, albeit slowly. 

It has been pointed out” that the high-energy 
behavior of this cross section should be E-'? and not 
E-*, This dependence has been shown” to come from the 
second Born approximation, and will presumably arise 
in the second-order perturbation contribution of this 
theory. 

For E=2 it is seen that the B-K amplitude becomes 
greater than unity for small impact parameters. This is 
clearly in conflict with the probability interpretation 
of |b,|? implied by (28). Our correction removes this 
difficulty at this energy and so extends the validity of 
the perturbation procedure to lower energies. 

In Fig. 4 the cross section in units of wa? is plotted vs 
E in units of 24.6 kev. The cross section obtained here 
is lower than the B-K results at all energies. In Table I 
the ratio of the B-K result to our result is given for 
several energies. 

Comparison of our results with those of Bassel and 
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Fic. 4. The charge-exchange cross section in units of 7a’. 
2R. M. Drisko, thesis, Carnegie Institute of Technology 


(unpublished), 
437R. H. Bassel and E. Gerjuoy, Phys. Rev. 117, 749 (1960). 
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Gerjuoy™ shows close agreement between the two, It 
is difficult to understand this agreement. Bassel and 
Gerjuoy make a distorted wave calculation, absorbing 
the proton-proton interaction into the distortion of the 
proton wave functions, so that in lowest approximation 
this interaction does not enter. We have neglected this 
interaction on quite different grounds (Sec. II). The 
difference between our result and the B-K result is a 
consequence of what could be called a distorted wave 
calculation for the electron. This results in the orthogo- 
nalization of our initial and final states. The Bassel- 
Gerjuoy change seems to arise from a screening of the 
proton-proton interaction by the electron. 

We have omitted any comparison with experiment 
because our calculations are trustworthy only at higher 
energies, i.e., greater than about 70 kev, say, and at 
these energies the experiments have only been done in 
molecular hydrogen. It has been pointed out" that the 
assumption that H; is equivalent to two hydrogen atoms 
at high energies is not valid. 


V. LOW AND INTERMEDIATE ENERGIES 


Our previous approximations were based upon the 
fact that the forms of the initial and final states were 
known. We could then calculate perturbations of these 
states leading to transitions. The fact that we were 
allowing only small changes in these states restricted 
the applicability of our approximation to the high- 
energy region. We shall now use the fact that the zero- 
velocity states can be obtained to make expansions that 
are valid in the low-velocity limit. The states in question 
are obtained from? 


2 2 


| e2+$ + 
[x—9R'| [xR 





Fext(R)|Ue4R) =0, 
(35) 


where R’ enters only as a parameter. The eigenstates 
have been denoted by m and (+). The (+4) indicates 
the parity of the functions U’,* under the transforma- 
tions R-—R. That is, 
U,*+(x,R)=+4U,+(x, —R). (36) 
These states can be used to expand the electron wave 
function, y, in the low-energy limit. However, again we 
must make different expansions for direct and exchange 
scatterings. 
For direct scattering we write'® 


Y=Lin {C,*+()U nt exp[ — inn* (t) |+C,-()U.- 
Xexp[— inn (é)]} exp(fix-dR/dt). (37) 
4T. F. Tuan and E. Gerjuoy, Phys. Rev. 117, 756 (1960). 
16D. R. Bates, H. S. W. Massey, and A. L. Stewart® have sug- 
gested this form without the factor e*®-*/4, They then neglect 
the difficulties associated with the lack of translational invariance. 
D. R. Bates and R. McCarroll? have later corrected this and 
suggest the form (47). 
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Substitution of (37) into (13), with some straight- 
forward manipulation and the use of (36), results in 


C,t+= Pot } 


men 
j=(+) 


dx U,+* 


dR @R 
x|—- (Vr—4Vx)—}i x U0 
dl de 


(38) 


with a similar equation for C,~. The diagonal transitions 
have been eliminated with the choice 


R? 
f («®+— Jari 


‘ dR 
xf at fas U,*—-Vp_U,*. (39) 
dt 


The last term vanishes when the functions U’,* are real. 
The initial condition associated with hydrogen in its 
ground state is 


x exp[i (n ons Nn’) 1, 


C,+(- x )=dbno v2. (40) 
We may obtain the first term in an expansion in velocity 
by replacing C,,(¢) on the right-hand side of (38) by 
Cn(— ©). This yields (dropping @R/d?) 


: 1 dR 
Ct=-— fox U,+*—- (Va—3Vx)U 0 
v2 dl 


Xexp[i(nnt—no-) (4) ], (41) 


1 dR 
C,=-- fos U,,*—- (Va—3Vx)Uct 
v2 dt 


Xexp[i(nn-~—no*) (t) J, 


where we have used the fact that for the ground states, 
U +, the parity with respect to R is the same as the 
parity with respect to x. From these we may calculate 
direct excitations. The elastic cross section can be ob- 
tained in the next order. 

For exchange scattering, we make the expansion 


¥=>n {d,+()U,+ expl—inat (O) J+d,-()U 2 


Xexp[— inn (4) ]} exp(Zix-dR/di). (42) 


The determining equations for the d, are 


dR 
d,t=— ~ @x U,+*—- (Vrat+3V:) 
a dt 
j= 


(43) 


@R ' : 
1 *xU»,! exp[i(nat— Nm?) dm, 
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where 7,* is given by (39), The initial condition on the 
dy is 


dR 
d,+(—«0)= fas U,** exp( -1—-x) 
dt 


Xo(x+3R) exp[i(nn*— eo) (4) J. 


Again the lowest order term in an expansion in powers 
of the velocity may be obtained by replacing d,,*(¢) by 
dm*(— ©) on the right-hand side of (43). The result is 
(dropping d@?R/d?) 


(44) 


| dR 
d,+= - fas Un**(%R)—- (Vat V2) 
t 


X[6(x—y)—U,,*(x,R)U,**(y,R) ] 


Xexp(—jiy-dR/di)oo(y+3R)d*y. (45) 


The second term in the bracket has the effect of orthogo- 
nalizing the initial and final states. 

Bates and McCarroll*:'® have suggested a more am- 
bitious expansion than either (37) or (42). They suggest 
forming the states 


ont =4{(U,++U,-) exp(—}ix-dR/dt) 


+(U,*+—U,-) exp(tix-dR/di)} (47) 


and making the expansion 


¥=Ln (vat (Dont exp[—innt(0)] 


+n (on expl—inn-(d)]}. (48) 


They point out that the initial conditions take a simple 
form, Yn*= (1/V2)én0, and that the direct- or exchange- 
scattering final states also take on simple forms. How- 
ever, the drawback to (47) is that the set ¢,+ does not 
form an orthogonal or a normalized basis, so that it is 
difficult to obtain equations for the y,. Bates and 
McCarroll avoid this by neglecting all y,* except for 
n=. This is equivalent to a variational calculation with 
the assumed wave function 


Y= 0 (Dodo expl—ino* (1) ]+-v0- (Odo exp[— ine (0)]). 
(49) 


Such a technique is probably useful for the calculation 
of scattering in the intermediate region E~1, 
Suppose we define a set of functions 


Xn*=3{LU at exp(—innt ()+U 5 exp(—ing())] 
X exp (—}ix-dR/dt) 
+[l la exp(— inn* ()) fr U,- exp(— 7 ())) 


Xexp(jix-dR/di)}. (50) 


This is similar to Bates and McCarroll’s ¢,+* in that it 
is not an orthogonal set. It satisfies the equation of 
motion, (13), for all R for »=0, and for all v for R= ~, 
just as theirs does. However, the X, has each of the 
U,* carrying its proper time dependence. 
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It is easily seen that 


1 0 0 
=-fas al viv viv VE —v¥* | (51) 
2 at at 


is a variational expression for y and ¥*. We propose to 
use it to determine the cross sections in the intermediate 
region.'* A reasonable form for y in this region would 
be a sum of the high- and low-energy forms: 


y=a,(t)Xot+a (t)Xo +8, ()bo(x+4R) 
X exp[— fix-dR/dt—ino(t) ]+6_(dd0(x—43R) 
< exp[}ix-dR/dt—ino(t) ]. 


16 This technique has been used recently in the low-energy 
region by N. C. Sil, Proc. Roy. Soc. (London) 75, 194 (1960). 


(52) 
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Such a form could be used in (51) with the 4 variational 
functions a,, 8, to determine the exchange to the 
ground state. Such a calculation is now in progress and 


will be reported on subsequently. 
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Ionization Produced by Atomic Collisions at kev Energies. III* 
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The electron evaporation model of the collision-ionization process that occurs when atoms collide at high 
energies is extended to include atoms with from two to eight electrons in the outer shell. Application of the 
model to data from collisions of N* on Ar and Ne* on Ar gives evidence for a resonant electron capture effect 
taking place in high-energy violent collisions which was heretofore masked by the multiple ionization conse 


quent on such collisions. 


1. INTRODUCTION 


O account for ionization produced by violent 

atomic collisions, a phenomenological theory was 
developed in two previous papers,'? hereafter referred 
to as I and II. These papers were restricted in scope to 
the collisions of atoms with outer shells of eight elec- 
trons (i.e., the noble gases). Since that time some ex- 
perimental data have been published for collisions in- 
volving nitrogen ions (with five electrons). It was 
therefore decided to extend the theory to include atoms 
with from two to eight electrons in the outer shell. In 
addition, the evaporation theory will be used to show 
evidence of resonant electron capture, in violent ion- 
atom collisions. 

The theory, as originally developed in I, utilizes an 
evaporation model of the collision-ionization process. 
As the two charge distributions sweep through each 
other, a small amount of kinetic energy of translation 
of the atoms is transferred to their internal degrees of 
freedom by a friction-like mechanism. This energy 


(ordinarily called the “inelastic energy”’) is assumed to 
*This research was supported by the National Science 
Foundation. . . 
t Now at Central Connecticut State College, New Britain, 
Connecticut. ' " 
1 A. Russek and M. T. Thomas, Phys. Rev. 109, 2015 (1958). 
2A. Russek and M. T. Thomas, Phys. Rev. 114, 1538 (1959). 


be statistically distributed among the outer-shell 
electrons of the atoms. Then, upon separation, the 
“heated” atoms get rid of this excess energy, partly by 
photon emission and partly by electron evaporation. 

In the previous work, ionization probabilities were 
calculated only for atoms having eight outer electrons 
and the resulting ionization probability curves com- 
pared very closely with the experimental curves for 
Ar* on Ar scattering. In Sec. 2 of the present work, 
ionization probability curves are calculated for atoms 
having from two to seven electrons in the outer shell. 
When the five-electron curves are compared with N* 
on Ar scattering data, the agreement is good, indicating 
that the evaporation model need not be restricted to 
the noble-gas atoms, but has validity in other cases as 
well. 

Recent experiments’* have shown evidence for a 
resonant capture process occurring in ion-neutral atom 
collisions. Clear-cut evidence for the resonant capture 
effect was found in collisions involving the very light 
atoms and for the heavier atoms only in the very gentle 
collisions. Resonant capture effects, if they occur in the 
more violent collisions of the heavier atoms, are masked 


3F. P. Ziemba and E. Everhart, Phys. Rev. 
(1959). 

*F. P. Ziemba, G. J. Lockwood, G. H. Morgan, and E. Ever- 
hart, Phys. Rev. 118, 1552 (1960 
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Fic. 1. The ionization probabilities for neutral atoms containing from two to seven electrons in the outer shell are plotted as functions 
of the energy Er transferred to the internal degrees of freedom. The energy is given in units of size jon, the average ionization potential 


for electrons in the outer shell. 


by the multiple ionization which is also taking place. 
With the help of the evaporation model, however, 
resonant capture effects clearly show up through the 
multiple ionization effect. Specifically, in Sec. 3 of the 
present paper, the probability that the incoming ion 
picks up an electron from the neutral target atom is 
not assumed to be 0.5 as in reference 1, but is deter- 
mined empirically as a function of the collision param- 
eters by best fit of the evaporation theory with the 
experimental data. The probability for electron capture 
as determined in this way clearly shows evidence for 
resonant electron capture effects. 


2. EXTENSION OF THE EVAPORATION MODEL 


The distribution-in-energy among the outer electrons 
was effected in I by dividing the energy scale into cells 
of equal width e and then calculating the ionization 
probability curve algebraically. The size of the energy 
cell was there taken to be one-quarter of the ionization 


energy. The statistics were improved in II by going to 
the limit e—+ 0. The resulting curves were almost co- 
incident with the original curves except for a lateral 
shift to slightly higher values of Ey. Thomas® shows 
that the limiting curves are quickly approached as the 
cell size is decreased. The curves presented here are 
calculated algebraically using an energy cell size equal 
to one-tenth the ionization energy which, for all prac- 
tical purposes, is the limiting case. A uniform ionization 
potential for all outer electrons is again assumed. Ioni- 
zation probability curves are calculated for the cases 
of two electrons up to seven electrons in the outer shell. 
The appropriate generalization of Eq. (2) in I is 


P, (m) 


m—10n 


2X K,(i)On—n(m—10n—i)/Ky(m). (1) 


(° 
n 
5M. T. Thomas, M.S. thesis, University of Connecticut, Storrs, 
Connecticut (unpublished). 
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Here, P,*(m) is the probability that a neutral atom 
having N outer electrons will become n-fold ionized 
when the energy transferred to the N electrons during 
the collision is me. Also, (,") is the binomial coefficient, 
K,,(m) is the total number of ways in which the energy 
me can be distributed among the m electrons, and 
Q,'°(m) is the number of ways the energy me can be 
divided among n electrons such that none have 10¢ or 
more energy. The quantities K, and Q,” are calculated 
using the same recursion relationships given in I. 

The resulting probability curves thus calculated are 
shown in Fig. 1 as functions of the energy transferred. 
The values of the corresponding peak heights and in- 
tersection heights for the different sets of curves are 
approximately the same as for the eight-electron curves, 
as can be seen in Table I. Thus the theory predicts that 
there will be no marked difference in the character of 
the ionization curves plotted as functions of the in- 
elastic energy of the collision as applied to successive 
atoms in the periodic table. The probability curves 
just calculated have assumed that the incident atom 
is neutral. Most of the presently available data, on the 
other hand, are for an incident projectile atom already 
singly ionized. Letting @ denote the probability that 
an electron will be transferred from the target to the 
incident ion during the collision, then the probability 
P,, that the incident ion is m times ionized after a 
scattering becomes 


P,=aP,%+(1—a)Pa1*—. (2) 
The two terms on the right side of Eq. (2) account for 
the two possibilities for the scattered particle to be- 
come m times ionized. First the incident ion could 
capture an electron and then evaporate n electrons 
from the N electrons in the outer shell, or secondly, if 
no electron capture takes place, the incident ion could 


TaBLeE I. Heights of intersections and peaks of the theoretical 
ionization probability curves for neutral atoms with N outer 
electrons. 





Intersection 
or peak 


PiXPo 


N=8 


0.50 
0.63 
0.18 
0.03 
0.47 
0.55 
0.23 
0.07 
0.42 
0.02 
0.47 
0.24 
0.01 
0.38 
0.12 
0.41 
0.06 
0.25 


N=3 N=2 
0.49 0.48 
0.86 1.00 
0.07 0.00 
0.00 
0.49 
0.60 
0.20 


1 
P2XPo 
P3sXPo 
P2XPi 

P. 


0.50 


2 
P3sXPi 
PuXPi 
P3sXP2 
PsXPi 
P; 
P«XP2 
PsXPi 
PuXP3 
PsXP2 
P, 
PsXP2 
PsXP3 








® Calculated by Thomas (see reference 5) with cell size «0. 
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Fic. 2. The charge analysis vs incident ion energy for collisions 
of nitrogen ions on argon atoms. The fractions P, of the scattered 
ion beam in the various states of ionization are plotted against 
the logarithms of the incident ion energy in key. The scattered 


beam is measured at the fixed angle of scattering of 5 degrees. 





evaporate n-1 electrons from the N-1 electrons in the 
outer shell. Thus, a, as a function of the collision pa- 
rameters, is the charge transfer probability. 

For a violent atomic collision, where the distance of 
closest approach of the two nuclei is small, a value of 
a equal to one-half may reasonably be expected for 
collisions between identical species. Actually it will be 
shown later that experimental data strongly suggest 
that the charge transfer cross section varies somewhat 
with the collision parameters. The five electron curves 
calculated using Eq. (2) and a constant charge transfer 
probability of one-half can be compared directly with 
the experimental N* on Ar scattering data® at a con- 
stant scattering angle of 5°. These data, shown in Fig. 
2, give the charge analysis of an initially singly ionized 
nitrogen beam after scattering through five degrees 
from a gas of neutral argon. The incident ion energies 
range from 1 kev to 183 kev. The percentage of the 
scattered beam in the various states of ionization is 
plotted here against the logarithm of the incident 
energy in order to compress the energy scale. As a 
check on agreement with experiment, a comparison of 
the peak heights and intersection heights of the data 
and the five-electron ionization probability curves using 
a equal to one-half in Eq. (2) (as assumed in J) is given 
in Table II. Except for two points, the agreement is 
fairly good, indicating that the electron evaporation 
model can account for ionization produced in violent 
atomic collisions for other atoms as well as the noble 
gases originally considered. Very much the same gen- 
eral type of ionization curves may be expected for 
atoms independent of the number of outer shell electrons. 

It should be noted that in the work using Ar* on 

* Some of the experimental data were taken from reference 4, 


Fig. 9(c). The previously unpublished data below 10 kev have 
been kindly supplied by Dr. Edgar Everhart. 
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TABLE II. Peak heights and intersection heights of calculated and 
experimental probability curves, for N* on Ar, 5-deg scattering. 








Calculated 


0.29 
0.41 
0.08 
0.45 
0.01 
0.26 
0.39 


Experimental 


0.17 
0.43 
0.06 
0.54 





P2XPo 

P2XP; 

PsXPo 
P. 


2 

PiXPo 0.02 
P3XPi 0.22 
P3XP2 0.37 








Ar, the data gave the ionization probabilities for a 
constant incident ion energy at various scattering 
angles. The present N* on Ar data give the ionization 
probabilities at various incident ion energies for a con- 
stant scattering angle. Since only peak heights and 
intersection heights are being compared, no energy- 
transferred relationship is needed. However, in the next 
section, when a comparison between experiment and 
theory is made over the entire curves, a relation be- 
tween energy transferred and incident ion energy will 
have to be assumed. This will be an empirical relation 
inasmuch as the functional dependence of the inelastic 
energy on the collision parameters has not as yet been 
measured directly, and the theoretical estimates made 
in I are not good enough for the present purposes. 


3. EVIDENCE FOR RESONANT 
ELECTRON CAPTURE 


Differential scattering measurements by Ziemba and 
Everhart*® and by Ziemba ef al.* for He*+ on He at five 
degrees scattering angle revealed several resonant peaks 
when the fraction of incident ions which captured an 
electron to become neutral was plotted as a function 
of the incident ion energy in the range of from 2 kev 
to 250 kev. A similar phenomenon was also found in 
other combinations of light ion-atom collisions. 

This same type of resonant electron capture may 
take place when heavier ions collide in violent collisions, 
but the phenomenon is masked by multiple ionization 
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Fic. 3. The energy transferred to the internal degrees of free- 
dom Er is shown as a function of the incident ion energy. The 
solid curve gives the best agreement with N+ on Ar data when 
used together with the solid curve of Fig. 4, in Eq. (3). The 
dotted curve gives best agreement with experiment when a is 
taken to be constant at 0.25 in Eq. (3). The broken curve gives 
best agreement with experimental data when used together with 
the broken curve of Fig. 4, in Eq. (3). 
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Fic. 4. The charge transfer probability vs the incident ion 
energy for N* on Ar at 5-degree scattering. The solid curve, when 
substituted into Eq. (3), gives the best agreement with experi- 
mental results. The constant value of a equals 0.25 and the 
broken curve gives progressively poorer agreement. 


which is also taking place. Evidence for this resonant 
charge transfer in these high-energy regions will now 
be presented. 

To compare the N* on Ar scattering data shown in 
Fig. 2, giving the ionization probabilities as functions 
of the incident ion energy, with the calculated evapora- 
tion curves which give the ionization probabilities as 
functions of Ey/Ejion, a relationship is obtained em- 
pirically between the incident ion energy, Eine, and the 
energy transferred during collision, E7/Ejon. This rela- 
tion is shown as the solid line in Fig. 3. 

When a is allowed to vary with energy and the de- 
pendence is empirically adjusted to give the closest 
agreement between theory and the N* on Ar scattering 
data, better agreement is obtained than is possible 
with a constant value of a. The error averaged over all 
curves is found to be only 0.022. This is much lower 
than is possible with any constant value of a. The 
function of charge transfer probability versus incident 
ion energy giving this agreement is shown as the solid 
curve in Fig. 4. This function, when used in the 
expression 


P,=aP,5+(1—a@)P 14 (3) 
(where it must be remembered that a is a function of 
the incident ion energy), gives the curves shown in 
Fig. 5. Experimental points are also shown and the 
agreement can be seen to be quite good. 

The sensitivity of the ionization probability curves 
to the charge transfer probability a and to the energy 
transferred Ey is now shown. What we do, in effect, is 
to select a one-parameter family of charge transfer 
probability curves, one of which is the “‘best fit” curve. 
For each of the charge transfer probability curves 
shown in Fig. 4 the best energy-transferred function is 
obtained that optimizes agreement with the data for 
that particular charge transfer probability function. 
These three optimal curves for Ez are shown in Fig. 3, 
the solid curve of Fig. 3 corresponding to the solid 
curve of Fig. 4, and so forth. Figure 5 shows the agree- 
ment of the evaporation theory with experiment when 
the best fit (solid) curves are used. 

It is seen from Figs. 3 and 4 that widely differing 
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Fic. 5. Ionization probability curves for Nt on Ar calculated 
with Eq. (3) using the charge transfer probability given by the 
solid curve in Fig. 4 and the energy-transferred function given 
by the solid curve in Fig. 3. The experimental points are also 
shown for comparison. 





charge transfer probabilities do not result in substan- 
tially different energy-transferred functions. The latter 
are essentially determined by the multiple ionization 
effects. Table III below gives the average errors when 
the ionization probabilities for each of the three charge 
transfer probabilities, each with its optimum energy- 
transferred function, are compared with the experi- 
mental data. This average error is computed by taking 
the mean of the absolute values of the differences be- 
tween each experimental point in Fig. 5 and the value 
of the theoretical curve at that incident ion energy. 


4. DISCUSSION OF RESULTS 


A casual glance might leave the reader with the im- 
pression that if enough empirically determined func- 
tions are used, a theory can be made to fit any data. 
It is, therefore, worthwhile to discuss the results ob- 
tained above with a view to showing just how much of 
the agreement is due to empirical fit and how much is 
intrinsically contained in the theory. The evaporation 
theory of multiple ionization produced by ion-atom 
collisions requires two functions of the collision pa- 
rameters: the energy transferred, Ey, and the capture 
probability, a. Each of these should eventually be pre- 
dicted by a@ priori reasoning, but, for the time being, 
they have been empirically determined. 

It should be borne in mind, however, that the prin- 
cipal features of the multiple ionization curves can be 
adequately accounted for with any reasonable capture 
probability a. Good agreement was obtained in I (for 
Art on Ar) and in Sec. 2 of the present work (for 
N* on Ar) with a constant capture probability of one- 
half, even though one would not even expect the con- 
stant to be one-half in the case of collisions between 
dissimilar species. In Sec. 3 of the present work (see 
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TABLE ITI. Comparison of theory with experiment for N* on 
Ar, 5° scattering data, when a is empirically determined to give 
best over-all fit and when it differs from the best fit values. 





a(Einc) 


solid curve, Fig. 4 
dotted curve, Fig. 4 
dashed curve, Fig. 4 


Average error 


solid curve, Fig. 3 0.022 
dotted curve, Fig. 3 0.048 
dashed curve, Fig. 3 0.076 


Table III), with a constant value a=0.25, the average 
discrepancy between theoretical curves and the ex- 
perimental points is 0.048, while the curves themselves 
range between 0 and 0.5. 

With this measure of success established it is only 
reasonable, as a next step, to let a itself vary and to 
find its dependence on the collision parameters em- 
pirically. This too was done in Sec. 3. The empirical 
fit for best agreement unambiguously determined the 
general features of the functional dependence of a on 
the incident ion energy to be the one shown in the solid 
curve of Fig. 4. (The exact values should not be taken 
too seriously, just the over-all shape.) This function for 
a dropped the average disagreement between theory 
and experiment from 0.048 to 0.022. Effectively what 
is being done in this empirical adjustment is to bring 
the theoretical Po curve into agreement with the ex- 
perimental values. The remaining ionization proba- 
bility curves are then automatically predicted by the 
evaporation theory and give the agreement just men- 
tioned. Significantly enough, the functional dependence 
of a on the incident ion energy has two peaks, indicative 
of a resonance capture phenomenon similar to that 
found by Ziemba e/ al. for many combinations of 
lighter atoms. Moreover, when the spacing between 
peaks is converted into time of collision, as was done 
in reference 4, these times fit into the same pattern 
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Fic. 6. The empirically determined charge transfer probability 
values which give best agreement with the experimental data for 
N* on Ar and Ne* on Ar are shown plotted as functions of the 
collision time. The N+ on Ar curve is shown as the solid curve 
while the Ne* on Ar curve is shown as the broken curve. The 
general behavior of both curves is quite similar. 
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Fic. 7. Ionization probability curves for Ne*+ on Ar calculated 
with Eq. (3) using the charge transfer probability shown in Fig. 6 
and an empirically determined energy-transferred function. The 
experimental points are also shown for comparison. 
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established by the other combinations. These times 
are of the order of atomic and molecular orbital periods. 
5. NEON-ARGON COLLISIONS 


An analysis similar to that made in Sec. 3 has been 
performed on the data obtained in reference 4 for col- 


BY ATOMIC COLLISIONS Sil 
lisions of Ne* on Ar. The charge transfer probability 
which optimizes agreement of the evaporation theory 
with the data is shown in Fig. 6 as the dashed curve. For 
comparison, the corresponding charge transfer proba- 
bility obtained in Sec. 3 for N+ on Ar is shown as the 
solid curve. The abscissa in Fig. 6 is ao/0= do/(2Eine/M)!, 
which is essentially the collision time. This figure clearly 
shows up similarities between the two cases. The aver- 
age charge exchange probability for Ne*-Ar collisions 
is somewhat higher than for N*+-Ar collisions, which 
probably reflects the fact that Ne*+ has a much greater 
affinity for electrons than does N* (the respective ioni- 
zation potentials are 21.47 ev as compared to 14.48 ev). 
However, the mean capture in both cases is less than 
the value of 0.5 which works quite well for the collisions 
of Art on Ar. This appears to indicate that electron 
capture is less likely when resonance conditions are not 
satisfied, although there still appear vestiges of a reso- 
nance-like capture. 

The agreement of the theoretical curves with the 
experimental points obtained using the capture proba- 
bility curve of Fig. 6 with the best-fit energy-transferred 
function is shown in Fig. 7. 
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Ionization efficiency curves for xenon, krypton, and argon 
have been studied with an electron energy analyzer. The electron 
energy distribution was measured and the absolute voltage scale 
determined in each experiment. The results of these studies (1) 
favor a linear threshold ionization law over a 1.127 power law, 
and (2) show that the data cannot be explained simply by ioni- 
zation processes with onsets at the Py and #P; ground states of the 
ion, but can be well fitted by a series of linear processes. The 
ionization potentials obtained by extrapolating according to a 
linear threshold law agree with spectroscopic values to within 
0.02 ev. New onsets in argon were observed at about 0.64 v and 
1.27 v above threshold. The observed structures in the rare gases 


I. INTRODUCTION 
ONIZATION of atoms by electron impact has been 
studied experimentally for more than forty years. 
In particular, ionization near threshold in Hg was 
studied by Lawrence! and later by Nottingham? with 
magnetically analyzed electrons which were charac- 
terized by having sharp upper limits to their energies. 
These electron energy distributions were measured 


directly. Structures observed by Nottingham in the 
Hg ionization curve were essentially the same as those 
observed by Lawrence. Stevenson and Hipple’® studied 


the form of the ionization curves for argon and neon 
and found, in particular, evidence for structure near 
threshold in the At cross section. However, their 
electron energy distribution was admittedly not as good 
as Nottingham’s. More recently, Fox ef al.‘ introduced 
a new approach to the problem of obtaining mono- 
energetic electrons, i.e., they used the distribution 
available from a thermionic emitter but by an ingenious 
retarding potential difference technique (RPD) 
attempted to simulate a monoenergetic system. Shortly 
after these workers published their results on rare 
gases,‘-® Clarke® reported ionization studies using an 
electrostatic selector, as did Hutchison.’ 

The RPD method has been widely used by various 
workers. The results favor rather consistently a linear 
threshold law for single ionization, yet some of the 
results show large variations, as for example, in 
krypton.®:** Also, the RPD results for double ionization 
~ * This work supported by the Bureau of Naval Weapons, 
Department of the Navy. 

1 E. O. Lawrence, Phys. Rev. 28, 947 (1926). 

2 W. B. Nottingham, Phys. Rev. 55, 203 (1939). 

*D. P. Stevenson and J. A. Hipple, Phys. Rev. 62, 237 (1942). 

*R. E. Fox, W. M. Hickam, T. Kjeldaas, Jr., and D. J. Grove, 
Phys. Rev. 84, 859 (1951). 

®R. E. Fox, W. M. Hickam, and T. Kjeldaas, Jr., Phys. Rev. 
89, 555 (1953). 

6 E. M. Clarke, Can. J. Phys. 32, 764 (1954). 

7D. A. Hutchison, J. Chem. Phys. 24, 628A (1956). 

§D. C. Frost and C. A. McDowell, Proc. Roy. Soc. (London) 
232, 227 (1955). 

*j. F. Burns, Ph.D. dissertation, University of Tennessee, 
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are not readily explained by auto-ionization and no alternative 
explanation is offered. The structures observed in these experi- 
ments are compared with the results obtained by other “‘high- 
resolution” techniques. This comparison is complicated by the 
disparity in the published data on onset energies, and by the even 
greater disagreement on the relative probabilities for the various 
ionization processes. An independent check on consistency of data 
was made by comparison with “low-resolution” data obtained 
on a conventional mass spectrometer. The present data are in 
excellent agreement with the lower resolution data, while some of 
the other “high-resolution” data are not. 


in xenon” indicate a linear threshold law in contra- 
diction to the square law observed by Clarke® and by 
Morrison," and predicted by theory.” 

Although the apparently higher resolution of the 
RPD method has made it more attractive than other 
systems for obtaining nearly monoenergetic electrons, 
there are two significant disadvantages to the method: 
(1) The RPD operation is not strictly amenable to 
theory, especially with respect to clipping of transverse 
components of velocity by the narrow slits and to the 
effects of the magnetic field“; (2) the apparently 
narrow electron energy distribution has been checked 
only indirectly by deduction from electron impact 
experiments.'® On the other hand, operation of both 
the magnetic field velocity selector? and the electrostatic 
energy selector’ are easily treated theoretically, 
their performance can be closely predicted, and the 
electron energy distribution can be checked directly. 

Three important reasons can be cited for making 
direct measurements of the electron energy distribution 
used in ionization studies: (1) Knowledge of the electron 
energy distribution is maintained throughout the 
experiment. (2) The shape of the distribution is 
important in analyzing the data, i.e., in determining 
the form of the threshold law. (3) The absolute values 
for the ionization potential (I.P.) and other onset 
energies can be determined. 

It appeared worthwhile, in spite of the experimental 
difficulties involved, to undertake ionization threshold 
studies using an electrostatic energy analyzer because 


10W. M. Hickam, R. E. Fox, and T. Kjeldaas, Jr., Phys. Rev. 
96, 63 (1954). 
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1320 (1959). 

122 G. H. Wannier, Phys. Rev. 100, 1180 (1955). 

18S. Geltman, Phys. Rev. 102, 171 (1956). 

4 R. E. Fox, W. M. Hickam, D. J. Grove, and T. Kjeldaas, Jr., 
Rev. Sci. Instr. 26, 1101 (1955). 
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16 A. LI]. Hughes and V. Rojansky, Phys. Rev. 34, 284 (1929). 

17 A. LI. Hughes and J. H. McMillen, Phys. Rev. 34, 291 (1929). 
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of the more straightforward operation and analysis of 
this system. The work here was aimed at obtaining 
threshold ionization data with a very simple apparatus 
that provided means for direct electron energy measure- 
ment. Xenon and krypton were chosen for the first 
experiments because of their large ionization cross 
sections, their low I.P.’s, and the potentially-resolvable 
doublet ground states of the ions. Only after consider- 
able experience had been gained on these atoms was 
argon, having less favorable characteristics, added. 


II. EXPERIMENTAL 
Physical Layout 


A parallel plate electrostatic energy analyzer'*-” and 
a crude form of Pierce electron gun” were used in these 
experiments. The analyzer plate separation was 15.8 
mm; the slits were spaced 50 mm apart; the slit 
openings were about 0.26.0 mm. The electron source 
was a tungsten ribbon filament spaced about 40 mm 
from the entrance slit. 

Figure 1 shows the physical arrangement of the 
ionization chamber, omitting the electron gun and all 
of the analyzer except the exit slit. A serves both as an 
electrostatic shield and as a differential pumping 
aperture. B serves both as the electron accelerator and 
as a differential pumping aperture. The ion chamber, C, 
consists of (1) a grid of parallel wires shown dashed in 
the figure; (2) an efficient Faraday cage electron 
collector; (3) an outer shell extending to the left from 
the Faraday cage to fit concentrically over a portion 
of B. The ion collector, D, consists of three parallel 
small-diameter wires placed concentrically around the 
grid. By using an ion collector of extremely small 
surface area, photoelectric effects are minimized and 
the time constant in the collector circuit is kept reason- 
ably short. 

All system parts except the electron gun were made 
of brass. The procedure found effective in assembling 
a stable electron analyzer was to clean the brass 
abrasively, insert it into the vacuum system, and, 
thereafter, to maintain the temperature substantially 
above ambient. 


Vacuum System 


The vacuum system has a speed of about 10 liters/sec 
and an ultimate pressure of approximately 5X 10~’ 
mm Hg. The sample flow system has a leak rate of 
approximately 0.85X10-7 liter atm/sec for argon. A 
sample of argon at 700 mm Hg provides an ion chamber 
pressure of about 1.8X10-* mm Hg. Sample pressures 
used here were in the range 100-700 mm Hg. 

Ionization gauges measure the pressures in the sample 
line preceding the ionization chamber and in the main 
vacuum system. The pressure in the ionization chamber 


J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand Company, Inc., Princeton, 1954), p. 174. 


IONIZATION OF 


RARE GASES 





ELECTRONS FROM 
ELECTROSTATIC > 
ANALYZER 








TO 
EMITTER 














e 

















{v} 
US 





Fic. 1. Ionization chamber and Faraday cage for measuring 
electron energy distribution. The cross-section view shows the 
exit slit of the electron energy analyzer and all of the ionization 
chamber electrodes. A is a shield; B is the electron accelerator; 
C is the ionization chamber; D is the ion collector; R: and Re are 
precision decade voltage dividers. The switch S is in position for 
a retarding potential analysis of the electron energy distribution. 
The decade divider R; produces known incremental voltage steps 
of about 0.01 v and the corresponding changes in electron current 
are measured by the G. R. Electrometer J—. A plot of AJ—/AV 
vs V is the electron energy distribution function. The absolute 
voltage scale is established by taking the voltage Vo (measured 
with a precision potentiometer) corresponding to the center of 
gravity of the electron energy distribution as zero energy. In 
carrying out ionization experiments, switch S is turned to position 
2, placing B and C at the same potential (forming a unipotential 
ionization chamber). The mean electron energy for a voltage 
reading V is then given by the difference V—Vo, and the ion 
current corresponding to this energy is measured by the elec- 
trometer J+. 


can be calculated from the geometry of the connecting 
apertures and the ionization gauge readings. 


Field Effects 


Helmholz coils are used to neutralize magnetic fields 
in the vicinity of the analyzer and the ion chamber. A 
fixed negative voltage between the ion collector and 
the ion chamber allows collection only of positive ions. 
The low optical transmission of the grid surrounding 
the volume where ionization takes place assures 
adequate shielding of this region from the 3-wire ion 
collector field. Tests showed that the ion intensity was 
independent of the ion collector potential over a range 
of values considerably in excess of those used in these 
experiments. Because of the approximate 30% trans- 
mission factor of the ion chamber grid, the instrument 
is not ideal for measurements of total ionization cross 
sections. Measurements were made which indicate that 
the ions diffuse from the inner region through the grid 
before experiencing the collector field. For each set of 
ionization data, the electron energy distribution 
measurements were made with the same relative 
potential on the ion collector that exists during ioni- 
zation. All of the ion chamber, C, becomes a second, 
larger Faraday cage when the electron energy distri- 
bution is measured. 
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Ion Current Measurements 


Ion currents are measured by an inversion-to-ac type 
electrometer having a sensitivity of about 210~'* 
amp. The output of the phase-sensitive detector feeds a 
Varian 100-mv full-scale recorder. The ion current 
develops a voltage across the input resistance, which is 
manually balanced out by a calibrated voltage of 
opposite polarity. Thus, electrometer operating condi- 
tions are maintained constant for all values of the ion 
current. 


Electron Voltage and Current Measurements 


Voltage measurements are made with a precision 
voltage divider and Rubicon potentiometer combination 
which introduces a maximum error of 0.010 v at 15 v. 
Electron currents are measured with a General Radio 
Type 1230-A Electrometer using a 10°-ohm input 
resistor. The input impedance is reduced by inverse 
feedback to about 10° ohms, which results in negligible 
(~3X10~ v) voltage drop across the instrument and 
thereby, in negligible effect on the measured value of 
electron energy. 


Analyzer Performance 


The narrowest electron energy distributions used in 
obtaining ionization data are about 30-50% greater 
than predicted purely from dimensional parameters. 
Less stable operation results if efforts are made to more 
closely approach the theoretically predicted distri- 
butions. Practicable slit shapes, inhomogeneities in 
analyzer surfaces, and continuous evaporation of oxides 
and other contaminants from the heated electron 
source add together to prevent the attainment of the 
theoretical performance. The continuous evaporation 
from the filament ultimately degrades the performance 
of the analyzer to an unsatisfactory state. It has been 
found that the procedure of dismantling the gun, 
cleaning it and the first slit, and reassembling the unit 
without disturbing the analyzer usually restores peak 
current and good electron energy distribution. Under 
typical operating conditions, a maximum current of 
3X10-" amp through the analyzer is obtained from a 
total electron emission of 0.01-0.05 ma. The typical 
spread in energy between the half-maximum points of 
the distribution is about 0.11 ev. These results are 
substantially better than those obtained by Fowler and 
Farnsworth” who used a different geometry in their 
studies of reflection of slow electrons. A narrower 
distribution from an electrostatic analyzer has recently 
been reported by Marmet and Kerwin” who measured 
a width at half-maximum of only 0.05 ev. These authors, 
however, mistakenly concluded that further improve- 


21H. A. Fowler and H. E. Farnsworth, Phys. Rev. 111, 103 
(1958). 

Paul Marmet and Larkin Kerwin, Can. J. 
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ment in resolution would not be very useful because 
the thermal energy of gas molecules at ordinary source 
temperatures is of this magnitude. Actually, for ioni- 
zation of an atom such as argon at 300°K, thermal 
motion would result in an uncertainty of only about 
0.003 ev, which leaves considerable room for improving 
the instrumentation. 


III. IONIZATION NEAR THRESHOLD BY ELECTRONS 
WITH AN ENERGY SPREAD 


In the ideal case of the truly monoenergetic electron 
beam, a plot of ion current versus the energy of the 
beam would give directly the form of the ionization 
threshold law. In practice, the electron energy distri- 
bution falls short even of being the triangular distri- 
bution expected from the energy analyzer. As a result 
of the finite width of the distribution, there is threshold 
curvature which masks the form of the ionization law 
in the threshold region. If the ionization process 
continues unchanged from threshold to several electron 
energy widths above threshold, a simple form of 
threshold law may still be determined by inspection. 
Hence, one could expect to distinguish with certainty 
between a linear and a square threshold law, with less 
certainty between a linear and a hypothetical $ power 
threshold law. When the difference narrows to that 
between present theories, i.e., between a linear law'*™ 
and a 1.127 power threshold law™ which may hold for 
only a small energy range above threshold, no choice 
can be made. 

If the electron energy distribution function is known, 
then, for any particular threshold law the exact shape 
of the experimental curve can be synthesized, and all 
ionization data observed in the threshold region are 
useful in determining which threshold law is applicable. 
In the usual case, the data exhibit some scatter and this 
procedure is not sufficient to provide an unambiguous 
choice between slightly different power laws. Clearly, 
additional information is needed. 

Such additional information is provided by establish- 
ing an absolute energy scale for the electrons. It is 
shown in the following that for certain ionization laws 
and for reasonably “narrow” electron energy distri- 
butions, the extrapolated threshold intercept is equal 
to the ionization potential. 

Electrons leave the electrostatic analyzer with a 
certain preselected average energy and a distribution 
about this energy, both of which can be determined by 
stopping potential measurements. In an ionization 
experiment, the analyzer operating voltages are constant 
and the energy of the electrons is varied by changing 
the potential of the ionization chamber, C (Fig. 1) 
which is also at the same potential as the electron 
accelerator, B. The electron energy distribution has a 
certain functional dependence f(x) which remains 


* DP. R. Bates, A. Fundaminsky, and H. S. W. Massey, Trans. 
Roy. Soc. (London) A243, 93 (1950) 
* G. H. Wannier, Phys. Rev. 90, 817 


1953). 





STRUCTURE IN 








— f(€-v) = f(x) 














ENERGY ——> 


Fic. 2. Ionization by an electron energy distribution. Electrons 
leave the analyzer with average energy V’ and are accelerated 
into the ionization chamber by the potential V. P(£) is an arbi- 
trary ionization probability function. Eo is the ionization potential. 


unchanged by the acceleration, as is illustrated in Fig. 2. 
If the electrons leave the analyzer with an average 
energy V’, then acceleration by the potential V simply 
shifts the entire energy distribution so that the average 
electron energy becomes V. The ion intensity is propor- 
tional to the integral of the product of ionization 
probability function P(E) and the electron energy 
distribution function f(E—V). Thus, aside from some 
numerical proportionality factors such as pressure, 
electron current, etc., the ion current J(V) is given by 


E23 
1(V)= f P(E) f(E-V)dE. (1) 
By 


There are two cases of particular interest for single 
ionization: the linear threshold law, and the 1.127 
power law. 

For the linear law, the formulation is quite simple 
when E£,>£po. The ionization probability is P(E) 
= (E—E) for E> Eo and P(E)=0 for E< Eo. The ion 
current is, then, 


Eo 
I(V) -f (E— Ey) f(E—V)dE 
Ey 


_ f (V—Eo+x) f(x)dx, 


where x= E—V. Now 


f xf(x)dx=0 


since the average energy of the distribution is taken as 
a reference. It follows that 


I(V)=A(V—E,) for 


A= f sou, 


a constant in an experiment. This straight line, on 


E> Eo, (2) 
where 
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extrapolation to threshold, gives the correct value of 
the ionization potential, V= £)=I1.P. 

In the case of the 1.127 power threshold law, the 
calculation proceeds in a similar way to give 


I(V)= f (V—Ey+x)!"" f(x)dx. (3) 


Although integration in closed form is straightforward, 
it is more desirable, in studying the effects of extra- 
polation, to rewrite the equation in the form 


1(v)/(V-Ey= f [1+x/(V—Eo) } "7 f(x)dx, 


expand the integrand in a convergent series, and 
integrate to obtain 


I(V)/(V— Epo)! -?? 
= A{1+0.0715B/(V — Ey)?—0.021C/(V — Ey)* 
+0.0099D/(V — Eo)*—0.0056E/(V—Eo)'+...}, (4) 


where the constants B, C, D, etc., are the second, third, 
and fourth, etc., moments of the electron energy 
distribution function. For symmetrical distributions it 
can be shown that the observed ion current is J(V) 
= A(V—E,)'-”" to within a few hundredths of a percent 
for (V—E»)>2(x2—4%1), i.e., two electron distribution 
widths above onset. Extrapolation of this curve from 
values of (V—£ )>2(x2—%,) to threshold gives 
V=E,)=I.P. to well within the experimental error for 
our electron energy distributions. 

Extension of this treatment is readily made to higher 
power threshold laws. For example, the ion current for 
a quadratic threshold law has the form 


1(V)=A{(V—E,)?+B}, 


where A and B are easily determined constants, and 
extrapolation of the ion current according to this 
expression from energies more than one electron 
distribution width above threshold will give the correct 
ionization potential. 

In the transition region, E:< Eo and E,>Eo, when 
only a part of the electron distribution is above 
threshold, the ion current curve exhibits rounding 
which can be calculated for any particular threshold 
law if the electron distribution function is known. In 
these experiments, the electron distribution function is 
measured and the rounding expected for various 
threshold laws computed. 


IV. IONIZATION DATA AND ANALYSIS 


Ionization Near Threshold 


Ionization studies have been made for the rare gases 
with relatively low ionization potentials: xenon, 
krypton, and argon. In the threshold region, the ion 
current follows approximately a linear law as opposed 
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Fic. 3. A test of ionization threshold laws with krypton data. 
B is a synthetic curve obtained by integrating the product of 
the distribution function A and a 1.127 power threshold law. C is 
similar to B except that the threshold law is assumed to be linear. 


to a higher power law, but the distinction between a 
linear law and a 1.127 power law is not apparent from 
inspection of the curves. In order to discriminate 
between these alternative threshold laws, synthetic 
curves were constructed for each case by using Eq. (1) 
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with the experimentally measured electron distribution 
function. The resulting curves were normalized for 
best fit to the experimental data. Ionization potentials 
were also obtained for each case and compared with the 
known spectroscopic energies. 

The ionization near threshold for krypton is shown 
in Fig. 3. Curves B and C were calculated for a 1.127 
power law and a linear law, respectively, using the 
measured electron energy distribution function A. The 
experimental points are almost equally well fitted by 
either power law formulation. However, the extrapo- 
lated intercept in the case of the linear law, 14.004 ev, is 
closer to the spectroscopic I.P., 13.999 ev, than the 
extrapolated intercept for the 1.127 power law, 13.971 
ev. 

Similar analyses have been made for a series of 
experiments in xenon, krypton, and argon with the 
results given in Table I. In xenon and in krypton there 
is, on the average, a better fit to a linear threshold law. 
In the case of argon, the occurrence of a new onset close 
to threshold restricts the number of data points avail- 
able for analysis and therefore allows the data to be 
equally well fitted by either law. The average linear 
threshold law determinations of I.P. in xenon, krypton, 
and argon deviate from the spectroscopic values by 
—0.009, +0.013, and —0.020 ev, respectively. The 
average 1.127 power threshold law determinations 
deviate by —0.047, —0.020, and —0.039 ev, respec- 


TABLE I. Ionization potential determinations, deviations from spectroscopic values,* and relative fit of data to threshold laws 





Linear law 


Ionization 
potential potential 
(ev) 


Deviation 
(ev) 


Experiment 
number 


1.127 power law 
Ionization 


Fit of data favors” 
1.127 
power 
law 


Half-width of 
electron energy 
distribution 
(ev) 


Linear 
law 


Deviation 


(ev) 


Xenon (Spectroscopic I.P.=12.129 ev) 


12.050 
12.081 
12.109 
12.090 
12.082 


—0.039 
—0.005 
+0.015 
—0.008 
—0.009 


— a eet et 
NN bd be bo 


Average 


0.20-+ 
0.12+ 
0.12 


—0.079 
—0.048 
—0.020 
—0.039 
—0.047 


Krypton (Spectroscopic I.P.= 13.999 ev) 


13.991 
13.981 
14.051 
14.047 
13.988 
14.013 
14.017 
14.004 
14.012 


—0.008 
—0.018 
+0.052 
+0.048 
—0.011 
+0.014 
+0.018 
-+-0.005 
+0.013 


13.960 
13.939 
14.026 
14.007 
13.957 
13.983 
13.986 
13.971 
13.979 


Ona U eS wNe 


Average 


—0.039 

—0.060 

+0.027 

+0.008 ; 

—0.042 13+ x 
—0.016 fo choice 
—0.013 A x 
—0.028 L x 
—0.020 


Argon (Spectroscopic I.P.= 15.759 ev) 


15.727 
15.704 
15.694 
15.754 
15.720 


—0.015 
—0.039 
—0.036 
+0.011 
—0.020 


a 


4 
Average 


be fh fh pe 
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& 
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* Spectroscopic ionization potentials were computed from data in Atomic Energy Levels, edited by Charlotte E. Moore, Nation 
J. S. Government Printing Office, Washington, D. C., 1949) Vol. I; Vol. II, 1952; Vol. III (to be 1 
1 ev ++ 12397.67(22) X10~* cm recommended by E. R. Cohen, J. W. M. DuMond, T. W. Layton, and J. S. Rollett, Revs 

b The entries in these columns reflect simply the goodness of fit of the experimental points to either a linear law or 
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dependent of the accuracy of the I.P. determinations. 


No 
No 
No 
No 


choic e 
choi e 
choice 
choi e 


—0.032 
—0.055 
—0.065 
—0.005 
—0.039 


0.10 
0.09 
0.09 — 
0.11-— 


al Bureau of Standards 
yublished), using the conversion factor 
s. 27, 363 (1955) 

They are in- 
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tively. On the basis of this analysis, principally the 
accuracy of the ionization potential determinations, 
the data favor a linear threshold law over a 1.127 power 
law. 

To illustrate the effect of electron energy distribution 
on the observed ionization curves and to demonstrate 
the effectiveness of the analytical procedure, experi- 
ments were performed on krypton with three different 
electron energy distributions. In Fig. 4, electron energy 
distributions A’, B’, and C’ with half-widths 0.09 ev, 
0.12 ev, and 0.17 ev, respectively, were used to calculate 
the corresponding curves labelled A, B, and C on the 
assumption that a single linear ionization process was 
involved. As expected, the curvature near threshold 
progressively increases with the width of the electron 
distribution. The good agreement between the experi- 
mental points and the calculated curves shows that 
electron distribution effects are predictable and are 
adequately treated by the analytical method. 


Structure in the Ionization Curves 


Ionization data for xenon, krypton, and argon over 
an extended energy range are presented in Fig. 5. 
For xenon the data represent the average of nine 
separate experiments. For krypton the data are the 
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Fic. 4. Effect of electron energy distribution on observed 
ionization curves. Experimental points and calculated curves are 
given for three different distributions. 
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Fic. 5. Experimental data for xenon, krypton, and argon. The 
energy scales have been shifted and the xenon scale is compressed 
by a factor of two to permit the data to be displayed on a single 
graph. 


average of two sets of data obtained with particularly 
good electron energy distributions, given in Fig. 7. 
For argon, three sets of data were averaged. The half- 
widths and full widths of the electron distributions are 
specified on the appropriate graphs of Fig. 7. 

A casual examination of the curves in Fig. 5 does not 
reveal the complex structure present in the ionization 
cross sections. It is obvious, however, that the argon 
curve is considerably more complicated than either the 
xenon or the krypton curve. Since the analysis of the 
data near threshold indicated that the threshold 
ionization process followed a linear law, it was decided 
to analyze the data by assuming that the ionization 
curve could be resolved into a number of linear ioni- 
zation processes. This is consistent with the treatments 
of Fox et al.' in which they observed linear onsets at 
the various energy states of the ion. 


Comparison with Spectral Intensity Rules 


In the following treatment the ionization data are 
assumed to result from linear processes having onsets 
at the known energies of the ?P; and *P; ground states 
of the corresponding ions. If ionization followed the 
usual spectral intensity rules, then the probability for 
the *Py process should be 4 that for the *P4 process. 
The results are shown in Fig. 6. The xenon data do not 
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closely follow the spectral intensity rules. Excess 
ionization begins below the energy of the ?P, state; 
and relative to the initial process, the sum of the 
remaining probabilities is slightly less than 3. The fit 
of the krypton data is similar to that of xenon. In the 
case of argon, the data cannot be even approximately 
described by processes at only the *P, and *P, states. 
Additional ionization effects are obviously taking place 
above the energy of the *P, state. 


Fitting Data with Linear Ionization Processes 


In this analysis, the ionization curves are resolved 
into a series of linear ionization processes, without 
restricting onsets to known spectroscopic states. The 
curves are normalized so that the initial linear process 
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Fic. 6. Attempt to fit the ionization data for xenon, krypton, 
and argon with onsets at the ?P, and *P; states according to the 
usual spectral intensity rules. The statistical weights are in the 
ratio 2:1, resulting in a slope ratio B/A=0.50. The calculated 
curves exhibit rounding at the onsets appropriate to the electron 
energy distributions. 


has unity slope. Threshold curvature due to the electron 
energy distribution has been included for each process. 
The synthetic curve constructed from the series of 
linear processes is then compared with the experimental 
points. The results are shown in Fig. 7. The following 
conclusions are drawn: 


Xenon. The ionization can be closely described by a 
series of linear ionization processes. The onsets and 
relative slopes are given in Fig. 7(a). The energies of 
onset of the processes above the I.P. are not closely 
correlated with spectroscopic energy states. 

Krypton. In krypton, the ionization can be moderately 
well fitted by three linear processes. The onsets above 
threshold are not even approximately correlated with 
spectroscopic energies. On detailed examination, the 
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Fic. 7. Resolution of the ionization structure in xenon, krypton, 
and argon by a series of linear processes. Empirical fitting of the 
experimental data results in the onsets and slopes indicated on the 
graphs. The composite curves are synthetic curves constructed 
for these processes and include the expected roundings due to the 
corresponding electron energy distributions. 


region between the onsets of B and C (0.48 to 0.94 v) 
in Fig. 7(b) is actually found not to be linear, but rather 
concave downward toward the energy axis. 

Argon. While the ionization in argon can be accounted 
for by a series of linear processes, it is not clear what 
significance should be attached to the exact onset 
energies and slopes of the processes above threshold. 
The onset energies in Fig. 7(c), except for the I.P., 
are not correlated with spectroscopic energies. However, 
the ionization curve is closely approximated by the 
indicated linear processes, so that it is useful for 
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analytical purposes and for comparison with the results 
of other experimenters (to be discussed later). 


Possible Instrumental Sources of Error 


Because mass analysis of the ions was not carried out 
in this apparatus, the possibility that some of the ion 
current could have been due to impurities must be 
considered. The gases were reagent grade in sealed 
Pyrex flasks and were introduced by an all glass 
sampling system to minimize impurities. Furthermore, 
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the studies were limited to the rare gases with relatively 
low I.P.’s and relatively large ionization cross sections. 
By operating the ion chamber at moderately high 
pressures (~10~* mm Hg), considerable discrimination 
was obtained against background contaminants. The 
ionization curve shapes were not dependent on the 
pressure in the ion chamber and, therefore, exclude 
multiple collision processes from consideration. Experi- 
ments were carried out over an extended period of time, 
with different sample flasks, and over a range of 
pressures, without observing any systematic changes in 
the structures of the ionization curves. As a result, it 
is concluded that the structures in the curves are, in 
fact, those of the atoms being studied. 

The effects of electron intensity, selection of electrons 
from a different region of the tungsten filament, 
residual magnetic fields, and ion chamber temperature 
were checked without observing any changes in the 
structures of the ionization curves. 


V. DISCUSSION 


Structure in the ionization cross sections cannot be 
explained simply by assuming linear ionization processes 
at only the *P, and ?P, states of the ion. It is difficult 
to find a satisfactory explanation for the onsets observed 
in these experiments. The explanation previously 
suggested® that auto-ionization (pre-ionization) is the 
mechanism responsible for the structure in the rare 
gas ionization cross sections may eventually turn out to 
be correct. However, if the spectroscopic rule for 
occurrence of auto-ionization effects holds also in 
electron impact, i.e., if the magnitude of the effect is 
greatest near the lower continuum limit (?P, state) and 
decreases with increase in energy, the effect of auto- 
ionization should be greatest 0.32 v above threshold in 
xenon, 0.10 v above in krypton, and 0.03 v above in 
argon.” There is no correlation in this work with such 
energies. Furthermore, no additional structure should 
be observed above the energy of the *P, state; yet in 
each of the gases such structure is observed. From 
these considerations, it does not appear likely that 
auto-ionization will be able to account for all the 
structure observed in these experiments. 


Comparison of Various ‘“‘“High-Resolution” Data 


A comparison has been made of the “high-resolution” 
data reported by various investigators on the structures 
in the ionization efficiency curves of the rare gases. In 
principle, all ionization curves for a particular gas, after 
making a suitable ion current scale factor adjustment 
for each curve, should be superposable within the 
estimated experimental errors. Since all the workers 
in the field have presented their data as a series of 
linear processes, with deviation from linearity treated 
as an exceptional case, we have for comparison also 


*5H. Beutler, Z. Physik 93, 177 (1935). 
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TABLE IT. Structures observed in rare gas ionization data.* 





Probability 
(Relative to 
the initial 
process) 


Onsets 
(Volts above 


Atom threshold) 


Xe RPD Fox etal.» 1.27% 
RPD Cloutier and Schiff° 1.315 
Clarke4 0.82! 


Source of data 


0.36! 
0.27: 
0.26! 
1.933 0.27! 
0.70 0.16 
1.33 0.13 
2.05 0.16 
0.573 1.5! 
0.90: 1.13 
0.67 2.4! 

0.72! 


<0.30 
0.80! 0.45: 
0.48 0.23 
0.20 


0.94 
0.24 1.1° 
0.21 0.80 
0.64 0.79 
1.27 0.85 


This work 


RPD Frost and McDowell 


RPD Burns! 
RPD Fox et al.» 


This work 


RPD Fox 
This work 





* For purposes of comparison all ionization precesses are assumed to have 
a linear dependence on the energy in excess of onset, even though in krypton 
all workers except Burns observe a nonlinear ionization process in a region 
overlapping the energy level of the *Pj state. 

See reference 5. 

¢ G. G. Cloutier and H. I. Schiff, J. Chem 

4 See reference 6. 

¢ See reference 8. 

! See reference 9. 

© R. E. Fox, Westinghouse Research Laboratories Report-60-94439-4-R2, 
1956 (unpublished). 

b These values are essentially the *Py energy 

i These values are estimates made los from a study of the published 
data of the various investigators. 


Phys. 31, 793 (1959). 


resolved our data into a series of linear ionization 
processes. The procedure which we have used to 
compare results is to normalize the initial linear slope 
for each case to unity, and then for all succeeding 
processes measure the onset energy and the slope 
relative to the initial slope. Onsets and relative slopes 
were estimated from published curves when not other- 
wise specified in the references quoted. The ionization 
potential is used as the origin of the energy scale, so that 
the onsets are given in volts above threshold. The 
results for Xe, Kr, and A are shown in Table II. 


Xenon 

There is fair agreement between Clarke’s data and 
this work. A particular difference is the addition of a 
small onset in this work at 1.33 v. The sum of the 
probabilities of all the succeeding processes beyond 
the initial process, (final slope—initial slope)/ (initial 
slope), is about 0.53 in Clarke’s mass analyzed data 
as compared with 0.45 in this study. The RPD data 
show little agreement with Clarke’s or this work in that 
only one onset is definitely observed above threshold, 
i.e., the one shown at 1.27 v in the work of Fox et al.‘ 
and at 1.31 v in the work of Cloutier and Schiff. 
Fox et al. obtain a relative probability for this process 
of about 0.36; Cloutier and Schiff obtain a value of 
about 0.27. 


* G. G. Cloutier and H. I. Schiff, J. Chem. Phys. 31, 793 
(1959). 
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Krypton 


The only data available for comparison are those 
obtained by several investigators using the RPD 
method. The results vary considerably among the 
investigators. Frost and McDowell describe the struc- 
ture as a gradual transition from the ?P, state to the 
*P, state, beginning at about 0.57 v and extending to 
about 0.90 v. The relative probability of the *P; state 
ionization process is about 2.6. Burns observes no 
transition ionization, but does observe a process at 
0.67 v (which corresponds to the *P; energy), with a 
relative probability of about 2.4. Fox et al. observe a 
transition process beginning at less than 0.30 v above 
threshold and extending above the energy level of the 
2P, state, to about 0.80 v. The relative probability 
of the ?P, state ionization process is about 1.2. 

In the present study there is an onset at 0.48 v, and 
another at 0.94 v. Although the energies of the onsets 
are in fair agreement with those of Frost and McDowell, 
the sum of the probabilities of the two onsets is 0.43 
in our study as compared to 2.6 in their results. The 
discrepancy of a factor of 6 in the probabilities is most 
disturbing. 

It is clear that at best only one of these four widely 
divergent krypton experimental results can be correct. 


Argon 


In the literature, the only detailed experimental data 
with resolution comparable to that reported here are 
the RPD argon data of Fox et al.‘ and Fox.’ The earlier 
work‘ indicated that argon ionization followed a linear 
law from threshold to approximately 1.5 v above 
threshold. This is the example most often quoted to 
illustrate the advantages of using nearly monoenergetic 
electrons in ionization studies.?*® However, later 
studies” showed that there was, in fact, an additional 
onset at 0.2 v above threshold with a relative proba- 
bility of 1.1. The argon data of this paper are consistent 
with a series of onsets at 0.21 v, 0.64 v, and 1.27 v above 
threshold with relative slopes of 0.80, 0.79, and 0.85, 
respectively. The onsets at 0.64 v and 1.27 v above 
threshold have not been previously reported in the 
literature. 

Considerable structure in the ionization efficiency 
curve of argon has also been noted in other studies. 
Fineman and Bouffard® recently made a survey of the 
results of different workers and concluded that there 
was evidence for a break in the argon curve at an 
energy 1.0+0.2 v above the ionization potential. 


27R, E. Fox, Westinghouse Research Laboratories Report- 
60-94439-4-R2, 1956 (unpublished). 

28 Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, 
Berlin, 1956), Vol. 36, Part II, p. 314. 

2” FE. U. Condon and Hugh Odishaw, Handbook of Physics 
(McGraw-Hill Publishing Company, Inc., New York, 1958), Part 
7, p. 134. 

% M. A. Fineman and R. Bouffard, Bull. Am. Phys. Soc. 5, 15 
(1960). 


IONIZATION OF 


RARE GASES 521 

To add to the confusion on ionization in argon, 
Marmet and Kerwin,” in testing their electrostatic 
electron energy analyzer with argon, abstracted the 
“salient features” of many runs to obtain an ionization 
curve consisting of two linear processes separated by 
almost exactly the spectroscopically known energy 
difference of the *Py and *P; states. The actual experi- 
mental data were not presented, so that the degree of 
fit of this simple formulation cannot be readily as- 
certained. Furthermore, there is the complication that 
at somewhat higher pressures there is an additional linear 
onset below the ionization potential of argon, attributed 
to the formation of A,*, but which is much larger than 
expected for A,* ions at these pressures according to the 
work of Hornbeck and Molnar.*! 


Comparison of “‘High-Resolution” Data with 
Conventional ““Low-Resolution” 
Mass Spectrometric Data 


Previous workers*:”.* using conventional mass spec- 
trometers with simple tungsten-filament or oxide- 
cathode electron sources have obtained results in good 
agreement for the rare gas atom ionization efficiency 
curves. In particular, a long tail at threshold was always 
observed for argon as contrasted with smaller tails for 
neon, krypton, and xenon. 

With the advent of methods of obtaining effectively 
small energy spreads in electron beams, the tendency 
has been to treat inconsistencies between the more 
conventionally obtained mass spectrometric data and 
the newer data as being entirely due to inadequacies in 
the earlier experiments, e.g., thermal electron energy 
spreads, ion drawout fields, etc. Fundamentally there 
is no reason why ionization data obtained under 
controlled conditions on mass spectrometers with 
thermal electron energy spreads should not be entirely 
consistent with the most highly resolved data. The 
various “high-resolution” data compared in Table II 
for xenon, krypton, and argon are checked for con- 
sistency with earlier mass spectrometric data. The 
comparison will be made between the earlier mass 
spectrometric data and synthetic curves constructed 
from the results obtained in the various “high- 
resolution” studies. Although this procedure is in- 
sensitive to small deviations in the structure of 
ionization efficiency curves, it is a method for reducing 
all data to a common denominator. Any significant 
differences should be observable. 

Several years ago, data on the ionization of rare 
gases were obtained at this Laboratory® on a modified 
Westinghouse Type LV mass spectrometer. To 
eliminate electron energy spread due to the ion drawout 


31 J. A. Hornbeck and J. P. Molnar, Phys. Rev. 84, 621 (1951). 

% 'V. H. Dibeler, F. L. Mohler, and R. M. Reese, J. Research 
Natl. Bur. Standards 38, 617 (1947). 

33S. N. Foner, paper presented at Division of Chemical Physics 
Symposium on Mass Spectrometry, American Physical Society, 
Washington, D. C., May 1952 (unpublished). 
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field, the electron beam and ion pusher field were 
synchronously pulsed at 100 kc/sec so that ionization 
occurred at zero ion drawout field. A block diagram of 
the electron voltage supply and the associated measuring 
circuits is shown in Fig. 8. The electron energy distri- 
bution was determined by stopping-potential measure- 
ments. By operating the electron gun space-charge- 
limited to reduce field effects and eliminate filament 
reflection coefficient effects, it was found that the 
electron energy distribution was closely Maxwellian as 
shown by the stopping-potential curve in Fig. 9. 

The ion current J(V) corresponding to a Maxwell- 
Boltzmann electron distribution is 
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CURRENT—(MICROAMPS) 


1 x 
1(V)=— i (E-V)e-@-"TP(E)dE, (5) 
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where V is the electron accelerating potential, & is the 
Boltzmann constant, T is the absolute temperature of 
the filament, and P(£) is proportional to the ionization 
cross section for electrons of energy E. The ionization 
probability function P(£) in this study will be assumed 
OPERATION: tS cake preteen Mp : 
ELECTRONS PULSED AT 100 Kc. to be known from the “high-resolution” experiments. 
SPACE- CHARGE LIMITED EMISSION. seat , Sinsntlin: Cate ms Wiiedie 
COMPUTED FILAMENT TEMPERATURE* | Integration of Eq. (5) is carried out directly for a linear 
2250 ee ELECTRON ia te ionization probability function and can be carried out 
2.0 1.0 r) numerically for any arbitrary P(E) function. The 
ELECTRON COLLECTOR VOLTAGE resulting synthetic curve is then normalized and super- 
Fic. 9. Typical electron stopping potential curve. posed on the experimental mass spectrometric data. 
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Fic. 10. Comparison of conventional mass spectrometric 
ionization data with “high-resolution” data. The smooth curves 
were synthesized from the measured electron energy distribution 
and the various ‘“‘high-resolution” data. The points are data taken 
with a Westinghouse Type LV mass spectrometer. Fit of the 
normalized synthetic curve is optimized by a suitable shift along 
the energy scale. (a) Xenon. Curve A is synthesized from the 
RPD-Fox data; curve B is from Clarke’s data; curve C is from 
data obtained in this work. (b) Krypton. Curve A is synthesized 
from the RPD-Frost and McDowell data; curve B is from the 
RPD-Fox data; curve C is based on a single break at the *P, 
energy level with relative probability 0.43; curve D is from data 
obtained in this work. (c) Argon. Curve A is synthesized from 
RPD-Fox data; curve B is from the data of this work. 


Xenon. The results are shown in Fig. 10(a). It will 
be noted that the experimental data did not extend to 
sufficiently high energies for a test of fit to final onsets 
in the synthetic curves B based on data of Clarke® 
and C on data of this work. However, these curves, 
within the region covered, give a better fit to the 
experimental data than does curve A which is calculated 
from the structure reported in the RPD data.’ The 
prominent break at the ?P; energy level observed in the 
RPD experiment produces an undershoot in the curve 
at about 1.3 volts above threshold which should have 
been observed in the earlier mass spectrometric data. 
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Krypton. The results are shown in Fig. 10(b) and are 
summarized as follows: There are three curves which 
equally well fit the experimental data. They are curve 
B, based on results of Fox ef al.5: curve C, based on a 
single break at the *P; energy level with a relative 
slope of 0.43; and curve D, based on data obtained in 
this work. Curves B, C, and D represent deviations in 
structure to which the experimental data are insensitive, 
i.e., this test gives no conclusions as to whether 1 or 2 
breaks exist in the krypton ionization efficiency curve. 
It is obvious that curve A, based on the data of Frost and 
McDowell,’ does not fit the experimental data. There- 
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fore, in krypton, only the results of Frost and McDowell 
and those of Burns?’ which are similar (see Table IT) are 
considered irreconcilable with earlier mass spectrometric 
data. 

Argon. The results are shown in Fig. 10(c). It is seen 
that curve A calculated from RPD data” cannot fit the 
experimental data; the disagreement is marked. It is 
equally clear that the curve B based on the data of this 
work is a very good fit to the mass spectrometric data. 


VI. CONCLUSIONS 


The ionization efficiency curves for xenon, krypton, 
and argon obtained in this study with an electron 
energy analyzer are in excellent agreement with the 
lower-resolution results obtained with a conventional 
mass spectrometer operated under carefully controlled 
conditions. Although this agreement is not sensitive 
to small variations in the structure of the ionization 
efficiency curves, it effectively eliminates the possibility 
of gross inconsistencies in structure. 

The unsatisfactory state of agreement between the 
various published “high-resolution” results on ionization 
in the rare gases is clearly revealed by the tabulation of 
onset energies and slopes in Table II. There is con- 
siderable disparity in the onset energies, and even more 
disagreement in the relative probabilities of the various 
ionization processes. Some of the data obtained by the 
RPD method are irreconcilable with the lower resolution 
mass spectrometric data. 

Except for the threshold ionization process, for which 
there is good evidence that this is a linear process, the 
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resolution of structure at higher energies as a series of 
linear processes is subject to some uncertainty and 
it is not clear what significance should be attached to 
the exact onset energies and the slopes of the processes 
above threshold. The problem is compounded by the 
fact that the onset energies are generally not correlated 
with spectroscopic energy states. The theory for 
ionization to excited states, unfortunately, has not been 
sufficiently developed to be applied to the interpretation 
of the structures in ionization curves. For analytical 
purposes, fitting the data with a series of linear ioni- 
zation processes is consistent with previous treatments 
of the subject, closely approximates the ionization 
curves, and provides a convenient means for comparing 
the results of various investigators. It is difficult to 
account for the structure in the ionization curves by 
auto-ionization and no alternative explanation is 
offered. 

In this paper we have used a rather simple experi- 
mental approach to avoid sources of error which may 
be present in more complicated instruments. The 
ionization for Xe, Kr, and A obtained by extrapolating 
according to a linear threshold law agree with spectro- 
scopic values to within the experimental error (0.02 ev). 
The experimental difficulties in obtaining data even for 
xenon with its relatively large ionization cross section 
and low ionization potential, and the limitations set 
by the absence of mass analysis in the apparatus, 
suggest that while a few more atoms or molecules could 
be studied, further efforts probably will require improve- 
ments in electron density and the incorporation of a 
mass analyzer. 
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Spectra Induced by 200-kev Proton Impact on Helium* 


R. H. Hucues, R. C. WARING,t AND C. Y. Fant 
Physics Department, University of Arkansas, Fayetteville, Arkansas 
(Received November 3, 1960; revised manuscript received January 9, 1961) 


Spectra induced by 200-kev proton impact on helium have been observed in the spectral region of 43500 A 
to 6000 A. 1S states appear to be strongly excited. Absolute cross-sections for the direct excitation of the 
415 and 5'S states of neutral helium were determined as well as the simultaneous ionization and excitation 
cross-section for helium into the n=4 state of Het. Of the more intense lines, only the 2'P—mn'S lines and 
the He 1 \4686 line behaved linearly with pressure within experimental error. Triplet spectra were observed 
in which the dominant feature was the 2*P—n#D lines. The populations of the 4*D and 4 !D states, in 
particular, were analyzed as a function of a direct mechanism and collision of the second kind which seem to 
fit the data fairly well. A very weak Doppler-shifted Hg line was detected. If this is interpreted to be pro- 
duced by charge exchange, then the cross section for electron capture into the n=4 state of hydrogen is 


estimated to be of the order of 8X 10™*! cm?. 





I. APPARATUS 


ROTONS from the University of Arkansas Cock- 

roft-Walton accelerator were allowed to enter a 
differentially pumped collision chamber (Fig. 1) where 
proton-helium collisions were observed spectroscopic- 
ally. The optical axis of a JA-82000 scanning spectrom- 
eter used in recording the spectra made an angle of 
25° with the proton beam (Fig. 2), thus enabling the 
observation of Doppler-shifted hydrogen lines produced 
by charge exchange. The photomultiplier used was an 
EMI-6256B whose spectral sensitivity is unfortunately 
limited in the H, region. 

The collision chamber was insulated so that the 
chamber itself served as a Faraday cup. The beam was 
collimated by allowing it to pass through two ¢-in. 
holes. An electron repeller was positioned after the 
collimator. Three sets of parallel plates were installed 
at the entrance of the collision chamber. The original 
intent of these plates was to provide a means to measure 
ionization currents. By charging the center plates we 
were able to throw a transverse field across the beam in 
the observation region. A Pirani gauge which had been 











Fic. 1. Details of collision chamber. (1) beam collimating holes 
(7s in.), (2) differential pumping outlet, (3) electron repeller, 
(4) Lucite spacer, (5) observation region, (6) plates to apply an 
electric field across the observation region, (7) Pirani gauge, 
(8) observation ports, (9) target gas inlet. 


* Supported by the Geophysics Research Directorate, Air Force 
Cambridge Research Center. 

+ Now at the University of Kansas City, Kansas City, Missouri. 

t Now at the Laboratories for Applied Science, University of 
Chicago, Chicago, Illinois. 


previously calibrated against a McLeod gauge was 
situated near the observation region. Helium was leaked 
in through a liquid-air-cooled charcoal trap. 

A more suitable accelerator and collision chamber are 
being built. Thus, this paper can be considered as a 
report of preliminary results from such spectral studies. 


II. OPTICAL CALIBRATION 


A 25-w frosted incandescent lamp that had been 
absolutely. calibrated at six points from 3800A to 
6500 A by the Yerkes Observatory was used as a 
standard source. The calibration curve gave the in- 
tensity P in photons rad~ sec (50 A), at a particular 
wavelength. The lamp was placed a considerable dis- 
tance away along the optical axis of the spectrometer 
(see Fig. 3). A fused-quartz condensing lens was placed 
a distance (20 cm) equal to twice its focal length in 
front of the entrance slit of the spectrometer. The fused 
quartz window used on the chamber was inserted in the 
light path. With this arrangement the entrance window 
of the system is at a distance twice the focal length 
measured from the lens on the side toward the standard 
source. The area of the entrance window is the slit 
width @ times the length of the slit / that the photo- 
multiplier sees. The solid angle accepted by the system 


a. 
—— <r ee 


Fic. 2. Spectrometer position. The proton beam B is 
imaged by lens LZ on the spectrometer slit S. 
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Fic. 3. Calibration of spectrometer. The standard lamp with 
associated diaphragm C is placed a distance R from the entrance 
window 5S’ (image of the spectrometer entrance slit S formed by 
the fused-quartz lens L). W is the fused-quartz window used on 
the collision chamber. 


is the ratio of this area to the distance from the window 
to the source squared and was much less than the maxi- 
mum solid angle the spectrometer could accept. From 
this information we obtain the calibration equation, 
N=DPe'l/50R? where N is the number of photons/sec 
accepted by the spectrometer and D is the spectrometer 
dispersion, 16 A/mm. A secondary standard lamp was 
then attached rigidly to the spectrometer to enable 
calibration checks to be made. 

The spectrometer then was positioned under the col- 
lision chamber with the beam observation region being 
a distance of twice the focal length from the condensing 
lens. The angle to the beam was then measured to 
determine the effective length of beam under observa- 
tion. Knowing the focal length of the spectrometer f 
and grating area A, which were taken from the manu- 
facturer’s specifications, we were then in a position to 
make absolute measurements. The total photon/sec 
yield is, of course, 4rf?/A times the flux accepted by 
our spectrometer. 
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Fic. 4. Spectrogram reproduction from 200-kev proton impact 
on helium at 26-4 pressure and with a beam current of 0.18 ya. 
Helium lines are labeled by the upper state. Hg’ represents the 
Doppler-shifted /g line. 
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It is extremely difficult to estimate the uncertainty 
in our measurements. In addition to the uncertainties 
that other investigators have faced in this type of 
measurement, we have the uncertainty associated with 
observing the beam at an angle. Thus we have the 
disadvantage of angle uncertainties and the disad- 
vantage of having the beam image in a different plane 
than the entrance slit. The condensing lens was not 
achromatic but showed a sharp image with white light. 
It would probably be unrealistic to estimate the un- 
certainties in our absolute measurements to be less than 
40%. 
Ill. RESULTS 


Cross section measurements are included in Table I. 
Spectrograms were obtained at various pressures and 
currents. The pressure range was generally 24 to 30u 
while beam currents of 0.1 wa to 0.26 wa were used. 
Figure 4 shows a typical spectrogram. Within this 
limited current range all lines appeared to be linear 
with current, but only the 2'P—mn'S lines and He u 
4686 line appeared to be linear with the pressure. The 
nonlinear behavior of the 2'P—n'D and 2*P—n*D 
transitions has been observed by other investigators 
using electron impact excitation. The explanation put 
forth is that these »*D and m'D levels are populated 
from the ground state by collision of the second kind 
with atoms in the n 'P state.' We observed the 2 *S—3 *P 
line which also exhibited a nonlinear behavior which 
apparently was not observed in a recent electron impact 
experiment.? 

To test possible electron excitation, we employed the 
electron repeller and varied an electric field perpen- 
dicular to the beam and viewing direction. No effect 
was noted in the intensity of the lines. This indicated 
that a low secondary-electron density existed in the 
viewing area and that electron excitation was not 
appreciable. 

Excitation of the triplet system is interesting in itself. 
Direct excitation by proton impact would be in viola- 
tion of the Wigner spin conservation rule. As long as it 
is assumed that spin-orbit coupling is very small, 
we would expect the total spin to be conserved in a 
system since it is commonly expected that spin de- 
pendent forces are too weak to provide the necessary 
spin flip. However, the well-established collisions of the 
second kind in which the »'P—n *D transfer reaction 
takes place in helium represent a violation of the rule. 
It has been noted that in this case the energy differences 
between the involved levels are small and therefore 
a close resonance condition exists which seems to de- 
stroy some of the validity of the rule. 

An attempt was made to study the 2*P—4°D and 
2'P—4 'Dlines, in particular, as a function of 2'S—4!P 
line. It was assumed that both the 4*D and 4'D levels 


1R. Wolf and W. Maurer, Z. Physik 115, 410 (1940). 
2D. Stewart and E. Gabathuler, Proc. Phys. Soc 
74, 473 (1959). 


(London) 
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were populated directly and by collisions of the second 
kind. Defining the apparent line cross sectional o’ 
through the equation P= po’nl (where P is the number 
of photons/sec, p is the number of photons/sec, » is 
the atom density, and / is the beam path under observa- 
tion), we assume o’=o¢p+(cco’ynv/A). The first term 
represents the line cross section for direct excitation 
and the second term represents the excitation through 
the collision process. In the second term, a¢ is the col- 
lision cross section for the line production, o’; is the 
apparent cross section for the 2'S—4'P line; A is the 
transition probability* associated with the 2'S—4'!P 
line; is the atom density and v is the mean thermal 
velocity. Figure 5 shows that this assumption seems 
valid within experimental error. The slopes of the lines 
give the collision cross section for the 2'P—4'D and 














15 20 
dvn (i077) 
A 
Fic. 5. Plot of the apparent cross sections of the 2*P—4D 


line (A4471 A) and the 2'P-—4!D line (4922 A) vs the parameter 
o,'vn/A (see text) associated with the 2!S—4'P line. 


2*P—4*D line production as 42X10- cm? and 
29X10-'® cm?, respectively. Table II shows the com- 
parison between our measurements of transfer cross 
sections with those of other investigators. The cross 
section involving the 3*P, 3*D, and 5'D states were 
obtained by the same analysis as above but with some- 
what more scattering of fewer data points. The 3*P 
analysis is particularly bad because of lines in the hydro- 
gen background at low pressures in the region of A3888. 
It may be noted that our cross sections appear to be 
large with respect to the triplet states. One possible 
explanation is the perturbations produced by the foreign 
gases in the chamber. If the perturbing influence of 
foreign atoms is such as to further a breakdown in 


*E. A. Hylleraas, Z. Physik 106, 395 (1957). (All He transition 
probabilities used in calculations are from this source.) 
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Tas_e I. Direct excitation cross sections for 200-kev proton 
impact on helium in units of 10-” cm*. 


Measured directly Inferred* 
Transition o ave o 
45047 5 
44437 AS. A - 2. 
44686 fi ‘ 2 ‘ 4. 
A5016 <7.4 < < A 
43965 < 2 
’ 44772 
(charge exchange) 


* Obtained by assuming levels are populated by direct excitation and by 
collisions of the second kind. 


L-S coupling, then the spin conservation rule will be 
relaxed more. Obvious foreign gases are residual Hy; 
and Het. 

There is evidence that *D transfer excitation becomes 
more pronounced relative to 'D excitation as m increases. 
We were unable to resolve the 2*P—5 *D line even in 
the second order, but for n=6 and 7 we can state that 
the transfer cross section for *D excitation is greater than 
that for 'D excitation indicating a further relaxing of 
the spin conservation rule. We wish to point out here 
that the energy separations between 'D and *D states 
are extremely small and, of course, decrease with increas- 
ing ». In the absence of the consideration of energy dif- 
ferences and the spin conservation rule we would expect 
the *D transfer excitation to become relatively larger 
simply because there are more states available in the 
8D levels than in the 'D level. 

It is interesting to note the behavior of other triplet 
states. There is almost a complete absence of 2 *P—n *S 
lines. The 2 *P—4 4S and the 2 *S—4*P lines appeared 
very weakly with an apparent cross section at 30 yu of 
the order of 3X 10-*' cm? for both transitions. Since these 
line cross sections essentially give the upper level popu- 
lation, it would appear that the *P and *S states are not 
populated appreciably. Thus it would appear that the 
“direct” excitation of the triplet states is greatest in the 
case of the *D states although the evidence is hardly 
conclusive. 

There remains the possibility of a neutral beam com- 
ponent which could explain some of the direct triplet 
excitation. The beam, however, was magnetically 
analyzed and charge-exchange calculations show that 
certainly less than 0.5% of the beam could have been 
neutralized by charge exchange by the time it reached 


TABLE II. Transfer reaction cross sections in units of 10715 cm?, 





200-kev 
Transfer proton 
4'1P—4'!D 
4'P—43) 
3'1P—3*D 
3'1P—3%P 
5'1P—5'1D 


Absorption® _—_Electron> 
56.7 67. 12.3 
42.3 15. 2.6 

= 36.0 11. 

~12.0 ‘ 0 

== 23.0 $1. 76 








® See footnote 1. 
» See footnote 2. 
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the observation region. Beam neutralization at the 
slits is a possibility but we would suspect that this is 
small, particularly at this energy, but perhaps should 
not be discounted. 

It is to be noted that the 'S states are strongly excited. 
It is too bad that a better comparison with the 'P 
states cannot be made. We would strongly suspect that 
the upper limits shown for the 3'P and 4'P levels 
represent figures that are better than an order of magni- 
tude higher than the true cross section because of the 
imprisonment of resonance radiation.‘ It is particularly 
bad in our case because of the large (4 in.) diameter 
of our collision chamber and the fact that the lowest 
pressure at which we could take data was 2 or 3 uw. The 
apparent cross sections for the 2'S—n'P lines were 
still dropping rapidly at these pressures. 
section for the simultaneous 


The measured cross 


“A. V. Phelps, Phys. Rev. 110, 1362 (1958) 
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ionization and excitation of helium‘ into the n=4 state 
of Het agrees fairly well with a rough extrapolation of 
Mapleton’s calculations®’? and the measured charge- 
exchange cross section into the n=4 state of hydrogen 
is small but at least the right order of magnitude from 
what is expected from roughly extrapolating his recent 
calculations’ on charge exchange; however, it is difficult 
to draw conclusions. 
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§ Hydrogen transition probabilities are taken from H. A. Bethe 
and E. E. Salpeter, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1951), Vol. 35. 

®R. A. Mapleton, Phys. Rev. 109, 1166 (1958) 

7R. A. Mapleton (private communication). Mapleton estimates 
for the simultaneous ionization and excitation cross section into 
the n=4 state and the charge-exchange cross section into the 
n=4 state to be 3.5X10~” cm* and 3X 10~* cm?, respectively. 
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Electron Capture from He(1s’) by Protons 
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(Received October 20, 1960) 


The two equivalent forms of Born’s approximation, prior and post, are used to calculate the electron 
capture cross section for protons incident on He(1s*). These cross sections are calculated for capture into 
eleven different final states in the energy range 12.5 kev to 1 Mev. Although a rather crude wave function, 
(Z/rao®) expl — (Z/ao) (r71+-7r2) ](Z = 1.6875), is used for He, the prior and post total capture cross sections 
do not differ by more than twenty percent over the energy range investigated. Estimates of the sum of the 
cross sections for capture into all s states of the hydrogen atom for the two residual ions, He*(1s) and 
He* (2s), are obtained from an adaption of the s-state sum rule as given in the paper of Jackson and Schiff. 
As in this work of Jackson and Schiff, it is found that the s states provide the major contribution to the total 
capture cross section. The calculated cross sections agree fairly well with the experimental values. The cross 
sections for capture into the state He*(1s)-+H(1s), is roughly 2.5 times larger than the values obtained by 


Bransden, Dalgarno, and King. 


HE cross section for the following process (A) 
has been calculated in Born approximation by 
Bransden, Dalgarno, and King.' 


H++He/(1s?) > H(1s)+Het (1s). (A) 


In their calculation, the prior interaction was used and 
the Born matrix element was evaluated approximately. 
In the present paper, the cross section for reaction (A) 
is calculated in Born approximation with both forms 
of the interaction, prior and post. In addition, the prior 
and post Born cross sections are calculated for capture 
into ten other final states. A comparison of the results 
of this paper and those of BDK will be presented later. 


1B. H. Bransden, A. Dalgarno, and N. M. King, Proc. Phys. 
Soc. (London) A67, 1075 (1954). Future references to this paper 
are denoted by BDK. 


It is a well-established fact that the prior and post cross 
sections are equal provided that exact atomic wave 
functions are used in the Born matrix elements.?* 
Since only inexact atomic wave functions exist for 
atoms other than hydrogen, it is not known which of 
these two cross sections agree more closely with the 
exact Born cross section. Although the wave function, 
(Z°/mwa*) exp — (Z/ao)(ri +72) |] (Z=1.6875), used for 
He is rather crude, the prior and post total capture 
cross sections of this paper do not differ by more than 
twenty percent over the energy range investigated; 
moreover, they are in fair agreement with the experi- 
mental values. The reason for this apparent success 


?J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). Future 
references to this paper are denoted by JS. 
+E. Gerjuoy, Ann. Phys. 5, 58 (1958). 





ELECTRON CAPTURE 


appears to emerge from the good representation of the 
wave function for He over the region of configuration 
space that provides the major contribution to the cross 
section for reaction (A), which process provides the 
major contribution to the total capture cross section. 
On the basis of this close agreement, it is reasonable to 
expect that the values of the exact Born cross sections 
would not differ radically from these approximate 
values. It is tempting to conjecture that the prior-post 
numerical discrepancy (hereafter called i-f-d) would 
not be much larger for the analogous capture process 
from more complicated atoms provided that an equally 
good wave function is used for the atom in question. 
One would expect a somewhat larger discrepancy for 
this latter case since both the atom and its residual 
ion would be represented by approximate wave func- 
tions, whereas the wave functions for Het is known 
exactly. This conjecture relevant to the smallness of 
the i-f-d provides a practical bias in favor of the prior 
cross section since there are fewer electrostatic terms 
in the prior interaction; wherefore, the evaluation of 
the prior cross section requires less calculation. The 
preceding discussion contains the implication that the 
exact Born cross sections should agree with the meas- 
ured values. However, current research suggests that 
the Born approximation for the electron capture prob- 
lem may fail not only at low energies as is well known, 
but also at high energies, although the agreement with 
experiment may be satisfactory over an intermediate 
energy range.*:> The notation is now introduced and 
the matrix elements are defined. 

Let the masses be defined as follows: M=proton; 
M,=helium nucleus; m=electron; M,=M-+m; 
M.=M,+m; M.y2=M,+2m; =MM,2/M7; 

poe2Z3 
Email = 
2 hay 


Vs=2|x3—x2|—!— | x3—X1—X2|-— [x2] = Vpn t+ Voit Vp, 


V s=2|xs—x2| 7+ |x3—x1|1—2|x3|7—- |X3—X1—X2|~ 


The second form of V;,z associates the particles with 
the interactions. Since helium is initially in a singlet 
state, and spin-dependent forces are neglected, the 
final state must also be a singlet in the electron co- 
ordinates. A permutation of the laboratory electron co- 
ordinates leads to a new set of post relative coordinates 
which are given by 


Xi2=Fo—-IFn, X22=F1—Ffp, 
R Mr,+mr, M,r,+mr, 
oe : M, Mu 
*R. H. Bassel and E. Gerjuoy, Phys. Rev. 117, 749 (1960). 


Future references to this paper are denoted by BG. 
5D. R. Bates, Proc. Roy. Soc. (London) A247, 294 (1958). 
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Mr=M+Mn2; w2=MiMni/Mr. The laboratory par- 
ticle coordinates are r,=proton; r,=helium nucleus; 
r;,2= electrons; the prior (primed) and post (unprimed) 
relative coordinates are 


X)’="fj—fn3 Xo! = fo— fn= X33 


' M ,tn+m(t1+12) 
Ree es) ear 


b 


Xi=Fi—f,; Xe=le—Plp; 


Mr,+mr. M,r,+mr 
R= ; 


M, Mas 


Other relevant quantities are defined as follows: 
h= Planck’s constant divided by 27 ; e= electron charge ; 
ay= me?/h?=first Bohr radius; K and Km» are the 
magnitudes of the initial and final wave vectors of 
relative motion, respectively; v=#K/p1; tmn=2K mn/ 
wo; Ai=(m/Mni)As; Ac=(M/Mi)Kan—K; As=Kmn 
—(Mi/Mn2)K. The binding energy of He(1s*), Het, 
in the state labeled by the principal quantum number 
m, and H in the state labeled by the principal quantum 
number n, are, respectively, ¢’, em’, and en. Conservation 
of energy is given by }y10?— =} p20mn?—€m’ —€n. The 
normalized wave functions that represent Het», Hy, 
and He(1s?) are denoted, respectively, by @m, @n, and 
(Z*/mao*) expl —(Z/ao)(x1+%3) ]. The integration is 
simplified by the use of the set (x:,X2,x3) as independent 
variables.? The prior and post matrix elements for the 
reaction, H++He(1s?) ~ H,+Het,,, are labeled, re- 
spectively, by gmn' and gm,’. These quantities are 
defined in (1a).' 


—-——— J extra Gm* (X1)bn* (X2) Vi,y(X1,X2,X3) exp[ — (Z/ao) (x1 +23) ] 


Xexp{i[Ai-xi+A2-x.—As-x; ]}, 
(1a) 


I= Voat Vat Voat V »1- 





A repetition of the previous calculation leads to the 
identical expression for the capture of electron 1 as 
was obtained for the capture of electron 2. The two 
amplitudes are added and multiplied with the singlet 
normalization factor, 2~!, to obtain V2gmn‘’ for the 
singlet scattering amplitude.' The cross section for 
capture is given by® 


4t mn 


Quan! =— | | gmn*’! |® sindd@. 
0 


v 


The expressions for these various amplitudes are 


*W. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), 2nd ed. 
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long and only the ground-state case is worked out in 
detail. The amplitudes for capture into excited states 
are all derivable from the ground-state case by means 
of parametric differentiation.” The spectroscopic no- 
tation will be used to label the amplitudes and the 
cross sections. Dimensionless units are introduced with 
a, the unit of length, and «;=me'/2h?, the unit of 
energy. The wave functions ¢;,(x:) and ¢;,(X2) are 
replaced, respectively, by (8/x)!e~*" and e—6*2/4/r. It 


a=? 


&») 


B=1 
gis; 1s'= ZCL2BV pn—V 1 —BV pa], 
2!7/2Z3 (a+Z) poar 

Z=1.6875, 


m 
0 


1 1 P 
Vn= f dx x(1—x) f dy yv(1— Oa 
0 ) aly ; 


Vee=((at+ZP+Ar} + AZ} [2 
1 0 
fax -2)( 
0 ou 2 
Vn=LlatZ)+Ak P+ 4s} [2+ Ash, 
Vi=6(1—x)+Z2x+2(1—2x)| A;— As! ?, 
Vo=Z2(1—x) + (a+Z)2x-4 


Vu=[P+A2}° 


U.=(Z2+A 
x(1 —x)|A,—As|?, 


V on =[(a+Z)2+A 22] 


MAPLETON 


is seen that the functional forms of all excited states are 
derivable from exp[—ax:+iAi-x;] and exp[—fx2 
+iAz-x2] by means of parametric differentiation with 
respect to a, 8, and the rectangular components of 
A;,2, after which operation the appropriate values of 
(a,8) are inserted and the factors exp[#Aj-x;] are 
removed. The notation employed for the electrostatic 
interaction terms is used to label the various com- 
ponents of the matrix elements. 


, m=n=i., 
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U,= (@° +A) (1—x)+2(Z°+A;7), 
°)(1—x)+a[ (a +-Z)2 +A ], 


U;=[1—-y][(1—x)(@+42)+e(2+42)]+-9[(a+ZP +42], 


Vs=(1—y][(1—x) +227 ]+y(a +Z)+{1l—y}{yAP 
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In this relation, and all subsequent relations, it is 
understood that the same superscript, i or f, should 
appear on both sides of the equation. 
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The differential cross section for this p state is obtained 
from the following expression: 


£1s;: 


(2b) 
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In the derivation of the preceding formula, all terms 
that have Aj, or a power of Aj, as a factor are dropped. 
This is a very good approximation since A;~10~4A3. 


’ E. Corjnaldesi and L. Trainor, Nuovo cimento 9, 940 (1952). 
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(A, is retained in the quantities that comprise 15; 1e-) 
C2 and C; are linear combinations of quantities derived 
from the terms in g;.:1.. These remarks apply to all p 
and d states. 
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Fic. 1. Capture cross sections into the state He*(1s)+H(1s) 
calculated with the prior interaction. BDK refers to the calcu- 
lations of Bransden et al. 


It can be shown that the following relation is valid. 
PAs P+ (As “As ? 
igs rt {= | 
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(A»- As) +C,C;[3 (A,- A;)? 
—A 2A? |— 3°(A»- As). 


"3A 3i— 2¢ "\C2A 2” 
2C2C3A 


This expression has the familiar form of a linear com- 
bination of scalar products of spherical tensors of rank 
two, and this form is consistent with the properties of 
the spherical harmonics that are implicit in the d-state 
wave function.® 
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_ 2 a 4,,’ v2 0. Aiy 


= =} 
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£2p;18 ' 


m=2, n=2. 


8M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), 1st ed., Chap. 5. 
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Fic. 2. 0.=arithmetic average of prior and post total capture 
cross sections. (See text for discussion of Q-.) % =experimental 


values. 
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In Fig. 1, the cross sections, Q1s;1.', are compared 
with the results of BDK. The energy dependence is 
nearly the same, but the cross sections of this paper are 
roughly 2.5 times larger than those of BDK. In Fig. 2, 
the quantity, @.=3(Q.'+0.‘), is compared with the 
measured values of the cross sections.® Q,*/ is the sum 
of the calculated cross sections, and the arithmetic 
average is plotted since it is not known which cross 


(3c) 


®S. K. Allison, Revs. Modern Phys. 30, 1137 (1958); P. M. 
Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956); C. F. Barnett 
and H. K. Reynolds, Phys. Rev. 109, 355 (1958). 
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TABLE I. Cross sections, Qm:n, in units of rag?=8.79X10-"" cm? for capture into the state He+,,+H,; i=prior, f=post. 
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MAPLETON 


Q.=sum of 


calculated cross sections. 0g=2n (Qis;net+Qee;ns)- Qe=Q.+other calculated values. E=incident energy of the proton in key—laboratory 


system. 
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4.02 

2.20 10— 
2.45107! 
2.97 10™ 
3.03 107 
5.67 X10 
6.2110 
8.8710 
9.04 107 
6.19 1073 
6.14 10-3 


50X10 + 3.30«K10~ 
73X10" 3.45107 
5107 =5.55K10™ 
30X10 =5.70K10™ 
x10 +=8.20«10 
<X10™ —8.54K 107 
x10 —-1.57K10™ 
x10 +=1.62«107™ 
x10-* 9.3710" 
<10-% 9.621073 
1.03X10 1.08K10— 8.6110 
1.0010 1.0310" 8.09107 
3.84X107% 1.37K107 2.50«107 
3.45X107% 1.15107 1.9310 
<x10-* 5.6 K10"3 
<10-? 5.2 xK10°% 
<x10-° 6.0 «10% 
x10? 6.0 x10" 
x10 1.4 K10" 
x10 1.1 xK10° 
4.26 
4.83 


0090 cin Gi 


1.37107 
3.6 X10 
4.2210 
3.99 107 
4.2410 
2.79 1073 
2.86X 107% 
4.40 107 
4.23107 
2.3410 
1.66X 107 
40 x1073 
3.76X 1073 
44 107% 
44 X10°% 
1.9 x10-3 
1.4 x10°3 
1.95 

2.20 


5.2 
8 
8 
4.8 
4.8 
4.0 


8.05 
8.84 


§.44x 10-1 
5.77X10— 
5.84X 107? 
6.56 107? 
4.16107 
4.54107 
1.67107 
1.90107 
1.36 1072 
1.49 107? 
8.76 10-4 
9.5110 
1.37X107 
1.36X 107? 
1.12107 
7.77X 10-8 
1.6 X10-3 
1.6 X10-3 
1.7 <X10-% 
1.8 «10-3 
1.3 x10-3 
8.8 X10 
7.05107 
7.50 107 
6.54107! 
7.00 10 
7.23107 
7.70107 


4.161075 
3.86 10-5 
5.52 1076 
5.05 10-6 
4.71« 1077 
4.36 1077 
1.65 10-6" 
1.51 10-8 


2.94X10-* 2.3210 
2.41K10-% 1.9910 
4.0310 3.131075 
3.2910" 2.661075 
8.21X10-5 3.751076 
7.031075 3.29x10-6 
1.21K10-* 9.38x«10-6 
9.88x10-5 7.97<«10-* 
2.89X10-5 1.3 «K10-* 
2.48K10-5 1.1 «10-¢° 
7.95X1077 2.2 «10-8 
6.781077. 2.0 «K107-8 
3.881075 2.09 10-* 
3.45&10-5 3.431078 
2.361075 8.591077 
3.85X10-5 2.361078 
5.6 X10-* 2.9 «10-7 
44 <10°* 4.4 x10- 
1.7 X10-* 5.6 «1078 
1.4 x<10-* 5.2 «107 
3.7 107° 

5.6 10-6 
3.65 1073 
3.021073 
3.64X 1073 
2.98 x 1073 


2.51X107 
2.15107 
3.371073 
2.93 1073 
1.12 10-3 
1.021073 
1.011073 
8.81 10-4 
3.89 10~4 
3.57 10-4 
1.59 10-5 
1.45 10-5 
4.46 10-* 
3.1710 
3.5210 
3.58 10 
6.4 X10-5 
44 x1075 
3.1 10-5 


1.41107 
1.34107 
1.76107 
1.74107 
8.85 10-3 
9.01 10-9 
5.19 10-8 
5.20 10-3 
3.01X 10-3 
3.08X 10-3 
1.64% 10-4 
1.68 10-4 
2.91 10-3 
2.48X 107 
2.77X10-3 
2.111073 
4.0 X10 
3.6 X10- 
3.1 x10- 
3.2 X10- 
3.9 x10-4 
2.8 X10- 
1.83107 
1.74107 
1.73X 107 
1.65X 107 
1.88107 
1.80 10-1 


3.0 «1077 
7.1 <X107 
8.6 X1078 
3.1 1077 
40 X1075 
9.2 10-8 


.8110-* 
45x 10-* 
.86X 107* 
64x 10-4 
2.9210 
2.53 107% 


4.971075 
4.67X1075 
5.09 10-5 
4.77X1075 
5.15 10-5 
4.851075 


3.12K107 
2.66 X 107 
3.31107? 3.78«10-3 
2.84X107 3.121073 


* These two cross sections were estimated from the approximate relation Q1s;%/Q 10; 2 (1000) ~Q1s; 32/Q 1s; (703) 


section is the better representation of the exact Born 
cross section. The author estimates that the inclusion 
of the capture cross sections for the omitted final states 
would not increase Q,. by more than 5%, and this 
increase would not alter the picture that is presented 
in Fig. 2. Above 40 kev the agreement of the calculated 
cross sections with the measured values is fairly good. 
It is not known why the experimental value at 1 Mev 
exceeds the calculated value; perhaps, as is discussed 
in BG, this is evidence of a failure of the Born approxi- 
mation at high energies, or it may be the result of an 
experimental error, or least likely, for reasons that are 
given later, it may be the result of the approximate 
wave function. The most striking feature of Table I is 
the small i-f-d for the cross sections Qis;n'*/ and Q,*/. 
The i-f-d is larger for simultaneous charge transfer 
and excitation, and this is expected since the effective 
overlap of Hets,.2, and He cover a region of x; con- 
figuration space where the wave function for He is less 
accurate than in the corresponding overlap region of 
He*,, and He. Since the configuration spaces, x. of H 
and x; of He, are different, the preceding analysis does 
not apply; however, the numerical results show that 
the excited states of H are much less effective in pro- 
ducing the i-f-d than are the excited states of Het. 
There is a remarkable similarity of the ratios Q1,;2./ 


Qra;10) Qts;2p/Qis;28, ANd Qis:3s/Qis:28 (the superscripts 
i or f are understood) to the corresponding ratios (with 
the first subscript deleted) for the electron capture 
process in atomic hydrogen as given in JS." For an 
incident proton energy above 70 kev, there are the 
following approximate equalities among the ratios: 


O15: 28 Qos; 2 


~ 
~~ 


; 
M4 
Ors: 18 Qos; 1s 


By reason of the first approximate equality, it will be 
assumed that Qos;3s/Q2s;2s8/27 also holds. This 8/27 
relation is the first term of the n~* law [0,= (8/n*)Qo, 
n>3] which is discussed in JS. For the purpose of 
obtaining an estimate of the total contribution from 
the s-state cross sections of the two ions, He+(2s) and 
Het(1s), the n~* law will be assumed. Equation (19) 
of JS is modified to give the following relations: 


Ore: 3e 8 


Vis: 28 27 


bend Vis; 28 
pi rons =Ornif 1+1.616- | 
n=1 


Ors: 18 


n=! 


- Qos; 28 
> Orcas Ore 1+1.616— . | 
a;1 


Vos; 1 


10 The author has calculated the capture cross sections into the 
states 1s, 2s, 2p, 3s, 3p, 4s, and 5s for protons in atomic hydrogen 





ELECTRON CAPTURE 


These quantities are given in the table along with the 
cross section, Q., which is defined as, Qe= don [Qte:ns 
+Qcs;ns]+other calculated cross sections. Q, exceeds 
Q. by only a few percent. It is unlikely that the in- 
clusion of all other omitted capture cross sections would 
increase (, by more than two percent. A comparison of 
QO. with >> n [Qes:net+Qis:ne] Shows that the s states 
provide the significant contribution to the total capture 
cross section, and this fact is in precise accord with the 
results of JS. 

It would be interesting to learn whether a better wave 
function for He would give cross sections that are in 
better agreement with the experimental values. It is 
planned to calculate the cross sections, Q1s,1.°7, with 
the six-parameter wave function of Hylleras. Since 
this improved wave function provides a larger binding 
energy for He, and since He is the target atom, it is 
believed that the capture cross sections will be reduced, 
and it is hoped that the i-f-d will be smaller. There is 
some additional evidence to support the remark that 
the cross sections will be smaller. An improved wave 
function for H~ in the reaction, H+H — H-+H?, led 
to a larger cross section, and this is consistent with the 
previous conjecture since H~ is formed by the capture 
process." 

The author believes that a calculation of the magni- 
tude that is described in this paper deserves the dignity 
of a few remarks relevant to the calculational details. 
A Gaussian quadrature method was used to evaluate 
the integrals. These integrals were calculated with an 
accuracy of five (or four) significant figures to obtain 
cross sections with an accuracy of three (or two) 
places. Simpson’s rule was used to integrate the 
differential cross sections, the starting angular incre- 


in order to verify numerically the n~* law for s states as given in 
JS. (Unpublished work.) 
1 R. A. Mapleton, Phys. Rev. 117, 479 (1960). 
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ment, A@, being 5X 10~* radian. As the incident proton 
energy decreased, the total angular width of the angular 
integration had to be increased ; for example, the angular 
range required to obtain Q1,;1.°/ correctly to three 
figures was 9° at 22.2 kev and 1.5° at 703 kev. The 
behavior of the electrostatic matrix elements with 
respect to the scattering amplitude follows the same 
pattern as in the corresponding charge transfer processes 
of atomic hydrogen in atomic hydrogen and protons in 
atomic hydrogen." This pattern is illustrated for 
£is;1s'=g. [See Eq. (1b). ] The term 2V,, is dominated 
by Vpit+V pe for a small angular range starting at 2=0 
so that g<0. g goes through a zero and the subsequent 
decrease of VpitV 2 with increasing angle is much 
greater than the corresponding decrease of 2V pn. This 
large angular tail, as it is called in BG, provides a 
significant contribution to the cross section, the con- 
tribution of this tail increasing as the energy decreases. 
A final remark is made with reference to the evaluation 
of the Feynman integrals for the excited states. Some 
of these integrals required 63 subdivisions for each 
variable of integration in the interval (0,1) in order to 
obtain the desired accuracy. The requirement of this 
small subdivision is caused by the rapid change of the 
integrand near the end points of the integral. For the 
case of protons in atomic hydrogen, the situation is 
worse, and this fact illustrates that these integrals are 
rather sensitive functions of the parameters of the 
integrands, 
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Carbon-13 Neutron Total Cross Section 
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The total neutron cross section of carbon-13 was measured for neutron energies from 110 kev to 9 Mev and 
from 16 Mev to 23 Mev. Four narrow resonances were observed as well as broad resonance structure above 
3 Mev. The most probable spin assignments based on the resonance heights and widths are as follows: 
Er=153+5 kev, f=13 kev, J=1*+; Ep=1751+48 kev, f=20 kev, J=1; Eg=2432+10 kev, '=17 kev, 


J=2; Ex=2454410 kev, !=10 kev, J>1. 


INTRODUCTION 


HE level structure of C™ in the energy region 

above 8.176 Mev, the binding energy of carbon-13 
plus a neutron, has previously been investigated by 
means of the C'*(d,p)C™ and Be®(Li®,p)C™ reactions. 
However, no sufficiently massive enriched carbon-13 
samples had been available previously to measure the 
total neutron cross section. The present work reports a 
measurement of the neutron total cross section by a 
transmission type experiment done with a carbon-13 
enriched sample. 


THE SAMPLE 


Elemental carbon 58.3% atom enriched with C™ was 
prepared from isotopically enriched BaCO; by chemical 


reduction.‘ The carbon was packed under pressure into 
a thin walled nickel cylinder # in. in diameter and 2.2 in. 
long, yielding a density slightly above 0.6 g/cm’, which 
is as high an apparent density as one can maintain after 
compressing soot.® Since carbon is an excellent absorber 
of gases, the sample was kept in a moderate temperature 
oven under vacuum, until the total weight of the sample 
did not decrease with time. Even after this treatment 
the neutron cross-section measurements showed the 
presence of a large fraction of oxygen through the well 
known 440-kev and 1-Mev resonances.' At the end of the 
run the sample was analyzed with a mass spectrometer 
and was found to contain 0.5% water by chemical 
moisture test, and gases consisting of 55% CO, and 
40% COs, with the remainder water vapor and 
hydrocarbons.*® 

From the height of the oxygen resonances in the neu- 
tron total cross section the amount of oxygen was de- 
termined to be 8%. This figure and the chemical analysis 
data were used to evaluate the amount of contaminants 

1F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 

2 J. McGruer, E. K. Warburton, and R. S. Bender, Phys. Rev. 
100, 235 (1955). 

8C. S. Littlejohn and G. C 
227 (1958). 

4W. F. Libby, Radiocarbon Dating (The University of Chicago 
Press, Chicago, Illinois, 1952), pp. 48. 

5 C. L. Mantell, Industrial Carbon (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1946), 2nd. ed., p. 83. 

® The carbon in the gases was of the same isotopic enrichment 
as the sample. 


Morrison, Bull. Am. Phys. Soc. 3, 


in the sample, and the measured cross section was 
adjusted accordingly. 


EXPERIMENTAL PROCEDURE 


Standard-type transmission experiments were per- 
formed with a propane recoil counter detector and 
various neutron-producing targets at the exit port of the 
ORNL 5.5-Mv Van de Graaff accelerator.’ The counter 
was located slightly more than one foot from the neutron 
source, with the sample placed about half way between 
target and counter. Low-resolution runs (~30 kev) with 
neutrons produced by a tritium gas target with the T ¢,) 
reaction and higher resolution runs (<10 kev) with 
Li’(p,m)Be’ neutrons were made for neutron energies of 
110 kev up to 4 Mev. The region from 3.7 to 9 Mev was 
explored with d—D neutrons. In the region of 16 to 23 
Mev the total neutron cross section was measured with 
the help of d-T neutrons. In the low kev region two 
points were measured by time-of-flight techniques. The 
effect of the container and the C” was subtracted experi- 
mentally by using a similar nickel shell containing an 
appropriate amount of C"™. Sample inscattering was 
negligible compared to other errors for the geometry 
used in the experiment. The cross section measured with 
the Li(p,) reaction was corrected for the presence of 
the second neutron group.® 


RESULTS AND DISCUSSION 


Figure 1 shows the C™ total neutron cross section for 
neutron energies from 110 kev to 23 Mev, with typical 
standard deviation errors due to counting indicated in 
the cross section. The actual error in the measured cross 
section is somewhat larger due to the uncertainty in the 
amount of contaminants in the sample as discussed 
above. Since the uncertainty is primarily in the amount 
of hydrogen present, the error in the cross section is 
largest for the low-energy region, and would tend to 
lower the cross section; however, this lowering is at 
most 0.35 barn at 200 kev and 0.1 barn at 1.0 Mev, 
assuming the largest amount possible of water in the 
contaminant. 


7J. D. Kington, J. K. Bair, H. O. Cohn, and H. B. Willard, 
Phys. Rev. 99, 1393 (1955). 

§L. Cranberg, Los Alamos 
LA-1654, 1954 (unpublished). 


Scientific Laboratory Report 


534 





Cis NEUTRON 


TOTAL 





CROSS SECTION 





+4} 





Fic. 1. Total neutron cross 
section of carbon-13. 





Four narrow resonances are observed at 1535 kev, 
1751+8 kev, 2432+10 kev, and 2454+10 kev, which 
correspond to levels in C™ at excitation energies of 
8.318+0.008, 9.801+0.010, 10.4334+0.012, and 10.453 
+0.012 Mev, respectively. Three of these resonances are 
shown in detail in Fig. 2. In addition a broad resonant 
structure is observed at neutron energies above 3 Mev. 
At the peak of the first broad resonant structure 
(~3.8 Mev) the measurements were done with p-T and 
d-D neutrons, overlapping about 300 kev. No points are 
shown in the regions of 440 kev and 1 Mev, which 
correspond to resonances in the oxygen contamination. 
Since these two resonances measured about 1.0 and 0.4 
barns above the C™ cross section, they could have ob- 
scured possible weak resonances in C", especially at 
the lower energy. 

JThe cross section at 14 kev and 23 kev was measured 
by the time-of-flight technique’ to be 6.1 and 6.9 barns, 
respectively. Counting-statistics standard deviations 
are less than 0.2 b; however, at these low neutron 
energies the uncertainty in the hydrogen contamination 
necessitates an increase in the cross-section error to 
about +0.8 b. 

The observed peak cross section of the 153-kev reso- 
nance was about 6 barns above the nonresonant (po- 
tential) scattering with a width of 13 kev. Corrections 
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1.72 1.74 1.76 1.78 2.38 2.40 2.42 2.44 2.46 
NEUTRON ENERGY (Mev) NEUTRON ENERGY (Mev) 


Fic. 2. Total neutron cross section of carbon-13, (a) in the 
region of the resonance at 1.75 Mev, (b) in the region of the 
resonances at 2.43 and 2.45 Mev. 


*W. M. Good, J. H. Neiler, and J. H. Gibbons, Phys. Rev. 
109, 926 (1958). 
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for finite energy resolution (~5 kev), sample contamina- 
tion, and inscattering raise this value to 7 barns, sig- 
nificantly above the 4.9 barns expected for Jo=0, 
however much lower than expected for a Jo=1 spin 
assignment. Thus this level could be formed by s-, p-, or 
d-wave neutrons. However, the reduced width for d 
waves is 2.3 times the Wigner limit (3#?/2M R?, with R 
the channel radius taken equal to 4.86 fermis), but only 
0.006 and 0.045 for s and p waves, respectively. More- 
over, an s-wave resonance should be preceded by an 
observable dip of about 3 barns due to interference with 
the predominant (at this low energy) s-wave back- 
ground scattering. Therefore we conclude that the level 
in C™ at 8.32-Mev excitation is Jo=1*. 

The natural width of the resonance at 1.75 Mev 
[Fig. 2(a)] was measured to be 20 kev. Corrections 
made to the observed peak cross-section place it in 
excellent agreement with a Jo=1 value for this level. 
Again s, p, and d waves could form this resonance with 
reduced widths of 0.003, 0.004, and 0.016 the Wigner 
limit, respectively. This time only s waves can be elimi- 
nated (on the basis of no observed dip). Thus the parity 
of the 9.80-Mev level in C" is not fixed by this data. 

Resonances were also observed at 2.432 and 2.454 
Mev [ Fig. 2(b) ] with apparent widths of 17 and 10 kev, 
respectively. On the basis of the adjusted heights of 
these resonances, the spin assignments are Jo=2 for 
the 10.43 Mev level in C, and Jo> 1 for the 10.45-Mev 
level. Again, the parity cannot be uniquely determined. 

The four narrow levels observed in this experiment 
agree well in excitation energy with those found in the 
C(d,p)C™ reaction? with the excitation of that at 
10.453 Mev, which is about 50 kev lower. 
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Determination of Electron and Positron Helicity with Moller 
and Bhabha Scattering*} 


J. D. Uttman,f H. FRaAvENFELDER, H. J. Lipxin,§ anv A. Rossi|| 
University of Illinois, Urbana, Illinois 
(Received November 16, 1960) 


The determination of the helicity of electrons and positrons from beta decay by means of electron-electron 
(Mgller) and positron-electron (Bhabha) scattering is discussed. The theoretical background, the apparatus, 
and the experimental procedure are treated in detail. The apparatus included, in addition to the conven 
tional parts, a beta monochromator with a momentum resolution of 16% for the investigation of the energy 
dependence of the helicity. Experiments were performed with P®, Au’, RaE, and Ga". In all cases, the 
helicities P were found to be proportional! to »/c. The measured helicities, in units of v/c and averaged over 
the observed range of energies, are summarized as follows. (The errors given are statistical only ; systematic 


errors are estimated to be less than +3%). 


Radioisotope ps 


Particles é 
Energy interval in kev 660-990 
Helicity P/(v/c) — 1,00+0.02 


é 
460-810 
—0.98+0.03 


RaE Ga** 
~ a g 
520-950 1030, 1300 


—0.75+0.03 +-0.99-+0.09 


Au! 





1. INTRODUCTION 


ETA decay today is much better understood than 

it was before the discovery that weak interactions 
do not conserve parity. Although the question of the 
fundamental nature of weak interactions remains open,! 
it is possible to explain a large body of experimental 
data with a simple and elegant theory, based in part 
on the description of the neutrino by a two-component 
wave function.>~* Experimentally it is of interest to 
see to what extent such a description is correct. The 
determination of the helicity of electrons and positrons 
emitted in beta decay yields one approach to this 
problem. The two-component neutrino and the corre- 
sponding theory of beta decay predict complete parity 
nonconservation, and this in turn implies a helicity 
P=-—v/c for electrons and +12/c for positrons emitted 
in allowed beta trarisitions. Careful measurements of 
the helicity therefore are valuable for building a 
firmer foundation for the fundamental theory of beta 
decay. 

While helicity experiments on allowed transitions 
help to elucidate the laws of beta decay, investigations 
on forbidden transitions can give information about 
nuclear matrix elements, and, hopefully, also about 
time-reversal invariance and conserved vector current 
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effects. In certain forbidden beta decays, such as RaE, 
the usually dominant matrix elements interfere de- 
structively. The resulting spectrum shape can differ 
from the shape typical for the order of forbiddenness, 
and the electron polarization can be smaller than 0/c. 
An accurate knowledge of the energy dependence of 
the polarization, in combination with the spectrum 
shape, allows the relative magnitude of several matrix 
elements to be fixed. The values of these matrix ele- 
ments are expected to show the effects of a possible 
violation of time-reversal invariance in beta decay. 
Moreover, the calculation of these matrix elements 
from a nuclear model is strongly influenced by the con- 
served vector current theory of beta decay. Unfortu- 
nately, the calculations involved are difficult, and it is 
at the present time not uniquely possible to separate 
nuclear model assumptions, time-reversal invariance, 
and conserved vector current effects. 

The first measurements of electron helicities were 
reported soon after the discovery of parity nonconser- 
vation. They employed the Mott scattering technique 
and were of an exploratory character. Since then this 
method has been refined and new approaches have 
been developed. For descriptions of the early experi- 
ments, discussions of the various methods, and for 
more complete lists of publications, we refer to other 
papers.*-7 Among the various possibilities, the Mott 
scattering and Mller scattering methods appear capa- 
ble of the highest accuracy. The Mott scattering 
method is based on the spin-orbit interaction in Coulomb 
scattering from heavy nuclei; it is at its best at non- 
relativistic energies and it is not easily applicable to 
positrons. The Mller scattering method depends on 
the spin dependence of electron-electron and positron- 
electron scattering ; it works best at relativistic energies 


5 L. Grodzins, Progr. Nuclear Phys. 7, 163 (1959) 
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and it can easily be used with positrons. These two 
methods complement each other in a fortunate way. 

In the present paper, we report in detail on the 
M@gller and Bhabha scattering method. The beauty of 
this technique lies in its extreme simplicity. In the 
first experiment reported,® the equipment consisted 
only of a source, a collimator, a magnetized deltamax 
scattering foil, two electron detectors, and a coincidence 
circuit. Such a setup worked well for electrons from 
beta decays not plagued by abundant gamma rays. It 
led, however, to erroneous results when it was applied 
to complicated decays.’ Further improvements of the 
method included crude energy selection of the incident 
beta particles," and thus overcame some of the 
difficulties apparent in the earlier work. In the investi- 
gation reported here, a further step was taken by 
adding a magnetic-lens beta monochromator to elimi- 
nate undesirable gamma-ray background and to select 
monoenergetic electrons. Furthermore, the corrections 
required to calculate the helicity values from the ex- 
perimental data were studied carefully. 

Four radioisotopes were investigated. P®, an allowed 
Gamow-Teller transition, shows the expected helicity 
of —v/c to within 2%. Au’, a first forbidden transition 
with allowed spectrum shape, also produces complete 
polarization, —v/c, to within 3%. Ga®, an allowed 
Gamow-Teller positron emitter, yields full polariza- 
tion, +v/c, with the + sign as expected for positrons. 
The statistical error in this experiment is +9%. RaE, 
the well-known first-forbidden transition with anoma- 
lous spectrum shape, had already been shown to possess 
a polarization considerably lower than v/c."-"-* The 
present result, P=—(0.75+0.03)v/c, confirms the 
earlier data and extends them to higher energies. 

After this introduction, the material in this paper 
is organized into five sections: 2. The Mller scattering 
method; 3. Apparatus; 4. Experimental procedure; 
5. Results; and 6. Discussion. 


2. THE M@LLER SCATTERING METHOD 
2.1 Basic Aspects 
2.11 Polarization Dependence of the Cross Section 


Electron-electron scattering can be used to measure 
electron polarization because the cross section for it is 
strongly polarization dependent. If the two colliding 
electrons have parallel polarizations, the cross section 
is smaller than if they have antiparallel polarizations. 
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This fact can be predicted by a naive application of the 
Pauli principle: If the electrons are in the same spin 
state, they cannot be in the same space state and hence 
cannot collide. The dependence on polarization is 
strongest for “head-on collisions”, i.e., scattering by 
90° in the c.m. system. For such collisions, the parallel 
polarization cross section vanishes entirely at non- 
relativistic energies and the polarization dependence 
remains strong at all energies. It weakens as the scatter- 
ing angle departs from 90° and vanishes at 0° and 180°. 
Positron-electron collisions have the same polarization 
dependence as electron-electron collisions in the ex- 
treme relativistic limit, but the polarization dependence 
vanishes nonrelativistically. A more complete discussion 
of this subject is given by Page.® 

Bincer'® has calculated the polarization dependence 
of electron-electron, electron-positron, and electron- 
muon collisions for longitudinally polarized particles. 
His results are expressed in terms of op/oa, where cp is 
the scattering cross section with polarizations parallel 
and a, is the scattering cross section with polarizations 
antiparallel. Raczka and Raczka'® give expressions for 
the cross section with arbitrary initial polarizations 
and initial and final momenta. Both of these calcula- 
tions are in lowest order, with no radiative corrections. 
Radiative corrections have recently been considered, 
but they do not influence the present experiment." 


2.12 Relation between Polarization and Counting Rates 


To use the polarization dependence of the Mller 
cross section in measuring electron polarization, elec- 
trons must be scattered by target electrons of known 
polarization, and some aspect of the scattering process 
must be measured. The troubles inherent in absolute 
measurements of cross sections can be avoided by meas- 
uring a quantity that depends on the ratio of cross 
sections for two polarization states of the target 
electrons. 

One such quantity can be developed as follows. Let 
P, be the polarization vector of the electrons to be 
measured, while P, is the polarization vector of the 
target electrons. Let o, be the scattering cross section 
with both electrons completely polarized in the direc- 
tions of P; and P», while c_ is the cross section with 
complete polarization but with the direction of P, 
reversed. The cross section for scattering of electrons 
with uncorrelated polarization will be (o,+¢_)/2. In 
the usual definition of polarization, the magnitude of 
P is the fraction of particles that are fully polarized. 
Therefore, a fraction P,P, of the collisions takes place 
between particles that are fully polarized, and have 
cross section o4 or o_, depending on the direction of P». 
The rest of the collisions have cross section (o4-+-e_)/2. 


18 A. M. Bincer, Phys. Rev. 107, 1434 (1957). 

16R. Raczka and A. Raczka, Bull. acad. polon. sci. 6, 463 
(1958). 

17 G. Furlan and G. Peressutti, Nuovo cimento 15, 817 (1960). 
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With P, in its original direction, the counting rate will 
be proportional to 


Cy=P P2044 (1—PiP2)(04+0_)/2. (1) 
With the direction of P, reversed, it will be proportional 


to 

C_= P\P._+ (1—PP2)(04+0_)/2. (2) 
From these equations, one obtains 
ee 


= P,P. (3) 
o++o_ 


C.-C. 
Ci+C- 


The polarization dependence of the cross section is 
often expressed in terms of o_/o,, and experimental 
results are given in terms of 6, the relative change in 
counting rate on polarization reversal : 


1—o_/o4 
eg ea (4) 
1+o_/o, 


2.13 Obtaining Polarized Target Electrons 


To use the relations given above, one must have 
target electrons of known polarization whose direction 
of polarization can be reversed. Such electrons exist in 
a magnetized ferromagnetic foil. About 2 of 26 orbital 
electrons in iron are aligned at saturation. The fraction 
of electrons aligned can be obtained by measuring the 
magnetization of the foil. It is related to the magnetiza- 
tion through 

f=M./Nup, (5) 


where M, is the magnetic moment per unit volume in 
the material due to electron spin, N is the number of 
electrons per unit volume, and yu is the Bohr magneton. 
M, is not equal to the total magnetic moment per unit 
volume in the material; in addition to M, there is a 
small but significant orbital contribution.'® The relative 
magnitudes of the spin and orbital contributions can 
be obtained from a measurement of the gyromagnetic 
ratio for the foil material by an Einstein-de Haas or 
Barnett experiment. M, is related to the total mag- 
netization M by 


, 
g —1 
5 

.) 


M,=2 M, (6) 


, 


g 


where g’ is the gyromagnetic ratio. For most magnetic 
materials, M, is smaller than M by about 5%. 

Measurements of g’”° are plentiful for pure ele- 
ments, but rarer for the alloys likely to be used as 
scattering foils in a Mller scattering experiment. 
However, the results of Barnett and Kenney* permit 
reasonable estimates of g’ for most ferromagnetic 

18 C, Kittel, /ntroduction to Solid State Physics (John Wiley & 
Sons, New York, 1956) 2nd edition, pp. 408-414. 

19 J. P. Meyer and S. Brown, J. phys. radium 18, 161 (1957). 

2” G. G. Scott, Phys. Rev. 104, 1497 (1956). 

2S, J. Barnett and G. S. Kenney, Phys. Rev. 87, 723 (1952). 
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alloys. These authors find that g’ varies approximately 
linearly as a function of composition for binary Fe-Co- 
Ni alloys. 


2.14 Detecting M gller Collisions 


The cross section for Mller scattering from all 
electrons of an atom is smaller than the Mott cross 
section for scattering from the nucleus by a factor of 
about the atomic number of the scatterer. Therefore, 
Mller scattered electrons must be detected among a 
much larger number of Mott scattered ones. Fortu- 
nately, there are differences between Mott scattered 
and Mller scattered electrons. The Meller scattered 
ones come from collisions between particles of equal 
mass. In such collisions, as seen in the lab system, the 
incident electron gives up much of its kinetic energy 
to the target electron, and both emerge from the 
collision. This allows Mller collisions to be distin- 
guished from the Mott background by counting the 
two electrons in coincidence. 

Use of coincidence counting is helped by the fact 
that Mller scattering can be treated as a two-body 
process as long as the bombarding energy is much 
greater than the binding energy of the target electrons. 
If the incident momentum is known, there is a fixed 
relation between the momenta of the two outgoing 
electrons. The counters can be placed so that if one 
electron reaches one counter, the other electron will 
almost certainly reach the other. This relation can be 
obscured by multiple scattering in the foil, a problem 
that will be considered in 2.7. 

Energy conservation in the collision can be used 
to discriminate against spurious coincidences by re- 
quiring the energies of the two electrons to add up to 
the incident energy. In our experimental arrangement, 
where collisions with 90° c.m. scattering angle were 
being counted, each electron’s energy was required to 
lie in a narrow range around half the incident energy. 


2.15 Experimental arrangement 


Figure 1 shows the experimental arrangement. A 
magnetized ferromagnetic foil provides polarized target 
electrons and coincidence counting is used to detect 
Mller collisions. The angle @ is the laboratory scatter- 
ing angle corresponding to a 90° c.m. scattering angle. 
A beta monochromator selects electrons in a momen- 
tum band of 16%. The Mller scattered electrons at 
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Fic. 1. Basic arrangement for the measurement of electron and 


positron helicity by means of Mller and Bhabha scattering 





DETERMINATION OF 
90° c.m. scattering angle possess half the selected 
energy. Pulse-height analysis in the two counters thus 
distinguishes the Mller scattered electrons from those 
which have undergone Coulomb scattering. Energy 
selection and coincidence arrangement together form 
a very effective means for singling out the desired 
events. 

For the measurement of longitudinal polarization, 
the target electrons should be polarized in the direction 
of the incident electron beam. Unfortunately, extremely 
high fields are necessary to magnetize a thin foil in a 
direction normal to its surface. Therefore, it is necessary 
to magnetize the foil along its surface and incline it at 
an angle to the electron beam, as shown in Fig. 1. 

If the fraction of electrons aligned in the foil is f, 
and the angle of inclination of the foil to the electron 
beam is a, the target electrons will have longitudinal 
polarization f cosa when looked at in the c.m. system. 
The transverse component of the polarization does not 
affect the scattering at 90° in the c.m, system, or in the 
plane normal to itself. The location of the counters as 
shown in Fig. 1 meets both these conditions. Thus, in 
Eq. (4) we can let P.=/f cosa and o_/o4=¢,/e4 for 
longitudinal polarization, as calculated by Bincer. 
Equation (4) then becomes 


5=2P,f cosaR, 
R=([1—¢,/oa|/[1+¢)/ea |. 


2.2 Corrections 
2.21 Effect of Finite Apertures and Energy Resolutions 


The relations (7) are true for a single energy, scatter- 
ing angle, and angle between the trajectory of electrons 
and the axis of the foil. In an actual experiment, a 
fairly wide range of all three of these quantities has to 
be accepted to get a reasonable counting rate. The 
problem of averaging the expression on the right of 
Eq. (7) over all the accepted events is, in general, very 
complicated. 

The problem is simplified if the accepted energy 
range is reasonably narrow. Except at low energy, 
where the Mller scattering method is not at its best 
anyway, both o,/o_ and P; vary slowly with energy. 
P; can then be treated as a constant, and o,/o4 can be 
calculated at the mean accepted energy. 

The averaging of cosa over electron trajectories can 
be separated from the averaging of R over scattering 
angles as long as the accepted distribution of scattering 
angles does not vary appreciably over the range of 
variation of a. This can be assured by making the 
counter faces large enough. 

The averaging of cosa over electron trajectories is a 
straightforward geometry problem. Averaging R over 
scattering angles is more complicated. First, one must 
know the distribution in scattering angle of the counted 
events. Controlling this distribution is helped by the 
fact that, in Mller scattering, there is a definite rela- 
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tion between the scattering angle and the energy of an 
electron after the collision. This correlation is important, 
because the energy will hardly be changed by multiple 
scattering that radically changes the direction of mo- 
tion. It is possible to limit the accepted range of scat- 
tering angles by limiting the accepted range of energies. 
If the counters are large enough to intercept all the 
electrons allowed by the energy selection, multiple 
scattering will have little effect on the accepted 
distribution. 

The distribution of accepted events as a function of 
electron energy after scattering can be measured by 
sweeping a narrow channel across the energy range 
accepted by one counter. This procedure gives the 
distribution of Mller scattered electrons reaching the 
counter. The resulting curve, when multiplied by the 
energy sensitivity curve of the counter as used in the 
polarization measurement, yields the accepted dis- 
tribution of events. Once this distribution is known, 
the averaging process can be carried out by numerical 
integration. The averaging process is discussed in more 
detail in the Appendix, where simplified methods of 
carrying it out are derived. 

2.22 Effect of Foil Thickness 

Experimentally, it is found that as the thickness of 
the foil is increased, the counting rate rapidly rises 
to a maximum, and then gradually decreases. The 
maximum is reached with a very thin foil, the energy 
loss of an electron traversing it often being less than 
1% of the incident energy. The reason for this behavior 
is the strong influence of multiple scattering in the foil 
on the probability of counting a coincidence. First, 
consider only multiple scattering after the Mller col- 
lision. The farther from the back of the foil a collision 
takes place, the more likely the angular relation be- 
tween the directions of the two electrons leaving the 
collision is to be disturbed by multiple scattering. When 
the mean multiple-scattering angle becomes comparable 
with the counter aperture as seen from the foil, the 
probability of counting a coincidence will begin to 
drop towards the probability of counting two electrons 
leaving the foil at random angles. Thus, most of the 
counted collisions in a thick foil take place near the 
back of the foil. 

Multiple scattering before Mgller scattering has the 
effect of widening the angular distribution of electron 
velocities as the electrons move towards the back of 
the foil. This distribution will have some nonzero width 
to begin with, and these electrons suffer less multiple 
scattering than electrons from Mller collisions because 
of their higher energy. Eventually, however, the angular 
distribution of these electrons will be appreciably wid- 
ened in the region at the back of the foil contributing 
most of the counted events. With further increase in 
foil thickness, this will cause more counts to be lost 
from the back of the foil than are gained from the 
front, and the coincidence counting rate will decrease. 
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Fic. 2. Effect of scattering foil thickness on the coincidence 
counting rate. The solid lines correspond to the calculation out- 
lined in section 2.22. The arrows show the foil thickness at which 
the root-mean-square scattering angle for the incident electrons 
equals the counter aperture 


To test the picture of multiple scattering in the foil, 
the coincidence rate as a function of foil thickness was 
calculated and compared with measurements. The cal- 
culation, in outline, went as follows: The counting rate 
at a depth x in the foil from a layer of thickness dx can 
be written 

C(x)= 


FY (x) ¥o(x)dx, (8) 


where F is the rate at which Mller collisions occur per 
unit foil thickness, Y; is the probability that one elec- 
tron from a Mller collision in dx will be counted, Y2 
is the probability that the second electron from a 
Mller collision will be counted if the first is. Since the 
fraction of electrons scattered out of the beam is small 
in foils of the thickness used, F was treated as a 
constant. 

Y, was found approximately by assuming the dis- 
tribution of Mller scattered electrons from the foil 
(as a function of the angle of their trajectories to the 
axis of the instrument) to be a Gaussian, centered on 
the energy-equipartition angles. Its width is determined 
by the width of the beam striking the foil, the angular 
width corresponding to the accepted energy width, 
multiple scattering before the collision, and multiple 
scattering of the slower electrons leaving the collision. 
All these were assumed to be Gaussians, and their 
widths were added quadratically. Widths of the mul- 
tiple-scattering distributions were assumed to vary as 
the square root of the distance traversed in the ma- 
terial, the constant of proportionality being evaluated 
from the formulas of Williams.” Y,(x) was evaluated 
by finding the integral of this distribution across one 
counter face. 

2 FE. J. Williams, Proc. Roy. Soc. (London) A169, 531 (1939). 


Williams’ formulas are expressed in a convenient form by L. A. 
Kulchitsky and G. D. Latyshev, Phys. Rev. 61, 254 (1942). 
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The distribution of second electrons from collisions 
from which the first electrons have been counted can 
be approximated in a similar way. It turns out not to 
have circular symmetry about the center of the second 
counter, but was taken to be a Gaussian with circular 
symmetry and of width equal to the root-mean-square 
width of the real distribution. VY» is the integral of this 
distribution over the second counter face. 
The coincidence counting rate as a function of foil 
thickness is given by 
t 


C(i)= Ff V(x) ¥2(x)dx. (9) 
0 


This quantity is shown for two incident electron ener- 
gies and compared with measured counting rates in 
Fig. 2. The agreement with experiment is good enough 
to show that at least the general behavior of the count- 
ing rate is explained by multiple scattering. The arrows 
show the foil thickness at which the root-mean-square 
multiple scattering angle for the incident electrons 
equals the counter aperture. This appears to be a 
good, simple estimate of foil thickness for maximum 
counting rate. 

The normalization of these curves is arbitrary. -If 
they showed counting rates for equal electron flux, 
both would peak at about the same value. In Eq. (8), F, 
the rate at which Mller collisions occur per unit foil 
thickness, is proportional to the Mller cross section. 
If the foil is thick enough to produce a maximum 
counting rate, the integral is roughly proportional to 
the thickness of the layer at the back of the foil that is 
effective in contributing counted collisions. This is a 
thickness corresponding to a given multiple scattering 
distribution, which varies inversely as the Mott scatter- 
ing cross section. The maximum counting rate for a 
given electron flux thus varies as oMgtter/oMott, Which is 
nearly independent of energy. 


2.3 Spurious Effects 


There are effects other than Mller scattering in the 
foil which can influence the relative change in counting 
rate when the foil magnetization is reversed. These 
must be eliminated or accounted for. Effects of this 
kind which have been considered for our experiment are 
listed below. 


2.31 Spurious Coincidences 


An important class of spurious effects consists of 
coincidences not caused by Mller scattering in the 
foil. These usually are not affected by reversal of the 
foil magnetization, but reduce the relative change in 
counting rate. Some sources of spurious coincidences 
are briefly discussed. 

Accidental coincidences. Since the accidental coinci- 
dence rate can be measured (by inserting a delay in one 
channel) and subtracted from the total rate, it does not 
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become troublesome until it becomes so large that it 
significantly increases the statistical uncertainty in the 
result. With our apparatus, coincidence counting rates 
of up to a few hundred per minute could be used with- 
out this happening. 

Counter-lo-counter scattering. An electron, reaching 
one of the counters with the full incident energy after 
Mott scattering in the foil, can be scattered into the 
other counter, leaving about half its energy in each 
counter. Such an event produces a true coincidence. 
The probability that this will happen depends on the 
size and location of the counters, but it is generally 
large if there is no obstruction between the counters. 
In our apparatus, these events made up about 30% of 
the total counting rate before the path between the 
counters was blocked with a thin lead absorber. With 
this absorber in place, these events contributed less 
than 1%. 

Bremsstrahlung from the foil. A bremsstrahlung pho- 
ton and the electron that produced it can make a true 
coincidence, which will be indistinguishable from a 
Maller coincidence if the electron loses about half its 
energy in producing the photon. The number of such 
electron-photon pairs can be appreciable. A comparison 
of differential cross sections (per unit energy loss of the 
electron) at 1-Mev incident energy and 50% energy 
loss shows that the bremsstrahlung cross section 
amounts to 12% of the Mller cross section.“ The 
probability that these events will be counted, however, 
is small. The production of bremsstrahlung is a three- 
body process, so the correlation between the directions 
of emission of the two particles that characterizes 
Mller scattering is lost. If in addition the counters 
are made insensitive to gamma radiation, the beta- 
gamma coincidence rate can be made negligible. 

Other radiations. Depending on the decay scheme of 
the radioactive source, other gammas or betas may be 
emitted in coincidence with each other or with the 
beta being measured. The number of resulting coinci- 
dences can be very large if the foil is not thoroughly 
shielded from direct gamma radiation from the source. 

Moller scattering in places other than the foil can be 
minimized by keeping the electron beam well defined 
in the region of the foil and designing foil holders and 
other hardware so that they are well clear of the beam 
and do not have unobstructed paths between them 
and the counters. The number of these coincidences 
can be obtained by measuring the coincidence rate 
with the foil removed. 

Annihilation radiation when measuring positrons pro- 
duces two kinds of spurious coincidences. A positron 
annihilating somewhere between the counters can pro- 
duce a gamma-gamma coincidence. A positron can also 
be counted in one counter, annihilated there, and one 
of its annihilation gammas can trigger the other 
counter. These spurious coincidences are minimized by 


%H. W. Koch and J. W. Motz, Revs. Modern Phys. 31, 920 
(1959). 
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making the counters less sensitive to gamma rays (thin 
crystals), allowing the beam to freely leave the region 
of the counters, and discriminating against annihilation 
radiation by pulse-height selection. 

The number of remaining spurious coincidences due 
to positrons can be measured as follows. An absorber 
thick enough to stop the positrons, but not the annihila- 
tion radiation, is placed over one counter. The counting 
rate measured will be C1=mot+-m1+m2, where mo is the 
counting rate due to annihilation outside the counters, 
n, that due to annihilation in one counter, and m2 that 
due to annihilation in one absorber. With identical 
absorbers over both counters, the counting rate will 
be C.=o+2n2. The total spurious coincidence count- 
ing rate with no absorbers over the counters is mo+2m, 
which is equal to 2C;—C2. 


2.32 Spurious Changes in Counting Rate 


A second class of spurious effects occurs if the re- 
versal of the magnetization of the foil causes a change 
in the coincidence counting rate for any other reason 
than the change in Mller scattering cross section. This 
kind of effect can be detected by measuring the polariza- 
tion of unpolarized electrons (conversion electrons are 
useful for this) since it will cause the result to be 
different from zero. It is, however, not sufficient to 
replace the foil with a nonferromagnetic foil. The field 
of the foil itself can cause a measurable change in 
counting rate on magnetization reversal. 

The following are some of the ways in which a 
spurious change in counting rate can be produced: 

Influence of the magnetic field on the counters. If the 
characteristics of the counters change when the foil 
magnetization is reversed, there will be a spurious 
change in counting rate. Multiplier phototubes are 
particularly sensitive to magnetic fields. If scintillation 
counters are used, all such tubes must be thoroughly 
shielded and removed from the vicinity of the foil and 
its magnetizing apparatus by light pipes. 

Influence of the magnetic field on electron trajectories. 
The reversal of the foil magnetization will shift the 
angular distribution of electrons from Mller collisions 
slightly. The effect of this shift is minimized by care- 
fully aligning the apparatus so that it is as nearly 
symmetrical as possible. Then, reversal of the magnetic 
fields at the foil will transform the electron trajectories 
into their mirror images about a plane passing through 
the axis of the instrument, and the new relation of 
electron trajectories to counters will be the mirror 
image of the old one. This effect can also be decreased 
by selecting the counted events by energy instead of 
angle. Then, a change in angular distributions will have 
little effect on the counting rate even if the apparatus 
is out of symmetry. 


2.4 Depolarization 


Electrons can be depolarized by multiple and single 
scattering in the source, and by multiple scattering in 
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the foil and any material between the source and the 
foil. Depolarization in the source is treated by Bienlein 
et al.2* Miihlschlegel and Koppe®® have calculated the 
depolarization of electrons passing through a thin layer 
of material. 

Depolarization in the scattering foil cannot be 
treated by calculating the loss of longitudinal polariza- 
tion caused by multiple scattering. This fact can be 
seen most easily in the nonrelativistic approximation. 
When a nonrelativistic electron is scattered by a 
nucleus, the orientation of its polarization vector in 
space is unchanged. If it subsequently collides with 
another electron, the value of P,- P, in the collision is 
unaffected by the previous scattering. Nonrelativis- 
tically, «,/oa depends only on P,-P2, so the polariza- 
tion measurement will not be affected, even though 
the scattering has reduced the longitudinal polarization. 

It is also instructive to look at the extreme rela- 
tivistic approximation. Suppose an extremely rela- 
tivistic electron is scattered through an angle @ by a 
nucleus. Its polarization will be rotated through the 
same angle as its momentum, and its longitudinal 
polarization will not be changed. However, if it sub- 
sequently collides with a target electron polarized in 
its original direction of motion, the longitudinal polar- 
ization of the target electron in the center of mass 
system will be reduced by a factor of cos@. This will 
reduce the measured value of the polarization of the 
incident electron by the same factor. 

To treat the scattering in the foil properly, it is 
necessary to examine what happens to the expression 
for 5 when electrons are scattered before Mller colli- 
sions. According to Miihlschlegel and Koppe, the effect 
of multiple scattering through an angle @ on an origi- 
nally longitudinally polarized electron is approximated 
reasonably well by a rotation of the polarization vector 
through an angle of 


(10) 


where y is the total energy of the electron in units of 
mc*. The angle ¢ is just the rotation which the polariza- 
tion vector would undergo if the electron were de- 
flected through an angle @ in a cylindrical condenser. 
The cross section for a collision between two initially 
longitudinally polarized electrons, one of which has 
previously been scattered through angle @ and had its 
polarization rotated through angle ¢, can be taken 
from the formulas of Raczka and Raczka.'* Doing this 
for the two states of target electron polarization, one 
obtains R= (1—c_/0+)/(1+0_/c,), where o, is the 
cross section with polarizations initially parallel and 
a_ is the cross section with polarizations initially anti- 
parallel. The observed 6, as defined in Eq. (4), is pro- 
portional to R. The relative change in 6 due to the 


* H. Bienlein, K. Guthner, H. von Issendorf, and H. Wegener 
Nuclear Instr. 4, 87 (1959). 
25 B. Miihlschlegel and H. Koppe, Z. Physik 150, 474 (1958). 
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multiple scattering will therefore be equal to (R—R»)/ 
Ro, where Ro is the value of R with no scattering previ- 
ous to the Miller scattering (@=¢=0). The expression 
obtained is 


(R—Ro)/Ro= (772—6y+3)" 
X { (7?— 107 +5) (1—cosd)+2(y—1)? 
x[4(1 — cosé « osd) — sind sing |}. 


When ¢ is expressed in terms of @ using Eq. (10), 
and the above expression is expanded as a power series 
in 0, the series has only even powers of @. Keeping only 
the first nonvanishing term, one gets 

R—R 


(y—1)2(7y2+67 


(11) 
Ro 


This expression goes to zero as 7 
#/2 asy— ©, becoming the first term in the expansion 
of 1—cosé. 

Electrons scattered through angles greater than the 
counter half aperture as seen from the foil are not 
likely to produce counted coincidences. The average 
value of @ for all the counted events will therefore be 
less than the square of the counter half aperture. Since 
the coefficient of @ is always less than 1/2, the maxi- 
mum possible value for this loss of effect will be very 
small if reasonably smali counters are used; for our 
apparatus, less than 2%. 

The preceding discussion does not consider the in- 
clination of the foil, which gives the polarization of the 
target electrons the required longitudinal component. 
This inclination will have no effect as long as the dis- 
tribution in scattering angle of electrons producing 
counted coincidences is symmetrical. This distribution, 
however, will not be symmetrical. Electrons scattered 
towards the plane of the foil will pass through more 
material than electrons scattered away from the plane 
of the foil; they will have more Mller collisions and 
their spins will be brought more into line with the 
spins of the target electrons. The result will be an in- 
crease in the polarization dependence of the Mller 
scattering, and a decrease in the loss of effect through 
multiple scattering. 

The asymmetry in the distribution of electrons pro- 
ducing counted events will not be as large as appears at 
first sight. It was shown in 2.2 that, if a foil is thick 
enough to give a maximum counting rate, the proba- 
bility of producing a counted coincidence depends 
more on multiple scattering after the Mller collision 
than on the thickness of material traversed. However, 
this will not remove the asymmetry entirely, so Eq. 
(11) should only be used to calculate an order -of 
magnitude or an upper limit. 


>1, and goes to 


3. APPARATUS 


The experimental arrangement is shown in Fig. 3. 
rhe monochromator, used to get an approximately 
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monoenergetic beam from the beta decaying sources, 
was of the short lens type, with the coils surrounded 
by an Armco-iron structure having a narrow gap. This 
design was chosen to allow high-energy electrons to be 
focussed with moderate current, and to minimize the 
magnetic stray field at the scattering foil. 

One disadvantage of this design is the large spherical 
aberration that results from the nonuniformity of the 
magnetic field. This was more troublesome than ex- 
pected. To make a countable Mller event, an electron 
must strike the foil at such an angle that the pair of 
electrons from the collision can reach the counters. 
Only electrons whose trajectories are directed towards 
a small region behind the scattering foil can do this. 
Thus, the useful transmission of the instrument was 
effectively limited by a small axial stop behind the 
scattering foil. With severe spherical aberration, only 
a small proportion of the electrons entering the en- 
trance window of the spectrometer will go through 
this stop—in our case, about one third, giving an 
effective transmission of less than 0.2%. 

An annular exit baffle of variable aperture was used 
to give adjustable momentum resolution. For all the 
measurements reported here, it was set to pass a mo- 
mentum width of 16%. The energy calibration of the 
monochromator was performed with the conversion 
lines of Cs'87(624 kev) and Hg**(194 kev), and the 
1.17-Mev and 1.33-Mev gamma lines of Co®, converted 
in a lead foil. The momentum focussed was a linear 
function of magnet current within 2% up to 1.3 Mev. 

The source and the counters were mounted outside 
the vacuum, electrons entering and leaving the vacuum 
through Mylar windows. The source window was 1 mil 
(3.6 mg/cm*) thick and the counter window, being 
much larger, was 1.5 mils thick and supported by 
0.01-in. steel wires, 1 in. apart. External mounting 
makes servicing the counters and replacing the sources 
easier and eliminates the trouble given by evaporation 
of sources in the vacuum. The energy loss in the win- 
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Fic. 3, Experimental realization of the arrangement 
shown schematically in Fig. 1. 
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Fic. 4. Hysteresis and magnetization curves for a 
0.2 mil Supermendur scattering foil. 


dows and the short air paths just outside them was not 
troublesome at the higher energies used, but was be- 
ginning to be important at 500 kev and makes this 
system inadvisable at lower energies. 

The scattering foils were of hydrogen-annealed Super- 
mendur,?* of 0.2 and 0.4 mils thickness. A hysteresis 
curve and a magnetization curve for a 0.2-mil foil are 
shown in Fig. 4. The magnetization curve shows the 
magnetization of the foil after being brought to a peak 
magnetizing field which was then reversed and brought 
back to a constant (3 oersted) holding field. The mag- 
netization is independent of the peak magnetizing field 
(within the accuracy of the measurement) for peak 
magnetizing fields above about 20 oersteds. A mag- 
netizing field of 30 oersteds was chosen for this foil. 
The magnetization of the foil was reversed between 
runs by discharging a large condenser through the 
magnetizing coils. 

To calculate the fraction of electrons aligned in the 
foil, it is sufficient to know its composition, the atomic 
weights and atomic numbers of its constituents, its 
weight per unit length, and the total magnetic flux in 
the foil material when it is magnetized. Of these quan- 
tities, the most difficult to know is the magnetic flux. 
The method we used to measure it is standard and dis- 
cussed in many textbooks, but the thinness of the foils 
causes difficulties in the measurement which merit some 
discussion here. 

The flux in the foil was measured with the foil 
mounted in the apparatus and carried through its mag- 
netization reversal exactly as between runs. The con- 
struction of the foil holder allowed a coil to be slipped 
over the foil. The change in flux through the coil was 
measured with a General Electric fluxmeter, and cor- 
rected for the magnetizing field and the leakage of flux 
from the foil back through the coil. The second of these 


26H. L. B. Gould and D. H. Wenny, Elec. Eng. 76, 208 (1957). 
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corrections (the correction for the “demagnetizing 
field’) will be larger than in the case of thick samples 
and will have to be calculated. If it is assumed that the 
foil is uniformly magnetized to saturation, its field will 
be the known one of two finite line charges. This field 
must then be integrated over the extent of the coil to 
give the correction. Doing this to the necessary accuracy 
can be hard unless this correction is made as small as 
possible. One can minimize it by making the foil long 
and by keeping the cross section of the coil at a mini- 
mum. By winding the coil tightly on a thin copper form 
just fitting the foil holder, this correction was kept 
below 5% for the thinnest foil used. 

To obtain a large and easily read fluxmeter deflection 
with a coil of small area, fine wire must be used. This 
leads to trouble because the drift rate of the fluxmeter 
is proportional to the resistance in its circuit. However, 
an appreciable drift can be accounted for by measuring 
the fluxmeter deflection with several values of added 
resistance in the circuit, plotting deflection as a function 
of resistance, and extrapolating to zero total resistance. 
For our foils, two sets of such measurements were made 
with different initial fluxmeter readings. This produced 
two such curves which had to extrapolate to the same 
deflection at zero resistance. 

The fluxmeter calibration was checked at several 
values of deflection with a standard mutual inductance 
and a recently calibrated standard ammeter. This cali- 
bration was repeated at the end of the magnetic meas- 
urements. All measurements were repeated several times 
during the experiment to assure that the magnetic 
characteristics of the foils were not changing. 

A pair of Helmholtz coils, their axes coinciding with 
the axis of the spectrometer, were used to magnetize 
the foil. This method was chosen instead of the iron 
yoke used earlier® because its field is mostly axial and 
reversing it should not affect electron trajectories 
seriously. This allows larger holding fields to be used. 

Electrons from Mller collisions were counted by 
scintillation counters, located to receive electrons 
emerging from the foil at a 90° center-of-mass scatter- 
ing angle. Electrons with the proper energy, arriving 
in time coincidence, were chosen by a fast-slow co- 
incidence spectrometer.” Pulses from each counter 
were sent to a fast coincidence circuit with a resolving 
time of 2r=10~-* sec. Pulses were also sent to linear 
amplifiers followed by single-channel pulse-height ana- 
lyzers. These selected pulses in the neighborhood of 
half the incident electron energy. Triple coincidences 
between pulses from the pulse-height analyzers and 
the fast coincidence circuits were counted as Mller 
events, 

Plastic scintillators were used. During the measure- 
ments of electron polarization, these scintillators were 
13 mm thick, this being the range of the most energetic 


27 P. R. Bell and R. E. Bell in Beta and Gamma Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955). 
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electrons that could be focussed by the monochromator. 
During the positron measurements, they were replaced 
by scintillators 5 mm thick to reduce the sensitivity to 
annihilation radiation. The scintillators were connected 
to RCA 6342 multiplier phototubes by straight 8-in. 
light pipes. Magnetic shielding of the phototubes in- 
cluded an inner mumetal shield and an outer shield of 
silicon iron. 


4. EXPERIMENTAL PROCEDURE 


Data were taken with an automatic photographic 
recording system. A clock pulse, repeated at regular 
intervals, started a sequence of operations in which the 
scalers were stopped and photographed, the magnetiza- 
tion of the foil was carried through its reversal cycle, 
and the scalers were cleared and restarted. 

The length of runs between reversals of foil mag- 
netization was 20 minutes to 1 hour, depending on the 
counting rate. Tests were made to assure that, with the 
chosen run lengths, changes in counting rate due to 
drift in the electronics were small in comparison with 
the statistical variation in counting rate. Counting 
rates between 4 and 160 per minute were used. At the 
lowest rate, obtained with a Ga®* source, data were 
taken for several weeks at each energy. 

The accidental coincidence rate was measured and 
corrections made if necessary. At the highest counting 
rate, the accidental rate amounted to 5%. The coinci- 
dence rate with the foil removed was also measured 
and subtracted from the total coincidence rate. These 
spurious coincidences did not exceed 2% of the total 
rate. They vanished when an absorber just thick 
enough to stop the betas from Mller scattering was 
placed over either counter. It seems likely that they 
were caused by Mller scattering from stops in the 
monochromator. 

The beta-gamma coincidence rate was measured by 
placing an absorber just thick enough to stop the betas 
over one counter. It was never more than a small 
fraction of a percent. 

During the positron measurements, the counting rate 
due to annihilation radiation was determined by the 
method described in 2.3. At 1.03 Mev, annihilation 
produced 10% of the coincidences, and at 1.3 Mev, 5%. 

During the 1.3-Mev run, the lead stop mounted be- 
tween the counters to prevent counter-to-counter scat- 
tering was removed to reduce annihilation radiation. 
Counter-to-counter scattering was prevented by draw- 
ing the counters back into their shields. Later, measure- 
ments of the annihilation counting rate showed that, 
even with the lead stop in place, most of the counts 
came from annihilation in the scintillators. Therefore, 
during the 1.03-Mev run the stop was used and the 
counters moved forward to gain a better counting rate 
at the expense of a slight increase in annihilation 
background. 

During a run, the pulse-height analyzers were set 
with channel centers at half the incident energy minus 
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energy losses in reaching the counters. Channel width 
was usually set at about 50% of the channel center 
voltage. This choice resulted in a distribution of 
counted events with a width to half maximum of about 
40%. 

Since the energy width transmitted by the mono- 
chromator was fairly wide, the transmitted electron 
energy distribution depended on the shape of the beta 
spectrum as well as the monochromator current. For 
this reason, all the transmitted energy distributions 
were measured with a scintillation spectrometer cali- 
brated with the Cs!’ K-conversion line. The values 
quoted for the midpoint energies of the electron dis- 
tributions reaching the foil were taken from these 
measurements. . 

The energy calibration of the scintillation counters, 
linear amplifiers, and pulse-height analyzers was checked 
regularly by measuring the pulse-height spectra with 
the pulse-height analyzers while the apparatus was set 
up in the normal way during a run. The most prominent 
feature of these spectra was the peak at the incident 
energy due to Mott scattered electrons. The pulse- 
height analyzer base line and channel width settings 
were kept at fixed percentages of the voltage of this 
peak. 

The P® sources were obtained from Oak Ridge 
National Laboratory. All were of 25-mC strength. The 
phosphorus was in the form of H;PO, which was evapo- 
rated to dryness in a vacuum, usually on 4-mg/cm? 
aluminum backing. Average thickness of the active 
material was less than 1 mg/cm. 

The Au’ sources consisted of a layer of gold metal 
(1.3 or 2.2 mg/cm?) evaporated onto a 4-mg/cm? alu- 
minum backing and neutron irradiated in the high 
flux region of the Argonne National Laboratories CP-5 
reactor. An identical aluminum foil without gold was 
irradiated along with the gold plated one and checked 
for activity. It was about a factor of 10* weaker than 
the source at the time measurements were started. In 
addition, the half-life of the measured activity was 
checked by plotting the single and coincidence rates as 
a function of time. 

The RaE source was 10 millicuries of radium (D+), 
furnished in a sealed source by the Canadian Radium 
and Uranium Corp. The active material was lead 
nitrate, of less than 0.2 mg/cm? averaged thickness, 
sandwiched between two layers of 1 mg/cm? aluminum. 

The Ga®® source was Ga® in equilibrium with its 
longer lived parent Ge®*. The active material was 
about 20 mg/cm? of germanium oxide between two 
layers of 1 mg/cm* Mylar. Source strength was about 
2 millicuries. The Ge®* was produced by bombardment 
of Ga® with protons in the Oak Ridge 86-in. cyclotron. 

To test for spurious effects, conversion electrons from 
Cs'87 were measured. The resulting asymmetry = 1.010 
+0.058 shows no spurious effects within the accuracy 
of the measurement. 
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Taste I. Helicities of electrons and positrons from beta decay. 
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isotope ps 
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Particles 

Energy interval 
in kev 

Helicity 





e e* 
660-990 460-810 520-950 1030, 1300 


—1.00+0.02 —0.98+0.03 -—0.75+0.03 +0.99+0,.09 


5. RESULTS 


The results are tabulated in Table I and shown in 
Fig. 5. The measured quantity is 6=2(C,—Ca.)/ 
(Cp+C.), where C, is the counting rate with the foil 
magnetized parallel to the incident electron beam, and 
C, is the counting rate with it magnetized antiparallel 
to the beam. The polarization is related to 6 by 


6 
, (12) 


~ i? rs 
2(cosa)av {Rav 


where P is the polarization; a is the angle between the 
momentum of the incident electron and the direction 
along which the foil is magnetized, and (cosa),y is the 
average of cosa over all accepted collisions; f is the 
fraction of electrons aligned in the foil; and Ray is 
R= (1—¢,/e2)/(1+0,/o0) averaged over all accepted 
collisions. The value of 6 given is corrected for spurious 
coincidences (coincidences with the foil removed) and 
accidental coincidences. 

The value of P given is corrected for depolarization 
in the source, the scattering foil, and all material be- 
tween the source and the foil. For some sources (where 
the depolarization correction is marked with the letter 
“a’’) a correction for scattering from the source holder is 
included. These source holders allowed electrons to be 
scattered through 90° from them into the monochrom- 
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Fic. 5. Experimental results: polarization P, in units of 2/c, 
versus kinetic energy of the electrons (P®, Au’, RaE) or posi- 
trons (Ga®), 
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Taste II. Experimental results. The table contains the measured values of the asymmetry [Eq. (4) ], the average cross-section ratio 
Ray as defined in Sec. 2.21, corrections due to finite apertures and finite energy resolution (Sec. 2.21), corrections due to depolarization P 


R(90°)— Ray Depolar- 
oe ization 
R(90°) correction 
Ras (%) v/ P 


Energy 
Activity (kev) 6 
p® Bg 660 
660 
660 
820 
820 
820 
990 
990 
990 


891+0.047 
882+0.031 
§85+0.026 
926+0.062 
955+0.038 
947 +0.032 
0.943+0.073 
919+0.069 
931+0.050 


0.0840+0.0044 
0.0850+0.0030 


0.816 
0.816 


6.6 
6.0 
(sum) 0.983+0.029 
0.0754+0.0050 


0.805 7 
0.0913+0.0036 7 


0.805 
(sum 1.025+0.035 
0.0784+0.0060 
0.0884+0.0066 


0.819 5.3 
0.819 0.999+0.053 


(sum) 


460 
460 
460 (sum) 
590 
810 


0.0755+0.0059 
0.0748+0.0060 


0.869 
0.869 


789+0.062 
800+0.065 
795+0.045 
901+0.049 
919+0.038 


0.935+0.051 
1.017+0.055 
0.997 +0.040 


0.0834+0.0045 
0.0846+0.0035 


0.831 
0.805 


0.715+40.060 
0.726+0.065 


520 
640 
810 
810 
810 (sum) 
950 


0.0610+0.0050 
0.0615+0.0055 
0.0655+0.0055 
0.0661 +0.0041 


0.861 613+0.050 
0.816 ‘ 645+0.058 
0.805 777+0.066 
0.805 698+0.058 

723+0.036 
0.819 LR 672+0.052 


0.788+0.039 


0.0648 +0.0050 0.723+0.056 


1030 
1300 


0.88+0.14 
1.10+0.12 


Ga*, p* 0.0649-+0.0103 


0.0880-+0.0092 


0.652 


: 0.830+0.131 
0.695 5 | 1.05 


t0.11 


* Includes corre 
Not calculated. 


tion for scattering fr 


ator. The number of these electrons was measured with the measured distributions. In some cases, the resulting 


distribution was not much wider than the distributions 


an absorber over the source that stopped direct elec- 


trons but allowed the scattered ones through. Their 
polarization was measured, and they were found to be 
depolarized by the amount expected after 90° scatter- 
ing. The largest depolarization corrections were required 


for the Au’* source but these were the ones whose 
thickness was most uniform and most accurately known. 
No depolarization corrections were calculated for the 
Ga®* measurements because of their large statistical 
uncertainty. The corrections are roughly estimated at 
1 to 2%. 

For all measurements, (cosa),y=0.860. For foil 1, 
f=0.0698; for foil 2, f=0.0623; and for foil 3, f 
=0.0606. The uncertainty in the magnetic measure- 
ments on the foils was about +2%. If it is assumed that 
the gyromagnetic ratio g’ for Supermendur (49% Fe, 
49% Co, 2% Va) is somewhere between the values for 
Fe'* and Co,” one has g’= 1.89+0.04. This assumption 
gives an uncertainty of about +2% in the value of /. 
If these uncertainties add randomly, the total uncer- 
tainty in f is about +3%. 

In averaging R= (1—o,,/o.)/(1+0,/c4) over scatter- 
ing angles to obtain R,,, the quantity calculated was 
the relative decrease in R from its value for 90° scatter- 
ing, [R(90°)— Ry |/R(90°). Estimates of this correc- 
tion by different methods were consistent within about 
+ 20%. However, in finding the widths of the accepted 
distributions of scattering angles, the large energy width 
passed by the monochromator and the energy resolution 
of the scintillation counter had to be subtracted from 


that were subtracted. It is probably safer to assume 
an uncertainty of about +40% in these corrections. 
Since they are generally about 5%, 
+2% uncertainty to the polarization. 

The expressions used for ¢,/o, were calculated in 
lowest order. It is unlikely that this approximation 
leads to an error significant in comparison with other 
uncertainties in the experiment. Radiative corrections 
should be of order 1/137,!7° appears in the 
expression for the polarization in such a way that about 
a 5% error in o,/oq is necessary to cause a 1% error in 
the polarization. 

Another possible source of error is the neglect of the 
binding of the target electrons to the nucleus, which 
could change the scattering cross section, or disturb the 
angular correlation of the two outgoing electrons and 
reduce the probability of counting them. Since the 
effect would be strongest for the unpolarized inner 
electrons, the effective value of f would be changed. 
At the energies used in this experiment (more than 70 
times the K shell binding energy of iron) it is not likely 
that this effect is significant. 


this adds another 


and o»p/@a 


6. DISCUSSION OF RESULTS 
a3 
P® has an allowed, Gamow-Teller, decay. Our results 
are consistent with (v/c) polarization, which is predicted 


*8 A. Akhiezer and R. Polovin, Doklady 
90, 55 (1953). 
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for allowed decays by beta-decay theory, and in agree- 
ment with other measurements. 

A slight deviation from (v/c) polarization in this 
decay would not be inconsistent with current theory. 
Its ft value is large for an allowed decay (log ft=7.9) 
and the spectrum deviates slightly from allowed 
shape.” This large ft value has been explained by 
assuming that the decay is L-forbidden and second- 
order matrix elements make an appreciable contribu- 
tion.*' Such contributions might cause a deviation from 
v/c polarization. Biihring® has estimated the size of 
this possible deviation and concludes that it should 
decrease with increasing energy and be no greater than 
(1.91! ")% at v/c=0.7. Geshkenbein, however, has cal- 
culated the expected P® polarization and finds® 


P/(—v/c)=1-—a/E, 


where E is the total decay energy in units of mc*. By 
fitting the spectrum shape, he predicts a=0.18. Such a 
deviation from a pure (v/c) dependence is inconsistent 
with our results. 


6.2 Au!*8 


This is a first forbidden (2-— 2+) decay with an 
allowed spectrum shape. For such decays in high-Z 
nuclei, the so-called £-approximation holds and (v/c) 
polarization is expected.“ Our results are consistent 
with (v/c) polarization, and in agreement with other 
measurements. 


6.3 Ga’ 


Ga® is an allowed, Gamow-Teller positron emitter. 
Our results show (v/c) polarization, in agreement with 
current beta-decay theory. The relatively large sta- 
tistical error quoted for these measurements is due only 
to the weakness of this source, and not to the fact that 
positrons were being measured. 


6.4 RaE 


RaE has always been of great interest for all investi- 
gations of beta decay. Again, in experiments on elec- 
tron polarization, it turned out that RaE plays a 
special role; its polarization is considerably smaller 
than v/c. Our own results agree with other measure- 


ments! and hence help bearing out the theoretical 
predictions.°>—*7 

2 Q. E. Johnson, R. G. Johnson, and L. M. Langer, Phys. Rev. 
112, 2004 (1958). 

*F, T. Porter, F. Wagner, Jr., and M. S. Freedman, Phys. 
Rev. 107, 135 (1957). 

311. Iben, Phys. Rev. 109, 2059 (1958). 

% W. Biihring, Z. Physik 155, 566 (1959). 

33 B. B. Geshkenbein, J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 
1341 (1960) [translation: Soviet Phys. JETP 11, 965 (1960) }. 

*T, Kotani and M. Ross, Progr. Theoret. Phys. (Kyoto) 20, 
643 (1958). 

35 J. Fujita, M. Yamada, V. Matumoto, and S. Nakamura, 
Phys. Rev. 108, 1104 (1957). 

36 A. Bincer, E. Church, and J. Weneser, Phys. Rev. Letters 1, 
95 (1958). 

37 R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957). 
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According to the present theoretical interpretation 
of this decay, the cancellation of usually dominant 
matrix elements allows the effects of several smaller 
ones to be seen in the spectrum shape and electron 
polarization. Curtis and Lewis* pointed out that, in 
this case, a violation of time reversal invariance in the 
beta interaction should influence the electron polariza- 
tion. Alikhanov’s group’ and Wegener“ have since 
used measurements of RaE electron polarization in an 
attempt to test time reversal invariance. 

The RaE spectrum shape and electron polarization 
can be expressed as functions of nuclear parameters 
and the parameters describing the beta decay interac- 
tion. The nuclear parameters are nuclear matrix ele- 
ments and moments of the nuclear charge distribution 
entering in nuclear-size-effect calculations. In testing 
time-reversal invariance, one parameter of the beta- 
decay interaction—a possible imaginary part of the 
Fermi or Gamow-Teller interaction constant—is left 
adjustable. An exact knowledge of the spectrum shape 
and electron polarization should fix all the nuclear 
parameters and the imaginary part of one beta inter- 
action constant. However, uncertainties in the measure- 
ments and in the very complicated calculations make it 
impossible to fix all the free parameters simultaneously. 
Therefore, a simplified analysis of the RaE problem is 
used, with a restricted number of nuclear parameters. 
With an analysis of this kind, Alikhanov’s group fixes 
the phase angle between the Fermi and Gamow-Teller 
interaction constants as 177.5°_o,5+?-5. Wegener finds 
a deviation from 0° or 180° of 1.6+8°. If our data were 
included in these analyses, their conclusions would not 
be changed in any important way. 

Both of these analyses use only two adjustable nu- 
clear parameters. According to Newby and Kono- 
pinski,** at least one more should be used in an analysis 
of the RaE decay. Other published analyses*® use 
five, or even eight. The conclusions concerning time- 
reversal invariance are hence open to some doubt. 

The RaE electron polarization data can be put to 
another interesting use. If the Fermi—Gamow-Teller 
phase angle is assumed to be 180° from the measure- 
ments on polarized neutrons, it should be possible to 
fix all the nuclear parameters without resorting to a 
simplified analysis. There are now at least three ac- 
curate sets of measurements of the RaE electron polar- 
ization, covering the energy region between 128 and 
950 kev, using a variety of techniques, and consistent 
with each other where measurements were made near 
the same energy. With all these data to fit, even a large 
number of nuclear parameters should be fixed with 
reasonable accuracy. The values of these parameters 
may be of great interest. As Newby and Konopinski** 
have pointed out, their values as calculated from a 


38 N. Newby and E. J. Konopinski, Phys. Rev. 115, 1434 (1959), 
%*Z. Matumoto and M. Yamada, Progr. Theoret. Phys. 
(Kyoto) 19, 285 (1958). 
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nuclear model are strongly affected by the conserved 
vector current theory of beta decay. It remains ques- 
tionable, however, whether a meaningful comparison 
of theoretical and experimental parameters will be 
possible. The accuracy of the nuclear model calcula- 
tions is doubtful at best, and the calculation of the 
conserved vector current effects will not be easy. How- 
ever, in view of the present lack of a clear experimental 
test of the theory, this approach may be worth more 
investigation. 


APPENDIX. AVERAGING R= (1—@,/o,)/(1+0,/9.) 
OVER THE ACCEPTED COINCIDENCES 


In the following equations, y is the initial total 
energy of the incident electron in the laboratory system 
in units of mc?; B=v/c for either electron in the c.m. 
system; and «= 1—2W, where W is the fraction of the 
incident electron’s kinetic energy which is transferred 
to the other electron in the collision. The parameter 
x is equal to cosé’, where 6’ is the c.m. scattering angle, 
so x=0 for a collision with a 90° scattering angle. 

The average value of R over the accepted coinci- 
dences is 


(13) 


1 
Rev= f R(x)N (x)dx, 
-1 


where NV (x)=dN/dx is the normalized distribution of 
counted events per unit energy partition parameter x. 
The accepted distribution of electrons is centered on a 
90° scattering angle in the c.m. system so V(x) will be 
centered on x=0. If N(x) is narrow enough, it should 
be possible to represent R(x) accurately in the region 
where N(x) is large with a few terms of a power series 
expansion about +=0: 


R(x)=R(O)[1+A yx +Aoxv?+---]. (14) 
This expansion gives 


1 
R.y= Ro! +A f xN (x)dx+A af 
1 


- —1 


= R(0)[1+A way tAo(22)av +--+]. 


1 


x2N (x)dx+-:-- 
(15) 


It is then possible to express R,y in terms of a few 
moments of N(x). If N(x) can be represented by some 
well-known function, these moments may be easy to 
calculate. 

Power series expansions of R can be calculated from 
the expressions for a», o., and o,/o, given by Bincer.'® 
For electron-electron collisions, R can be written down 
from Bincer’s expression for ¢,/o, and expanded. For 
electron-positron collisions, since our apparatus does 
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not distinguish between electrons and positrons, o, 
must be replaced by o,(x)+o,(—-), and likewise for 
oq. This procedure gives the cross section for a collision 
resulting in an electron or a positron of energy param- 
eter x. R is then formed from these sums of cross 
sections and expanded. For both kinds of collisions, 
(15) can be written as 
Ci Ki | ; 

—_ (x7 )ey 


ay 
Ko Cy Ko! 


K? Cik, C2 K» 
+; ——-——_+—-—— om “1 (16) 
K 0" CoK 0 Co K 0 
For electron-electron collisions: 
‘= 7y’—674+3, 
= — 677+ 8y—6, 
—'—274+3, 
9y?—107+5, 
K,=6y7°+ 12y—6, 
K,=y°—2y+1. 
For electron-positron collisions, with electrons and 
positrons not distinguished : 
Co= 46°+ 361, 
C1 = 68°+ 835+ 8%, 
C2= 68?+ 86'+ 285, 
K)=4—68?+138*— 28°, 
K,=12+106?+ 88'+ 26°+ 68, 
K.= 20+ 2667+ 166'+ 28°. 

Our measured distributions of events were fitted very 
well by Gaussians. At the energies used in this experi- 
ment, the coefficients of (x*),, and (2*),, were of about 
the same size and the 1/e widths of the distributions 


were generally about 0.25. It was only necessary to use 
the secon-dorder term. 
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Gamma-Gamma Directional Correlations in Cs'**+ 
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Directional correlation measurements have been made on the 356—82 kev, 301—82 kev, and 80—82 kev 
gamma-gamma cascades in Cs" following the decay of 8-year half-life Ba'* with a coincidence scintillation 
spectrometer using NaI detectors. The observed correlation functions are: 


W (0) =1+ (0.042+0.005) P2(cos@) — (0.0041-+-0.0038) P, (cos), 

W (6) =1— (0.0257 +0.011) P2(cos9) — (0.0002 + 0.008) P,(cos#), 
and 

W (6) = 1+ (0.0487+0.017) P2(cosé) + (0.001 1+0.012) P,(cosé), 


respectively, for the three cascades. These gamma-gamma directional correlations were found to be con- 
sistent with spin assignments of $+, §*+, 3+, 3+, and 4* to the levels at the ground state, 82-kev, 162-kev, 
383-kev, and 438-kev in Cs™*,. The probable assignment of the multipolarities for different gamma rays is as 
follows: The 356-kev gamma ray is pure £2. The 82-kev gamma ray is a mixture of (96.5+0.5)% M1 and 
(3.5+0.5)% E2 with 52= —0.190+0.014. The 301-kev gamma ray can have one of two possible mixtures: 
either 530; = +0.123+0.004 with a mixture of (98.5+1.0)% M1 and (1.5+1.0)% E2, or 530;= —3.98+1.02 
with a mixture of (642)% M1 and (94+42)% E2. The value of 539: = —3.98+1.02 is more probable. The 
80-kev gamma ray is also found to have two possible. values of 5s: either 5g9= +-0.47 0.09 with a mixture 


of (82+6)% 


INTRODUCTION 


HE electron capture decay of Ba", 8-year half- 
life, has been studied by several authors.'~’ The 
most recently suggested decay schemes are those by 
Stewart and Lu,* and Ramaswamy ¢/ al.’ The two decay 
schemes completely agree except for the gamma rays of 
energies 386 kev and 162 kev, and the electron capture 
leading to the excited state at 162 kev in Cs", which 
has been observed by Stewart and Lu® and not by 
Ramaswamy ef al.’ The decay scheme after Stewart and 
Lu® is shown in Fig. 1. There are no discrepancies in- 
volved as far as the gamma rays of interest are con- 
cerned in the present work. The 13% of the electron 
capture of Ba‘ leading to the 162-kev excited level in 
Cs!8 have been observed by Stewart and Lu,® but not 
by Ramaswamy et al.’ who have found only two groups 
of electron capture, one with 70% leading to the 438-kev 
level and the other 30% to the 383-kev level. On the 
basis of the absence of the electron capture of Ba™ 
leading to the excited state at 162 kev in 5sCs™, they 
have assigned a spin of $+ instead of $+ to the 162-kev 
level. 
The ground state of ;;Cs'* has been measured? to be 
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M1 and (18+6)% E2, or d= +7.0 with a mixture of (2.0+1.5)% M1 and (98.041.5)% E2. 


3, in agreement with the shell-model prediction of g7/2.° 
The spin assignments to the other excited levels in Cs'* 
as shown in Fig. 1, are after Stewart and Lu.® The 
ground state of eBa'™ has a spin $*,'° from systematics 
of the isomerism of this isotope, and agrees with the 
shell-model prediction of s). 

The conversion coefficient and K/(L+M) ratio 
measurements for different gamma rays have been 
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Fic. 1. Decay scheme of Ba!® (after Stewart and Lu). 
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carried out by several authors.’+'~8 The results indi- 
cate that the 82-kev gamma ray is mostly M1 and may 
contain a small mixture of E2 (about 2% E2). The 
conversion coefficient measurements of other gamma 
rays are not very definite. 

The gamma-gamma directional correlations of the 
356—82 kev cascade in Cs'* have been measured by 
Clikeman and Stewart" and their results are: 


A»/Ay=+0.031+0,006, A,s/A y= —0.006+0.010, 


The sample used was in the form of solid unenriched 
BaCl,. We repeated this correlation using source mate- 
rial in the form of a liquid. The results obtained, though 
slightly higher, are quite in agreement within the 
statistics. 


EXPERIMENTAL PROCEDURE 


A conventional slow scintillation coincidence spec- 
trometer was used throughout these experiments. The 
coincidence circuit had a resolving time of 27 ~ 2.1 ysec. 
The scintillation counter consisted of a 2-inchX 2-inch 
NaI(TI) crystal mounted on a RCA-6342 photomulti- 
plier tube. A differential discriminator was used for 
energy selection. 

Ba'* produced in fission was obtained from Oak 
Ridge and was in the form of HCI solution. The source 
was placed in a thin glass tube about 1 inch long and 


"JT, Bergstrom, Arkiv Fysik 5, 191 (1952). 

2 R. L. Graham and R. E. Bell, Can. J. Phys. 31, 377 (1953). 

8]. Bergstrom, S. Thulin, A. H. Wapstra, and B. Astrom, 
Arkiv Fysik 7, 255 (1954). 

4F. M. Clikeman and M. G. Stewart, Phys. Rev. 117, 1052 
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0.027 inch in diameter. The strength of the sample 
used was about 0.1 microcurie. As the results of the 
correlation measurements of the 356—82 kev gamma 
cascade using a solid source’ agree, within statistics, 
with those of the liquid source, the correlations should 
not be attenuated due to the extranuclear fields. 

Figure 2 shows the single spectrum of Ba‘, while 
Fig. 3 and Fig. 4 show the coincidence spectrum of the 
three cascades of interest. The data were taken at 
intervals of 15° from 90° to 180°. The angle between 
the detectors was changed after every five minutes. 
Decentering of the sample was not allowed to be more 
than 1%. Any small decentering was corrected by 
dividing the true coincidence rate Nr by the single 
counting rates VN; and N2, i.e., Nr/NiN2. 

A least-squares fit of the data was made to the 
function w(6)=1+ (a2/ao) cos*@+ (a4/a) cos#. Then 
the corresponding values of the coefficients A, and A, 
in the expansion W(6)=1+A2P2(cosé)+A 4P4(cos@) 
were calculated. These values of the coefficients were 
corrected for the finite angular resolution,'® and the 
values of A» and A, were obtained. 

The coefficients A, and A, can be written as 
A,=A,™A,@, where k=0, 2, 4, etc., and each of these 
coefficients A,“ depend on the single gamma-ray 
transition in the cascade.'® 

The mixing parameter 6 is defined as the ratio of the 
reduced matrix elements 8 and a for quadrupole and 
dipole radiation, respectively. If 65=8/a, then & is 
equal to the ratio of the intensities of quadrupole and 

‘5 M. E. Rose, Phys. Rev. 91, 610 (1953). 
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dipole radiation. Q, the quadrupole content, will be 
equal to &/(1+6), and the dipole content will be 
(1—@Q). 


RESULTS 
356—82 kev Correlation 


One differential discriminator was set at a photopeak 
of the 356-kev gamma ray as shown in Fig. 2, while the 
other was set to accept the photopeak of the 82-kev 
gamma ray. The plot of the correlation is shown in 
Fig. 5. The results obtained for the coefficients after 
correcting for geometry are: 


A,= +0,0420+0,0050, 
A4= —0,0041-0,0038, 
A=+0,0618-+0,007 . 


These results are in agreement with those obtained by 
Clikeman and Stewart" within the statistics. The values 
of the coefficients and the anisotropy are slightly higher 
as compared with the values obtained by Clikeman and 
Stewart" using a solid sample, but agree with the value 
of the anisotropy obtained by them using a liquid 
sample. The sign on the value of A, is more definite in 
the present work because the error on A, is smaller than 
its absolute value. 
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Fic. 3. Coincidence spectrum of the 82-kev gamma ray with 
the 301-kev and the 356-kev gamma rays. 


CORRELATIONS IN Cst88 





X Singles 


; Coincidences 


Coincidence Counts 








—————E—————— 


10 2 i4 16 
P.H.(Volts) 





Fic. 4. Coincidence spectrum of the 82-kev and the 80-kev 
gamma rays. 


301—82 kev Correlation 


If we set the two discriminators at the two corre- 
sponding photopeaks, then there will always be some 
contribution of the 301-kev peak from the 356-kev 
gamma ray which is in coincidence with the 82-kev 
gamma ray. Hence, the correlation obtained will not be 
the true correlation. The following method was used for 
obtaining this correlation. 

One of the discriminators was fixed at the photopeak 
of the 82-kev gamma ray, while the other was set at the 
photopeak of the 301-kev gamma ray. The correlation 
obtained is denoted by W(@) and is shown in Fig. 6. 


N356(@) +N 301 (8) 
W (6) =—_______—____, (1) 
N 356(90°) +. 301(90°) 


where N356(0)=the coincidence rate between the 
356-kev and the 82-kev gamma rays at an angle 6; 
N 301(0) =the coincidence rate between the 301-kev and 
the 82-kev gamma rays at an angle 6; and N456(90°), 
N301(90°) denote the coincidence rates of the 356-kev 
and the 301-kev gamma rays, respectively, with the 
82-kev gamma ray at 90°. 

Equation (1) can be written [dividing the numerator 
and the denominator of the right-hand side by N’356(90°) ] 


as 
N356(8) N301(8) N301(90°) 

( . + )/(0+ = )-wo, 
N356(90°) Na56(90°) N356(90°) 








or 


( N356(8) rN N301(9) ———) / 
N356(90°) N301(90°) N356(90°) 


N301(90°) 
(tem 
N356(90°) 
W1(0)+Wui(@E 
-— = W (6), 
1+E 
where W1(0)=N456(0)/Ns6(90°), W1r(6)=N301(0)/ 
N301(90°), and E= N30:(90°)/N356(90°). W1 (8) is known 
from the previous correlation, and E can be measured. 
Hence the value of W1;(@) can be calculated if W(@) is 
known. To obtain the value of £, the extrapolation of 
the photopeaks of Au'** and Hg*® was used. 
The experimental values of the coefficients A, and A, 
obtained by using the above method are: 


A»,=0.0257+0.011, 
A,=0,0001-40,008, 
A=0,0382+0.015. 


80—82 kev Correlation 


The discriminator of each single spectrometer was 
set at the photopeaks of the 80-kev and the 82-kev 
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Fic. 5. Directional correlation of the 356—82 kev cascade. Solid 
line the least square fit of the experimental points. Flags indicate 
the standard deviation. 
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Fic. 6. Directional correlation of the (301+356)—82 kev cas- 
cades. Solid line is the least square fit of the experimental points. 
Flags indicate the standard deviation. 


gamma rays. The coincidence rate was obtained at dif- 
ferent angles. But to this coincidence rate there is a 
contribution from the coincidences between the 82-kev 
gamma ray and the Compton tails of the higher energies 
gamma rays. The true coincidence rate for this corre- 
lation was obtained by subtracting this extra contribu- 
tion as background (Fig. 3). 
The results obtained for this correlation are: 


A= +0,0487+0.0171, 
A4= +0,0010-40.0120, 
A=+0.0754+0,0245. 


The plot of the correlation after subtracting the back- 
ground is shown in Fig. 7. 


INTERPRETATION AND DISCUSSION 


The ground-state spin of Cs'** has been measured’ 
to be $, in agreement with the shell-model prediction 
of gz/2.° On the basis of the log f/ values for the transi- 
tions leading from the ground state of Ba’ to the 
excited levels in Cs" at 438 kev, 383 kev, and 162 kev, 
as calculated by Stewart and Lu,® and the Coulomb 
excitation data given by Fagg'’; the different states in 
Cs have been assigned spins by Stewart and Lu® as 
shown in Fig. 1. The assignment of spin }* to the level 
at 438 kev is still further confirmed by our correlation 
experiments on the 356—82 kev gamma cascade, From 
the allowed nature of the transition leading from the 
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Fic. 7. Directional correlation of the 82—80 kev cascade. Solid 
line is the least square fit of the experimental points. Flags indicate 
the standard deviation. 


ground state of Ba'*(}+) to the 438-kev level, the spin 
of 4* or $* is possible for this level. The assignment of 
3+ for the 438-kev level is eliminated on the grounds 
that it is not reached by Coulomb excitation of Cs, 
This assignment of $+ is also rejected on the grounds 
that it required A, to be positive for the 356—82 kev 
correlation, while experimentally it is found to be 
negative (A4= —0.0041+0,0038). 

The 356—82 kev correlation is 
sequence: 


explained by the 
Ir 3356 S* 82 a 
- nr - —- 7" 
2 Q 2 (D+0)2 


The experimental values of the coefficients are: 


A= +0,0420+0,005, 
Ag*?= —0,0041+0.0038. 

The values of A.“ and A, for the quadrupole 
transition are obtained from the table of F coefficients'® : 
A, = —0,5345, 

Ag = —0,6172. 


18 M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324 (unpublished). 
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IN Cs!33 553 
Therefore the experimental values of A, and A,” 
for the second transition in the cascade are 


A,® exP= —0.0786+0,0094, 
A,® P= +0,0065+0,0062. 


The theoretical plot of A,“ and A,4® versus Q is 
shown in Fig, 8. From the plot of A2® *? and A,® ©, 
it is evident that the only value of Q for the 82-kev 
gamma ray which is consistent with the experimental 
values of these coefficients is 


Ose= 0.035-40.005, 
which gives 
E2= (3.5+0.5)%, 
M1= (96.5+0.5)%, 
532 = —0.190-+0.014. 


Knowing the value of the £2 mixture in M1 for the 
82-kev gamma ray, we can find the mixture in the 
301-kev gamma ray. The 301—82 kev correlation is 
explained by the sequence 

a” 6 Si 3 82 


——> 


7+ 
(D+Q) 2° 


2 (D+Q) 2 
The plot of A,“ ©? and A, °? is shown in Fig. 9. 


This gives two values of Q for the 301-kev gamma 
transition : 


Q301=0,015+0.010, §301= +0.123+0,004, 
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Fic. 8. A2® and A,®) versus Q, the quadrupole intensity, for 
the 82-kev gamma ray $+ — }*. The shaded areas show the values 
of Q corresponding to the experimental values. 
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Fic. 9. Az“) and A,“ versus Q, the quadrupole intensity, for 
the 301-kev gamma ray $+ — §*. The shaded areas show the value 
of Q corresponding to the experimental value of A2“**P, Value 
of A,™exp is such that any value of Q from 0 to 1 is possible 
(whole ellipse shaded). 


and 


Q301= 0.94+0.02, §301= — 3,98+1.02. 


The value of Q3o:=0.015+0.010 gives a mixture of 
(98.5 1.0)%M1 and (1.5+1.0)%E2, while the value 
Qz01=0.94+0.02 gives a mixture of (642)%M1 and 
(94+2)%E2. In the light of the fact that £2 transitions 
are unique in being, with few exceptions, considerably 
faster than expected for a single-particle transition, 
when we compare the ratios of the intensities of £2 to 
M1 in the present case with the other experimentally 
found” values in this region of atomic number (Z= 56), 
we find that the value of Q3o:=0.94+0.02 is more 
probable. The value of Q3o.=+0.015+0,010 cannot be 
completely rejected. 

The 80—82 kev gamma-gamma correlation can be 
explained by the sequence 


80 82 


5? 2 i 
a aos 
2 


(D+0) 2° 


The value of the mixture for the 80-kev transition 
can be found, as the value of 6,2 for the 82-kev transition 
is known. The experimental values of the coefficients 
A,“ eP and A,™ ©? are plotted in Fig. 10. In this case 


‘9M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by Kai Siegbahn (Interscience Publishers 
Inc., New York, 1955), p. 465. 
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also, two values satisfy the experimental results: 
Qs0= 0.18+0.06, 5s30= +0.47+0.09, 
and 


Qs0= 0.980+ 0.015, ds0= + 7.04 2.2, 


The value of Qgo=0.18+0.06 gives a mixture of 
(82+6)%M1 and (18+6)%E2 while the value of 
Qso=0.98+0.015 gives a mixture of (2.041.5)%M1 
and (98+1.5)%E2. The comparison of the ratios of the 
intensities of £2 to M1 in the present case with the other 
experimentally found values in this region of atomic 
number, does not give a preference for one mixture over 
the other. 


SUMMARY AND CONCLUSION 


The ground-state spins of Ba’ and Cs' are known 
and the spin assignments to the excited Jevels in Cs! 
as suggested by Stewart and Lu® are shown in the decay 
scheme Fig. 1. The gamma-gamma directional correla- 
tions of the three different cascades in Cs are con- 
sistent with these spin assignments of $*, 3+, $+, }*, 
and 4* to the levels at the ground state, 82 kev, 162 kev, 
383 kev, and 438 kev in Cs", respectively. 

With the above suggested spin assignments, the 
multipolarity of the 356-kev gamma ray is £2° and the 
following multipolarities for the other gamma rays in 
Cs! result from the gamma-gamma directional corre- 
lations. The 82-kev gamma ray is a mixture of 
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Fic. 10. A2“) and A,4®) versus Q, the quadrupole intensity, for 
the 80-kev gamma ray $+ — $+. The shaded areas show the values 
of Q corresponding to the experimental value of A2“**P, Value 
of A,“exp is such that any value of Q from 0 to 1 is possible 
(whole ellipse shaded). 
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(96.5+0.5)%M1 and (3.5+0.5)%E2 with &.= —0.190 
+0,014. The 301-kev gamma ray can have one of the 
two possible mixtures: either 539:= +0,123+0,004 with 
a mixture of (98.5+1.0)%M1, and (1.5+1.0)%E2, or 
530:= —3.98+1.02 with a mixture of (642)%M1 and 
(94+ 2)%E2. The value of 539:= —3.98 is more proba- 
ble. The 80-kev gamma ray is also found to have two 
possible values of 49. Either 5g9>=+0.47+0.09 with 
a mixture of (82+6)%M1 and (1846)%E2, or 
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ds0=+7.0 with a mixture of (2.041.5)%M1 and 
(98.041.5)%E2. 
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Decay of K* and Sc“t 
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The low excited states of Ca** and Ca“ have been studied in the 
decay of K* and Sc“, with special emphasis on the observation of 
weakly populated states. In the K* decay, gamma rays have been 
seen at 0.31 Mev (1.1%), 0.49 Mev (<0.1%), 0.60 Mev (0.1%), 
0.90 Mev (0.1%), 1.02 Mev (0.1%), 1.52 Mev (100%), 1.92 Mev 
(0.3%), and 2.42 Mev (0.2%). The coincidence sequence of the 
transitions has been measured and a level scheme constructed. 
In the Sc“ decay, gamma rays have been seen with energies and 
intensities of 0.68 Mev (3.2%), 1.02 Mev (3.1%), 1.12 Mev (4.7%), 
1.16 Mev (100%), 1.50 Mev (1.7%), 1.72 Mev (0.8%), 2.28 Mev 


I. INTRODUCTION 


UCLEI that are within a few nucleons of being 

doubly magic are of special interest from a 
theoretical point of view. The interest stems from the 
ability of shell-model calculations to predict certain 
features of these nuclei in a straightforward manner. 
The Ca isotopes are of particular interest in this regard, 
since in the basic shell model they involve the coupling 
of the f7;2 neutrons (between 20 and 28) with them- 
selves, the 20 protons being a stable configuration. 
Several recent theoretical analyses'~* have had to rely 
on inadequate experimental information concerning the 
excited states of the Ca isotopes. The present effort is 
an attempt to obtain more information on the levels of 
Ca® and Ca“ through a study of the decays of K® and 
Sc. Although completely quantitative work was made 
difficult because the transitions of interest were ex- 
tremely weak, enough new information has been ob- 


{ Work supported by U. S. Atomic Energy Commission. This 
paper is part of a dissertation submitted by John McCullen to the 
University of Colorado in partial fulfiliment of the requirements 
for the Ph.D. degree. 

* Now at Princeton University, Princeton, New Jersey. 
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(0.2%), and 2.69 Mev (0.2%). Coincidence measurements were 
also taken for this isotope to clarify the cascade sequences, and 
a level scheme was constructed. A search was made for low-energy 
conversion electrons (E<1 Mev) in an effort to establish the 
existence or nonexistence of a low-lying 0* state in Ca“, whose 
analog occurs as the second excited 1.84-Mev state in Ca®. No 
such conversion electrons were seen, by either electron spec- 
trometer studies or by electron-delayed gamma-ray coincidence 
measurements. An upper limit of 0.05% of the total decay of Sc# 
was put on the population of such a state. 


tained on a number of levels of Ca and Ca* to clarify 
spin assignments, and in some cases to compare cascade- 
to-crossover transition probabilities. 

The general features of the K® decay have been 
summarized by Way et al.* The dominant decays are a 
3.55-Mev beta transition (82%) to the ground state of 
Ca®, and a 1.99-Mev transition to the first excited state 
of Ca®. The 3.55-Mev beta-ray spectrum shape has 
been shown to be consistent with a unique first for- 
bidden transition, and the log ft values of both decays 
indicate first forbiddenness. At the time this experiment 
was begun, only two gamma-ray transitions were 
known: the 1.52-Mev transition (100%) from the first 
excited state, and the 0.31-Mev line (~ 1%) from the 
second to the first excited state. During the course of 
this work two angular correlation measurements have 
been reported’® for the 0.31-1.52-Mev gamma-ray 
cascade, and conversion electrons from the 1.84-Mev 
transition have been seen. Both measurements very 
clearly indicate a 0-2-0 spin sequence. Three additional 


°K. Way, R. W. King, C. L. McGinnis, and R. van Lieshout, 
Nuclear Level Schemes A=40—A=90, Atomic Energy Commis- 
sion Report TID-5300 (U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 

7H. Morinaga, N. Mutsuro, and M. Sugawara, Phys. Rev. 114, 
1146 (1959). 

8 I. Asplund and T. Wiedling, Phys. Rev. 116, 741 (1959). 

®N. Benczer-Koller, M. Nessin, and T. H. Kruse, Bull. Am. 
Phys. Soc. 5, 248 (1960). 
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weak transitions have been reported by Morinaga, 
Mutsuro, and Sugawara’ at 0.9 Mev (0.3%), 1.94 Mev 
(0.3%), and 2.42 Mev (0.2%). The observation of these 
three weak gamma rays paralleled the intent of the 
present studies and indicated that a further search for 
additional weak transitions would be fruitful. 

In order to study the levels of Ca“, the Sc#* 2.44 day 
isomer was chosen over K* (22.4 min half-life) for 
convenience, although the energetics of the decay are 
not as favorable. The Sc“* isomer proceeds® mainly by 
a 0.27-Mev gamma-ray transition to the ground state 
of Sc“ and then via a 1.46-Mev positron branch to the 
1.16-Mev state of Ca“. Other than the 1.16-Mev 
gamma ray the only other reported” has been a line at 
2.54 Mev. Information from reaction studies" such as 
the Ca® (p,p’) and Ca“ (p,p’) greatly aided this study 
in the information they provided on the levels of these 
two nuclei. 


Il. EXPERIMENTAL METHOD 


The information on the levels of Ca® and Ca“ was 
obtained by studying the decays of radioactive K® 
(12.5 hr half-life) and Sc“ in the 0.26-Mev isomeric 
state (2.44 day half-life). The studies mainly consisted 
of measuring gamma-ray spectra in singles and coin- 
cidence, using NaI(T]) scintillation spectrometers. 

The K® sources were reactor produced and obtained 
from Oak Ridge National Laboratories in the form oi 
KCI] dissolved in concentrated HCl. Preliminary experi- 
ments soon showed that a discernible Na™ contamina- 
tion was present. It was in evidence by a very weak line 
at 2.76 Mev, having a half-life of Na™ (14.9 hr) rather 
than K® (12.4 hr). The Na™ was present to about one 
part in 10°. All subsequent sources routinely then had 
sodium chemically separated. The method of separation 
relied on the relative solubilities of sodium and potas- 
sium tetraphenylborate in 0.1 normal HCl. The sodium 
salt is extremely soluble, the potassium somewhat less 
so. Two or three filtrations of the potassium tetra- 
phenylborate were carried out for each source, every 
filtration recovering about 75% of the potassium. There 
was no further evidence of any contamination in the 
precipitate and the line at 2.76 Mev was no longer 
detectable. 

Sources of Sc“* were obtained through the K" (a,n) 
Sc* reaction by 40-Mev a-particle bombardments in 
the University of Washington cyclotron. Both the 
ground (3.9 hr half-life) and the isomeric states were 
produced, but the 3.9 hr activity was in equilibrium by 
the time the sources were used. The scandium was 
chemically separated by forming its thiocyanate salt 
and performing an ether extraction. Scandium thio- 


1 J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 

uC, M. Braams, thesis, Utrecht, Holland, 1956 (unpublished) ; 
C. M. Braams, W. W. Buechner, and M. Mazari, Massachusetts 
Institute of Technology, Laboratory for Nuclear Science Progress 
Report, November 30, 1957. W. W. Buechner and M. Mazari, 
Rev. Mexicana, Fis. 7, 117 (1958). 
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cyanate, in contrast to the calcium and potassium salts, 
is much more soluble in ether than in acid, and could be 
extracted by the ether from the acid solution. For the 
gamma-ray measurements liquid sources were used that 
contained some sulfur residue (due to breakdown of 
the thiocyanate). For the beta-ray measurements the 
sulfur residue was removed completely by fuming with 
concentrated HNO; and HCIOs;, until only scandium 
oxide remained. Additional HCIO; then converted the 
oxide into the scandium perchlorate salt, which is 
soluble in water. The solution was transferred to the 
source backing (0.5 mil Al) and dried. There was no 
evidence of any other activities in these scandium 
sources except Sc* (3.9 hr), which was completely 
undetectable after one day. 

The singles work was done using a 3 in.X3 in. cylin- 
drical NaI(Tl) crystal mounted on a Dumont 6364 
photomultiplier, in conjunction with a 200-channel 
pulse height analyzer. The detector was housed in a 
2-in. thick lead shield with a conical collimation hole 
in the roof. The sources were placed in a Lucite cup at 
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Fic. 1. Gamma-ray singles spectrum of the K® — Ca® decay. 
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the top of the hole 9.5 cm from the crystal. The source 
cups had a bottom thickness sufficient to stop any beta 
particles involved in the decays. 

Nal crystals 2 in. diam X 2 in. and 13 in. diam X2 in. 
were used with RCA 6810A photomultipliers for the 
coincidence measurements. A fast-slow coincidence 
arrangement gated the 200-channel pulse height 
analyzer. The fast coincidence circuit had 27 equal 
about 35 musec. The counters were positioned at 90° 
about 1} in. from a Lucite source cup, with a 0.5-in. 
lead plate between the counters. 

In addition to the gamma-ray work, a search was 
made for internal conversion electrons in the decay of 
Sc**. Preliminary measurements were taken with a 
solenoid-type lens spectrometer constructed” at the 
laboratory for certain electron polarization measure- 
ments. It had a resolution and transmission of about 
5%. Later a more precise measurement was made with 
a double-focusing spectrometer which was designed 
and built by Bartlett. The design is similar to one 
constructed previously” and was used with a resolution 
of 1% and a transmission of 1%. 

The scintillation counters were frequently calibrated 
during the course of the various singles and coincidences 
measurements. The sources used for this purpose were 
Cs'*7 (0.663 Mev), Co® (1.17 and 1.33 Mev), Zn® (1.12 
and 0.511 Mev), Pri (2.18 Mev), and ThC” (2.615 
Mev). Several of these lines were also of aid in the 
decomposition of the spectra of K® and Sc*. The 
intensity measurements were made by measuring the 
peak height and the half-width of the Gaussian photo- 
peak and then correcting for the intrinsic efficiency of 
the crystal and the photo to total ratio. Use was made 
for this work of empirically determined peak to total 
ratios for the particular crystals and geometries used 
here and the efficiencies calculated by others.'*~'® 


III. EXPERIMENTAL RESULTS 
A. Decay of K® 


The gamma-ray spectrum of K* was measured a total 
of 15 times, each run representing from 10 to 100 min 
running time depending on the source strength. Back- 
ground represented about a 25% correction to the 
photopeaks of the high-energy lines and was subtracted 
from each run. With one source the singles spectrum 
was followed through eight half-lives; no variation in 
the relative intensities of the lines was observed. Figure 
1 shows a typical singles gamma-ray spectrum. Four 
lines are clearly identified, at 0.31+0.01 Mev, 1.524 


12 J, K. Kliwer and J. J. Kraushaar (unpublished). 

13 A. A. Bartlett and K. T. Bainbridge, Rev. Sci. Instr. 22, 517 
(1951). 
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16P. R. Bell, in Beta- and Gamma-Ray Spectroscopy (North- 
Holland Publishing Company, Amsterdam, 1955). 

16R, L. Heath, Atomic Energy Commission Report TID-4500 
(U. S. Government Printing Office, Washington, D. C., 1957). 
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Tas_e I. K* — Ca® gamma-ray intensities. 








Gamma-ray 
intensities (percent) 
Coincident Coincident 
with 1.52- with 0.3- 
Mev y* Mev y* 


Gamma-ray 
energies 
(Mev) 


0.31+0.01 1 

0.49+0.02 <0 
0.60+0.02 re 0.06 

er 0 

0 


Singles 
1.1+0.1 


1b 4b 
1 <0. 


< 


0.90+0.02 
1.02+0.02 
1.52+0.01 
1.92+0.01 
2.44+0.02 


Al 
e 


100 
0.4+0.1 0.3 
0.2+0.1 coe 


* Errors on these intensities are discussed in the text. 
b This value is taken from singles measurements, and serves as reference 
for the other coincidence intensities. 


0.01 Mev, 1.92+0.01 Mev, and 2.444+0.02 Mev. A 
decomposition of the K® spectrum using single gamma- 
ray spectra from other sources yielded the photopeaks 
as shown. The intensities from this work are shown in 
Table I, and are in good agreement with the work of 
Morinaga, Mutsuro, and Sugawara.’ The errors associ- 
ated with the intensity measurements are considerably 
larger than the statistical errors of counting, due to 
the uncertainties in the peak to total ratios, the crystal 
efficiency, the subtraction processes and the fitting of 
a Gaussian distribution. 

Weak cascades to the first excited state in general 
cannot be resolved in the singles spectra, because of the 
1.52-Mev Compton distribution, and must be observed 
through coincidence measurements. A number of 
coincidence spectra were run with the window of the 
discriminator positioned on the photopeak of the 1.52- 
Mev gamma ray. Because of the very low intensity of 
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Fic. 2. Gamma-ray spectrum of K® — Ca® in coincidence with 
0.4-1.6-Mev radiation. Open circles are the experimental points. 
Black circles are the result of a subtraction of chance coincidences. 
The dashed peaks at 0.50 and 0.60 Mev are taken from the 1.52- 
Mev coincidence spectrum. 
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Fic. 3. Gamma-ray spectrum of K® — Ca* in coincidence with 
0.2-1.4-Mev radiation. Open circles are the experimental points. 
Black circles are the result of the subtraction of chance 
coincidences. 


the transitions of interest the number of chance coin- 
cidences in the spectra were sizable. Thus, in order to 
get a sufficient number of counts in the coincidence 
spectrum after subtraction of chances, long runs were 
required (1000 to 4000 min) and gain drifts were experi- 
enced. This difficulty made an intensity analysis of the 
1.52-Mev coincidence runs marginal. Lines, however, 
were consistently seen at (0.31+0.01), (0.49+0.02), 
(0.60+0.02), (0.90+0.02), (1.02+0.02), and (1.92+ 
0.02) Mev. In order to increase the counting rates, the 
window of the discriminator was opened up to cover the 
region of 0.4 to 1.6 Mev. Since the intensities of other 
gamma rays are so very low compared to the 1.52-Mev 
gamma ray, this widening of the acceptance window has 
a small effect on the coincidence spectrum. In Fig. 2 is 
shown a typical coincidence spectrum taken under 
these conditions. It was shown by calculation that the 
entire peak at 1.52 Mev was due to chances. A singles 
spectrum was thus matched to this peak and subtracted 
from the coincidence spectrum. The resulting spectrum 
was decomposed, yielding the photopeaks shown in 
Fig. 2 at 0.31, 0.50, 0.88, 1.00, and 1.92 Mev. The 
averaged energies and intensities derived from all data 
are shown in Table I. Since it was certain that the 0.31- 
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Mev gamma ray was completely in coincidence with 
the 1.52-Mev gamma ray, the coincidence intensities 
have been normalized to the intensity of the 0.31-Mev 
line in singles (1.1%). 

There is some question as to the reality of a gamma 
ray at 0.50 Mev. Annihilation quanta cannot clearly be 
resolved from the peak at 0.50 Mev, although the peak 
was consistently about 0.01 to 0.02 Mev lower than 
annihilation radiation at 0.51 Mev. It would be possible 
to have a 1.52-Mev gamma ray enter the discriminating 
counter and undergo pair production, leaving 1.0 Mev 
there and have a 0.51-Mev quantum escape to the other 
counter. It would also be possible for pair production 
to take place in the source or the nearby lead shield. 
It was felt, however, that the consistent appearance of 
lines at 0.49 and 1.02 Mev when the discriminator was 
positioned to accept just the full energy of the 1.52-Mev 
gamma ray was good evidence for the reality of these 
gamma rays. In such measurements, spurious annihila- 
tion events due to the 1.52-Mev radiation will not be 
seen, and only the high-energy gamma rays (1.92 Mev 
and 2.44 Mev) can lead to a spurious peak at 0.50 Mev. 
Such events are so highly improbable that they cannot 
reasonably account for the entire 0.50-Mev peak seen 
in the 1.52-Mev coincidences. 

In Fig. 2 the 0.50-Mev line is greatly enhanced by 
annihilation radiation. Part of this enhancement is 
undoubtedly due to the spurious effects mentioned 
above. Part also may be due to the detection of internal 
pairs from the 0+ — 0* decay of the 1.84-Mev state. 
The quantitative estimate of the contributions from the 
two effects is difficult, and only an upper limit (gained 
from the 1.52-Mev coincidence measurements) can be 
put on the 0.50-Mev gamma ray. This upper limit is 
shown as a dashed peak in Fig. 2. Also dashed is the 
peak at 0.60 Mev, which is not clearly resolved in this 
curve, but which was consistently seen with the indi- 
cated intensity in the 1.52-Mev coincidences. 

A series of 0.31-Mev coincidence measurements were 
also undertaken to verify the positions of the various 
gamma rays in the decay scheme. Two types of meas- 
urements were taken; three runs were taken for gamma 
rays in coincidence with only the 0.31-Mev peak (the 
discriminator was set from 0.2 to 0.4 Mev) and for one 
run the discriminator was opened up to cover the region 
from 0.2 to 1.4 Mev. In all four of these runs the 
discriminator also was set on the Compton distribution 
of the 1.52-Mev gamma ray so that a mixed spectrum 
resulted. Those gamma rays, however, that are in 
coincidence with the 0.31-Mev gamma ray should be 
somewhat enhanced relative to the 1.52-Mev coinci- 
dence spectra. In the first three runs gamma rays were 
consistently seen at 0.31, 0.49, 0.60, 0.90, 1.03, 1.52, and 
1.92. Mev. All of these lines were also seen in the 1.5- 
Mev coincidence spectra. Because of the low counting 
rates it was difficult with these measurements to deter- 
mine intensities with any accuracy. To increase the 
counting rates the discriminator window was opened up 
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to cover the region from 0.2 to 1.4 Mev. The results of 
these measurements are shown in Fig. 3, and the result- 
ing intensities are shown in Table I. The broad peak 
just below 1.5 Mev in Fig. 3 was shown to be due to 
effects involving the back scattering of the 1.52-Mev 
gamma ray. The peak at 0.49 Mev, as with the 1.5-Mev 
coincidence measurements, contains a large contribution 
from annihilation radiation. 

The errors on the intensities of the gamma rays ob- 
served in the coincidence measurements (which are 
shown in Table I) are large, mainly because of the 
weakness of the transitions and the uncertainties in the 
subtraction processes. There are also uncertainties in 
the intensity correction factors as well as statistical 
errors. The errors are difficult to meaningfully evaluate 
because of the many contributing factors, but the values 
listed can conservatively be taken to be valid within a 
factor of 2. That is, an intensity of 0.2% can be taken 
as having outside limits of 0.1 to 0.4%. 

As a further check on the cascade position of the 
gamma rays, a run was taken in coincidence with all 
energies higher than 1.9 Mev, i.e., with the 2.44-Mev 
gamma ray. Counting rates for these runs were, of 
course, extremely low, and 4000 minutes were required 
for collection of the data shown in Fig. 4. The chances 
in this run were not large, as can be seen by the absence 
of a distinct peak at 1.5 Mev. Peaks at 0.48 and 1.00 
Mev are apparent. It was not felt that the data repre- 
sented in Fig. 4 were good enough to analyze for 
intensities, but it did serve to show that the 0.49- and 
1.02-Mev lines were in coincidence with the 2.44-Mev 
gamma ray. Details of the decay scheme will be 
discussed later. 


B. Decay of Sc* 


A total of 10 measurements were made of the singles 
spectrum in the Sc“ decay, a typical one being displayed 
in Fig. 5. Observable in these spectra were the (0.26+ 
0.01) Mev transition from Sc“*, annihilation radiation, 


Taste II. Sc— Ca“ gamma-ray intensities. 





Gamma-ray intensity (percent) 

Coinc. with Coinc. with 

1.16-Mev y 1.16-Mev y 
(rel. to (corrected 

1.16-Mev y for multiple 

singles) triggering) 


187 


Singles 

(corrected 

Singles for 1.12- 
(exp) Mev y) 


Gamma-ray 
energy 
(Mev) 
0.511+0.01 
0.68 +0.02 
+0.02 
+0.02 ee ee 
+0.01 100" 100> 
+0.02 1.7 1.8 
+0.02 0.8 0.8 
+0.02 0.2 0.2 
+0.02 0.2 0.2 





® Includes 1.16-Mev and 1.12-Mev peaks. 

> Includes only 1.16-Mev contribution. 

¢ This value is taken from (corrected) singles measurements, and serves 
as reference for the other coincidence intensities. 
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Fic. 4. Gamma-ray spectrum of K*® — Ca® in coincidence 
with radiation >1.9 Mev. 


and a prominent gamma ray at 1.16 Mev. Weaker 
transitions above the 1.16-Mev line were resolvable at 
(1.50+0.02) Mev, (1.72+0.02) Mev, (2.28+0.02) 
Mev, and (2.69+0.02) Mev. 

Most of the apparent 1.72-Mev peak in Fig. 5 is due 
to the coincidence sum peak of the 1.16-Mev and 0.51- 
Mev radiations at 1.67 Mev. A comparison of the spec- 
trum with that of Na”, however, shows that the entire 
peak cannot be attributed to this effect. (From the 
coincidence summing point of view, Sc“ and Na” are 
virtually identical sources; in both cases close to 90% 
of the feeding of the excited level is due to positrons, and 
the energies of the subsequent gamma rays are closely 
related.) After taking into account the slight difference 
in crystal efficiency for a 1.16-Mev gamma ray (Sc) 
and a 1.28-Mev gamma ray (Na”), it was determined 
that (60+10)% of the apparent 1.72-Mev intensity in 
Fig. 5 was ascribable to coincidence summing. The 
entire summing contribution was assumed to affect the 
1.72-Mev transition, ieaving the 1.50-Mev line essen- 
tially unperturbed. This assumption was borne out by 
the result of coincidence measurements. 

Intensities of the peaks seen in singles were measured 
in the same manner as for K*, and are listed in Table IT 
(with the 1.72-Mev line intensity corrected for summing 
contributions.) 

Spectra were also taken in coincidence with the 1.16- 
Mev and 0.511-Mev gamma rays. The 1.16-Mev coin- 
cidence measurements were taken with the gate counter 
set from 1.0-1.4 Mev, and represent a total running 
time of 4000 min. In Fig. 6 the prompt coincidence 
spectrum is plotted with open circles, and the measured 
chance spectrum is shown as a dashed line. For purposes 
of analyzing the prompt coincidence spectrum, the 
chances were regarded as negligible. 

The peak at (1.14+0.02) Mev in the spectrum is then 
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Fic. 5. Gamma-ray singles spectrum of the Sc— Ca“ decay. 


only attributable to a new transition. Because a gamma 
ray of this energy will also trigger the gate counter, the 
apparent 1.14-Mev peak is actually a superposition of 
two peaks, the prominent 1.16-Mev transition, and a 
1.12-Mev line in coincidence with it. Also in evidence 
in Fig. 6 are the 1.50-Mev and the 1.72-Mev lines; since 
the 1.16-Mev line is used to trigger the analyzer, sum 
effects are not measured, and the 1.72-Mev line is seen 
in its true intensity relative to the 1.52-Mev gamma 
ray. The only other resolvable lines are seen at (0.68-+- 
0.02) and 1.02+0.02 Mev, although unresolved lines 
between 0.70 Mev and 1.0 Mev may be present. 

To obtain the intensities of these lines relative to the 
1.16-Mev gamma-ray intensity, it was assumed that all 
positrons were annihilated in the source holder. The 
intensities of the coincidence lines were then measured 
relative to the annihilation radiation peak resulting 
from the positron decay. Since virtually all positron 
decays from Sc“ feed the 1.16-Mev first excited state, 
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the intensities relative to the 0.511-Mev line in coin- 
cidence can be referred to the 1.16-Mev gamma-ray 
intensity by setting the 0.511-Mev intensity at 178%, 
its observed value in singles. This method of obtaining 
intensities, however, neglects the contribution of the 
1.12-Mev gamma ray in singles. Its contribution may be 
estimated by the above procedure and subtracted from 
the 1.16-Mev singles intensity to provide a more accu- 
rate estimate of the other intensities. In Table IT the 
coincidence intensities are listed with respect to the 
1.16-Mev intensity (after correction for the 1.12-Mev 
contribution). 

Additional corrections to the intensities must be made 
because of the fact that the 1.02-Mev, the 1.12-Mev, 
and the 1.16-Mev gamma rays can all trigger the gate 
counter. The 1.02-Mev gamma ray will be least effective 
in this regard, since only half of its photopeak is included 
in the gate setting. The gate can also be triggered by 
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Black circles are the result of a subtraction of the 1.14-Mev 
contribution fitted to the 1.14-Mev peak. 





iQ Ut 


0 20 








DECAY OF K*! 


1.50-Mev and 1.72-Mev events which are partially 
absorbed by the crystal, but the contribution from such 
events will be rather small. The corrections necessitated 
by the multiple triggering depend on the positions of 
the gamma rays in the level scheme, and a discussion 
of their nature will be deferred until such assignments 
have been made. 

The 1.72-Mev gamma ray was shown in Fig. 6 to be 
in coincidence with the 1.16-Mev radiation. Because of 
the low intensity of the line, this fact was not immedi- 
ately apparent, and the possibility existed that it 
represented a crossover transition to the Ca“ ground 
state. Since such a level should then be fed by positrons, 
the possibility could most easily be eliminated by 
studying 0.511-Mev coincidences. Because the Compton 
distribution from the 1.16-Mev spectrum intrudes 
below the 0.511-Mev peak, the spectrum of Fig. 6 was 
superimposed on the 0.511-Mev coincidence spectrum. 
In Fig. 7, therefore, the spectrum of Fig. 6 has been fit, 
matching the respective heights of the 0.511-Mev lines. 
The subtracted curve, shown by the solid line, shows 
only a small 1.50-Mev peak, and no appreciable 1.72- 
Mev peak. Thus virtually the only state fed by the 
0.511 Mev is the 1.16-Mev level, verifying the assump- 
tion made in the analysis of Fig. 6, and demonstrating 
that the 1.72-Mev line originates from a high-lying 
state. 

Because of the occurrence of a 0* state as the second 
excited 1.84-Mev level in Ca, and because it was not 
clear whether an analogous state recurs in Ca“, a search 
of the low-energy region for evidence of such a state was 
undertaken. If such a state occurs above the 1.16-Mev 
2* level, and is populated, its major depopulation will 
be by a cascade transition. The state would not be 
populated by the positron decay (this would require a 
second forbidden transition) and could only be fed from 
higher populated states, such as the 2.28-Mev or 2.66- 
Mev states. No gamma rays consistent with such a 
decay were detected, making the existence of such a 
level improbable, although weak population of it cannot 
be excluded. If, however, the proposed 0* state were 
lower in energy than 1.16 Mev, a very small population 
would be detectable by observation of the conversion 
electrons; with no intervening states, and with a decay 
energy <1 Mev, the 0+ — 0* transitions will proceed 
virtually completely by the internal conversion process. 

In an effort to determine the existence of such a state, 
a search for conversion electrons was made with the 
double-focusing beta-ray spectrometer mentioned 
above. The high resolution, of which the machine is 
capable, was not employed for the search, since the 
sources were prohibitively weak, but the 1% resolution 
used was adequate to search for the lines. The conver- 
sion line at 0.22 Mev corresponding to the decay of Sc* 
to the Sc“ ground state was seen, and served as a con- 
venient intensity calibration. No positive evidence for 
any other conversion lines up to 1.0 Mev could be seen ; 
by using the observed intensity of the 0.22-Mev peak 
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Fic. 7. Gamma-ray spectrum of Sc — Ca“ in coincidence with 
0.511 Mev radiation. Open circles are the experimental points. 
Dashed line is a 1.16-Mev coincidence spectrum fitted to the an- 
nihilation peak. Solid line is the result of subtracting this contri- 
bution, and is the spectrum in coincidence with annihilation 
quanta only. 


and the known conversion coefficient for the Sc* decay, 
an upper limit of 0.2% could be put on the percentage 
population of a state decaying wholly by internal 
conversion. 

An independent upper limit was established by 
measuring the delayed coincidences between the possible 
gamma rays populating the state and the subsequent 
conversion electrons. For these measurements, the fast 
coincidence circuit was bypassed, and signals from the 
counter were fed directly to the slow circuit. To count 
electrons, the smaller NaI(T1) crystal was removed and 
replaced by a Pilot-B plastic scintillator. All electrons 
with energies greater than 200 kev could trigger the 
analyzer gate. The input to the 200-channel analyzer 
was delayed 3 usec relative to the electron pulses; since 
the slow circuit resolving time had 27=0.9 usec, prompt 
coincidence events were eliminated completely. To 
measure chance counting rates, the delay was placed 
in the electron counter circuitry, and the measurements 
repeated. The spectra so gained were virtually identical. 

The upper limit on the feeding of the hypothetical 0+ 
state was then gained by measuring the departure of the 
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electron-delayed gamma ray coincidence spectrum from 
the chance spectrum. By such comparisons it was 
established that no gamma ray with energy between 0.2 
and 2.0 Mev could feed such a state to greater than 
0.05% of the total decay. The upper limit is contingent 
on the assumption that the lifetime of the state is 
between 10~* and 10~* sec. These are reasonable limits 
for the state’s lifetime. 


IV. LEVEL SCHEMES 
A. Ca® 


To the right in Fig. 8 are shown the energies of the 
levels obtained from reaction studies." The gamma 
rays reported here can all be accounted for as represent- 
ing transitions between these levels. Clearly the 1.52- 
and 0.31-Mev lines are transitions from the first and 
second excited states. The spin sequence of 0-2-0 for 
these levels is consistent with the absence of a crossover 
transition. The 2.44-Mev gamma ray is not in coinci- 
dence with 1.52-Mev line, and must represent a direct 
transition to the ground state from the 2.42-Mev level. 
The 0.90-Mev line is then the cascade gamma ray to the 
1.52-Mev level, and the 0.60-Mev line is a cascade 
gamma ray to the 1.84-Mev level. The coincidence 
measurements showed the 0.60 enhanced relatively in 
the 0.31-Mev coincidence runs, which substantiates 
this assignment. 

The position of the 1.92-Mev gamma ray is restricted 
to a cascade transition from the 3.44- to the 1.52-Mev 
level, because it is in coincidence with the 1.52-Mev 
gamma ray and there is not enough energy available 
in the decay for any other assignment. The 1.02-Mev 
gamma ray, which is in coincidence with both the 1.52- 
and 0.31-Mev lines, is then the transition from the 
3.44- to the 2.42-Mev level. The only unassigned gamma 
ray is the line at 0.49 Mev. Its energy is compatible 
with a transition between the 3.25- and 2.76-Mev levels. 
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Fic. 8. Ca® level scheme. Energies opposite the levels are those 


of Braams." Intensities relative to the 1.52-Mev gamma ray are 
given in parentheses. 
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TABLE III. Log ft values of K*®— Ca® decays. Branching 
ratios are computed by assuming 98.5% of the 1.52-Mev gamma 
ray is fed by 18% of the K® decays. For transitions to the 1.84- 
Mev state the log ft values are given. 





Energy 
levels 
(Mev) 

1.52 0.31-1.1% 
Higher-0.4% 
0.60-0.1°% 0.31-1.1% 1.0% 
1,02-0.1% 2.42-0.2% 0.3% 
0.90-0.1% 
0.60-0.1% 


Gamma rays Net 
leaving feeding 


Gamma rays 


Branching 
feeding 


ratio 


100% 98.5% 


0.49- <0.1% 
None? 
None 


0.49- <0.1% 
1.92-0.4% 
1,02-0.1% 





The lack of subsequent observed transitions from the 
2.76-Mev level can partially be understood. The ex- 
pected transitions would have energies of 0.34, 0.93, 
1.23, and 2.76 Mev. The first two could be present to 
small percentages since they correspond with energies 
of other transitions. By assuming maximum contribu- 
tions to the observed spectra, experimental upper 
limits of 0.1 and 0.05% have been placed on the 
presence of the second two transitions. From the spin 
assignments discussed later a 1.23-Mev transition is the 
most likely method of depopulating the 2.76-Mev level. 
Because of the uncertainty in the intensity of the 0.49- 
Mev gamma ray, the assignment as shown in Fig. 8 is 
not on a strong basis, but it is not incompatible with 
the data. The work of Morinaga ef al.’ is in general 
agreement with the level scheme in Fig. 8. 

The spins and parities can be considerably restricted 
on the basis of the information shown in Fig. 8. The 
ground and first two levels have been discussed and 
have 0+, 2+, O* for their spins and parities. The K® 
ground state is a 2~ state; the spin 2 has been meas- 
ured,'’ and the negative parity is required because of the 
first-forbidden character® of the ground state-to-ground 
state beta decay. 

With the exception of the beta transition to the 3.44- 
Mev level, all others would appear to be first forbidden 
also. The spin of the levels then are restricted to positive 
parity and a spin <4. 

The 0.60- and 2.44-Mev transitions from the 2.44- 
Mev level to known 0* states require that the spin of 
that level be 1* or 2+. The 1* assignment cannot be 
excluded experimentally, but systematics of other even- 
even nuclei in this region strongly point to a 2* state. 

Very little can be said concerning the spin of the 
3.25-Mev level. It is most probably populated almost 
entirely by a first forbidden beta branch, which would 
limit its spin and parity from 0* to 4+. A O*, 3*, or 4+ 
might seem more favored because no gamma-ray transi- 
tion to the ground state has been observed. 

The ambiguous population of the 2.76-Mev level 
makes it difficult to assign a spin to it. The apparent 
absence of any transitions from it argue that it is fed 


17 E. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 
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weakly, if at all, by beta decay. A spin of 4 is not 
unreasonable, but it could well be higher or possibly 0*. 

The log ft values of the various beta branches are also 
of aid in inferring spin assignments. In Table III are 
shown the calculated log ft values for the decays 
necessary to populate the states discussed above. The 
calculated log ft values are approximate since differences 
are in some cases being taken between intensities that 
have large errors. There is also the possibility that weak 
transitions which have not been observed could alter 
the branching ratio somewhat. The branching ratios 
should, however, in the most unfavorable cases be good 
within a factor of five and still permit the calculated 
log ft values to be used to discuss the forbidden nature 
of the beta transitions. The low log ft value for the 
3.44-Mev state population indicates an allowed transi- 
tion to it. This, coupled with the absence of any 3.44- 
Mev gamma ray, indicates a 2~ or 3~ assignment. All 
other log ft values are consistent with the assignments 
made; in particular the 0.1% upper limit on the 0.49- 
Mev gamma ray is consistent with a first forbidden de- 
cay to the 3.25-Mev level. One of the other close-lying 
states seen by Braams" between 3.25 and 3.89 Mev 
is almost certainly a 6* state. Such a state would not 
be populated in this decay, but systematics indicate 
its presence. 


B. Ca* 


In the Sc“ decay, only one level has been previously 
identified, the first excited 2+ state at 1.16 Mev. A 
second transition at 2.54 Mev has been reported," which 
apparently corresponds to the 2.69-Mev line seen in 
this work. The good fit of the 2.69-Mev and 2.28-Mev 
lines with reaction data indicates that these are both 
crossover transitions and implies 2+ assignments to both 
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Fic. 9. Ca*4-level scheme. Energies opposite the levels are those 
of Braams." Intensities relative to the 1.16-Mev gamma ray are 
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TaBLeE IV. Log ft values in the Sc — Ca“ decay. Branching 
ratios from the Sc“ ground state are determined by assuming a 
total ground state population given by the 1.16-Mev intensity, 
plus the 2.28-Mev and 2.69-Mev crossovers, less the feeding of 
the 1.16-Mev level by the 1.72-Mev gamma-ray. “Net feeding” 
column is given with reference to the 1.16-Mev gamma-ray 
intensity (see Table II), while “branching ratio” column is 
normalized to total Sc ground state population. Log ft values are 
for the K capture branch. For the transition to the 3.61-Mev 
level, the 2.4-day half-life of Sc* was used. 





Net 
feeding 
by K 
and gt 


90.4% 


Gamma 
rays 
leaving 


1.50-1.7%  1.16-100% 
1,12-4.7% 
0.68-3.2% 
1.72-0.8% 
(others?) 


Gamma 
rays 
feeding 


Energy 
levels 
(Mev) 


“1.16 


Branching Log 
ratio jt 


90.7% 5.4 





1.89 0.68-3.2%  <24%  <24% 
2.28 

1.02-3.1% 1.8% 
2.66 1.9% 
3.30 


3.61 


3.1% 
0.8% 





states. The 1.12-Mev and 1.50-Mev cascade transitions 
also fit well with these levels. 

The 1.72-Mev line is energetically consistent with a 
transition from a 3.61-Mev level to the 1.89-Mev level 
seen by Braams." Since there is evidence for a 3.58-Mev 
level in his work, it is most probable that this is the 
correct assignment for this transition. The 0.68-Mev 
transition can then be interpreted as the subsequent 
decay of the 1.89-Mev level to the 1.16-Mev state. In 
order, however, for the 3.61-Mev level to be so popu- 
lated, the feeding must come from the metastable level 
in Sc“, and hence requires a 6+, 7+ assignment for the 
state, the 6+ being preferable from systematics. The 
1.89-Mev level is then most logically a 4+ state, which 
explains both the 1.72-Mev cascade and the lack of 
apparent population from the Sc“ ground state. It 
should be pointed out that this 3.6-Mev state is clearly 
not the same one seen by Cohen'*-!* in his study of the 
decay of K“*. Braams"' has seen several states of about 
this same energy, however, so that no contradiction 
exists. The 1.02-Mev transition is energetically con- 
sistent with a decay from the 3.30-Mev level seen by 
Braams, but this has difficulties, as will be described 
below. A decay scheme is shown in Fig. 9. 

A check on the validity of these assignments can 
again be made by computing log ft values for the decays, 
but in order to do this, some of the measured intensities 


18 B. L. Cohen, Phys. Rev. 94, 117 (1954). 

188 Note added in proof. An experimental study of the decay of 
K*“ — Ca has recently been reported (K. Sugiyama, T. Tohei, 
M. Sugawara, T. Dazai, and Y. Kanda, J. Phys. Soc. Japan 15, 
1909 (1960), which for the major part is consistent with our experi- 
ment. One discrepancy lies in their finding a state at 2.20 Mev (4*) 
while we find one at 2.28 Mev (2+). These may, however, be two 
different levels. A similar situation exists for their level at 2.55 
Mev (2+) which is in contrast to our level at 2.66 Mev (2+). Our 
values of 2.28 and 2.66 Mev for these states’agree,well_with the 
work of Braams. 
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must be corrected. The measured 1.14-Mev intensity 
is enhanced by the fact that either the 1.12-Mev or the 
1.16-Mev gamma rays will trigger the gate counter, 
thus doubling the probability that a count will be 
recorded at this energy. Since the 1.02 Mev is in 
coincidence with both, its apparent intensity is also 
doubled, for the same reason. After these corrections 
are made, the log ft values can be estimated, and are 
listed in Table IV. The values are all consistent with 
allowed transitions, except for that to the 3.30-Mev 
level, which is abnormally low. This indicates either 
that the 1.02-Mev gamma ray’s intensity is in error, or 
that it is incorrectly assigned in the decay scheme. The 
decay scheme assignment is not completely satisfactory, 
because of the lack of supporting evidence, but any 
alternative assignments require the introduction of 
levels not seen in (,p’) scattering, and also run into 
similar problems with low log ft values. 

The ratio of positrons to 1.16-Mev gamma rays 
(1.16-Mev and 1.12-Mev gamma-ray composite) ob- 
tained was (see Table II) 0.89 which is in good agree- 
ment with a similar determination by Blue and Bleuler” 
(0.90+0.04), based on the relative intensities of the 
singles. They also obtained a value of Ng,/Ni.16 of 
0.932+0.015 from a coincidence measurement between 
positrons and 1.16-Mev gamma rays. If one uses the 
theoretical K branching ratio of Zweifel'® (6.2%) for 
the 1.47-Mev beta transition and the gamma-ray 
intensities reported here, one obtains a ratio of 0.86 for 
positrons to 1.16-Mev gamma rays. 


V. DISCUSSION 


The level schemes deduced from these experiments 
show quite clearly that a considerable modification of 
simple shell model predictions is necessary to account 
for the Ca® and Ca“ spectra. The basic shell model 
predicts a J/=0, 2, 4, 6 sequence for the lowest excited 
states of each nucleus, due to the coupling of the f7,2 
neutrons. It further predicts, because of seniority 
requirements, that the energy separation of the states 
are the same in both nuclei. 

Recent theoretical work,’~® on the f7,2 shell has tried 
to explain the failure of the shell model in terms of 
configuration mixing and of weak collective contribu- 
tions. In the most recent shell model studies, Banerjee 
and DuttaRoy’ have calculated the energy levels of Ca® 
using the reaction matrix as the internucleon inter- 
action, and Mitler® has made an empirical fit to the 
levels of Ca*® and Ca* using a general interaction and 
configuration mixing. Both these studies indicate that 
the 2.44-Mev level in Ca® is a 4* state, and neither 
account for the 1.84-Mev 0* state. The recent work of 
Raz” on the collective effects for a (f7,2)* configuration 
has partial success in fitting some of the levels seen in 
this experiment. He computed the variation of the 
energy levels as a function of the deformation parameter 

9 P. F. Zweifel, Phys. Rev. 96, 1572 (1954). 

*” B. J. Raz, Phys. Rev. 114, 1116 (1959). 
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Fic. 10. Comparison of experimental levels with the collective 
model predictions of Raz.™ Energy scale is in units of hw. x is a 
parameter measuring the strength of the coupling. Solid lines are 
the states of Ca; dashed lines the states of Ca“. Dotted areas 
indicate regions of best fit. 


«x and as a function of a parameter D that gives the 
relative strength of the two-body interaction. His curve 
for D=0.2 is reproduced in Fig. 10, with the pertinent 
energy levels of Ca® and Ca“ superimposed. The choice 
of D=0.2 is not unique but appeared reasonable and 
calculations had been done at this value that could be 
compared with experiment. In curves, the 
energies of the excited states are plotted as a function of 
the deformation parameter x. The energies are given in 
units of the vibration phonon energy 7iw, and to fit the 
experimental data some value of Aw must be determined. 
The fit for Ca“ was determined by matching the 
6-0/2-0 energy ratio with the theoretical value. Thus 
the fit of the 4* 1.89-Mev and 2+ 2.28-Mev states in 
Fig. 10 provide the test of the theory; the energy agree- 
ment for these states at x=0.8 is within 5%. For Ca®, 
the fit was obtained by assuming that the 6* state and 
the second 2+ state were virtually identical in energy. 
The energy of the first excited 2+ state was then fixed 
at 1.52 Mev, and the 4+ (2.76 Mev), 2’+ (assumed to 
be 3.25 Mev) and 6+ (assumed to be 3.30 Mev) states 
were plotted on the appropriate scale. The 4* state fits 


these 
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quite well at x«~0.5, but the other two are overestimated 
by about 15% by the theory. The increase in x from 
Ca® to Ca“, and its modest value in either case, is what 
would be expected for these nuclei. 

The energy values obtained are not, however, a 
critical test of the validity of the collective viewpoint. 
The fitting of the energy levels can also be accomplished 
by shell model calculations, if the strength of the inter- 
action is left arbitrary, although the shell model cannot 
account for the second 2+ state with any simple con- 
figuration. The most significant prediction of the col- 
lective theory, however, is that cascade transitions will 
be strongly enhanced relative to the competing cross- 
over transitions. This effect is apparent in the experi- 
ments. In fact, the apparent enhancement is stronger 
than would be expected in virtually every case, although 
the uncertainty in intensities makes quantitative 
analysis marginal. 

The apparent existence of collective effects does not 
suffice to explain all the observed states in Ca® and Ca“. 
In particular, the Ca® 1.84-Mev and 2.42-Mev levels 
are disregarded. These could well be due to the elevation 
of two particles to the p3/2 state, which from Ca* data™ 
are known to lie 1.9 Mev above the f7;2 state. Such an 
excitation, however, would seem to require the (p3/2)° 
pairing energy to be abnormally high. The existence of 
a negative parity state as low as 3.44 Mev provides an 


argument supporting this effect. The recent measure- 
ment™ of the lifetime of the 1.84-Mev level in Ca® 


*1R. H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 
=P. C. Simms, N. Koller, and C. S. Wu, Bull. Am. Phys. Soc. 
5, 424 (1960). 
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[mean life=(4.8+0.3)10- sec] could well have a 
bearing on the correctness of the (3,2)? configuration 
being important for this state. 

If such 3/2 configurations occur in Ca®, one would 
naturally expect their recurrence in Ca“. This may be 
the explanation of the 3.08-Mev level (unobserved in 
this work but seen in (p,p’) measurements) and the 
3.30-Mev level. A O* state at 3.08 Mev would be 
difficult to detect, and cannot be excluded by this 
experiment. The 3.30-Mev level seems to be a 2* 
state. 

If the 2+ assignment is correct, the low log ft value of 
the decay feeding the 3.30-Mev state can be accounted 
for. The 1.16-Mev level is probably a recoupling of the 
f7/2 neutrons to J=2, with seniority 2; if the 3.30-Mev 
level is assumed to be the 7=2, seniority 4 state, then 
the relative transition probabilities to these states 
from the Sc“ ground state can be calculated. P. S. 
Kelley and S. A. Moskowski [Z. Physik 158, 304 (1960) ] 
have performed such calculations; they find that 
log(| Mer|*,=4/|Mer\*,-2)=1.4. This is consistent with 
the observations in this paper; if one takes log ft=5.4 
for the decay to the 1.16-Mev state, the expected decay 
to a seniority 4 level would have log ft=4. 
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Natural and enriched magnesium targets were bombarded with 
15-Mev deuterons from the University of Pittsburgh cyclotron. 
The reaction products were magnetically analyzed and detected 
by a scintillator or by nuclear emulsions. Angular distributions 
were obtained for the deuterons inelastically scattered from the 
Mg™ 1.37-, Mg* 1.61-, and Mg* 1.83-Mev states. The results 
are compared to the predictions of the plane-wave Born approxi- 
mation theory and of the inelastic diffraction scattering model. 
The curves obtained from the Born approximation give better 
over-all correspondence with the experimental points. The 
inelastic diffraction scattering model, however, allows one to 
extract directly the effective values of the nuclear deformation 

parameter 8. One obtains |8| =0.20, 0.19, and 0.17 for Mg™, 


Mg*, and Mg*, respectively. The spectra of deuterons in- 
elastically scattered from Mg®> and Mg®* were also observed, at 
Pisb 12°, 30°, and 60°. The only large cross sections in Mg*® 
were those for the 1.61-Mev (3*) level and for a level near 3.4 
Mev. The strength of the reaction to the latter level suggests 
that it is the 9/2* member of the ground-state rotational band 
which, in analogy with Al**, should appear at approximately this 
energy. The results tend to confirm the selection rule that favors 
collective excitations over single-particle excitation in inelastic 
scattering. In Mg* strong scattering was observed only from the 
first two excited states. A previously unreported Mg? state was 
found at the excitation energy of 3.614+0.020 Mev. 





I. INTRODUCTION 


HE low-lying states of nuclei in the mass region 

A=25 have been extensively studied experimen- 
tally'~* and it has become clear that many properties 
of these nuclei can be explained by the rotational 
(strong-coupling) model.?:**° The study of the inelastic 
scattering of deuterons from the stable magnesium 
isotopes, A=24, 25, and 26, should yield further 
information on these nuclei and on the mechanism of 
the scattering itself. Several relatively simple theoretical 
expressions for direct reaction inelastic scattering are 
available, based upon either the plane-wave Born 
approximation’* or the adiabatic approximation," 
and it should be useful to determine the validity of their 
predictions for the present reactions. 

Angular distributions for the Mg*(d,d’) reaction 
leading to the first three excited states have been 
published previously by Hinds e al. (8.9-Mev 
incident energy), and to the first excited state alone by 
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Haffner” (15.1 Mev), Holt and Young" (7.5 Mev), 
and Blair et al. (21 Mev). 

In the following sections we outline the experimental 
procedure and present and discuss the results. 
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Fic. 1. Angular distribution for the Mg**(d,d’)Mg*** 1.37-Mev 
reaction. The points represent data obtained with various targets 
and detection systems, as specified on the figure. The solid line 
results from the plane-wave Born approximation expression of 
Sawicki, and the dashed line results from the inelastic diffraction 
scattering theory of Blair (see references 8 and 10). The errors 
shown are statistical. 
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II. EXPERIMENTAL PROCEDURE 


The University of Pittsburgh cyclotron produces a 
magnetically focused and analyzed deuteron beam 
whose energy ~ 14.8 Mev, and whose intensity ~1 ya. 
The details of the scattering system are discussed 
elsewhere.'®'® Reaction particles from the target are 
analyzed by a magnetic spectrometer, which can be 
rotated about the target, and are detected either by 
means of a CsI(TIl) crystal and photomultiplier 
assembly, whose output is fed into a pulse-height 
analyzer, or by means of a nuclear emulsion system. 

The targets used in the present experiment were the 
same as those previously used,‘ i.e., self-supporting 
foils of natural magnesium, and magnesium enriched 
to approximately 99% in Mg®> and Mg*®, respectively. 

The absolute cross-section scaleYis the same as in 
previous work‘ and is believed to be accurate within 
+25%. Relative cross sections should be accurate 
within +10%. 


Ill. RESULTS AND DISCUSSION 
A. Angular Distributions 
a. Results 


Angular distributions of deuterons inelastically 
scattered from the first excited (J™=2*) state of Mg’, 
the third excited (}*) state of Mg, and the first 
excited (2+) state of Mg®*, are shown(in Figs. 1, 2, and 
3, respectively. These three excited states all have the 
property of being the lowest excited state belonging to 
the same rotational band as the ground state. This is a 
well-established fact for Mg™* and Mg®5? and is prob- 
ably also approximately true for Mg**. 
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Fic. 2. Angular distribution for the Mg**(d,d’)Mg*** 1.61-Mev 
reaction. See caption for Fig. 1. 
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Fic. 3. Angular distribution for the Mg**(d,d’)Mg*** 1.83-Mev 
reaction. See caption for Fig. 1. 


The Mg™ data can be compared with those from 
previous experiments,"~-"“ and this is done in Fig. 4 
for all but the experiment of Haffner. The differential 
cross section divided by &,? is plotted vs the transfer 
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Fic. 4. The differential cross section for the Mg™(d,d’)Mg™* 
1.37-Mev reaction, divided by the square of the incident deuteron 
wave number, is plotted vs the transfer momentum g. Data 
are shown for different incident energies: 21 Mev (reference 
14), 15 Mev (present work), 8.9 Mev (reference 11), and 7.5 Mev 
(reference 13). In the experiment at 7.5 Mev no absolute cross 
sections were measured; the data were therefore normalized to 
agree with the present data_at‘the first peak. 
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momentum g= |k;—k,| ~ 2k; sin(@/2), where k; and k, 
are the initial and final deuteron wave vectors, re- 
spectively. The inelastic diffraction model, which will 
be discussed below in more detail, predicts that the 
resulting curves should be “universal,”’ i.e., independent 
of energy.” This prediction is borne out quite well for 
alpha-particle scattering (see Fig. 8 of reference 14), 
but Fig. 4 shows that in this respect the model does 
not seem to be so applicable to deuteron inelastic 
scattering. Only at the first peak of the angular distribu- 
tion do the points from the four different energies 
agree. The secondary peak at g~1.1 appears sharp at 
the lower energies but is washed out at the higher 
energies. It is interesting to note that the positions of 
the peaks as a function of g do not change, indicating 
that the effective radius of interaction does not depend 
on the energy. 

We note that our results show a cross section which 
is decreasing toward 6=0°; Haffner’s experiment,” at 
essentially the same energy, gave a rising cross section 
in this region. Similar disagreements with Haffner’s 
work have appeared in other reactions studied at this 
laboratory.'*"? Blair ef al., at 21 Mev, also find a cross 
section rising toward 0°. However, Fig. 4 shows that, 
except for their lowest angle point, their data agree 
with ours; they do not reach the small g values reached 
in our work and in the 8.9-Mev work of Hinds et al. 
The behavior of the cross section near 0° is important 
because the inelastic diffraction model predicts a cross 
section rising toward 0° while the plane-wave Born 
approximation predicts a decreasing cross section. Our 
results for Mg‘, and also for Mg*® and Mg”®, favor the 
Born approximation in this respect. 

The angular distributions for Mg”® and Mg”® (Figs. 
2 and 3) are very similar to the Mg distribution 
(Fig. 1). However the second peak, at 060°, is less 
pronounced for Mg*® than for Mg™ and Mg”. 


b. Plane Wave Theories 


Each of the angular distributions is compared to the 
theoretical predictions of Sawicki’ and of Blair,” who 
consider inelastic scattering from different points of 
view. Sawicki calculates in plane-wave Born approxi- 
mation, taking collective model wave functions for the 
initial and final states of the target nucleus. It is 
assumed that only one nucleon in the deuteron inter- 
acts with the target nucleus and the form of the 
interaction is taken as a potential well of constant 
depth Vo and spheroidal boundary. The nucleus is 
assumed to be transparent to the deuteron, i.e., only 
a refractive potential is considered. 

We have plotted in Figs. 1, 2, and 3 the first term of 
Sawicki’s expression for the cross section; this term is 
proportional to the square of the nuclear deformation 
parameter 8. There are correction terms proportional 

17 E. W. Hamburger and J. R. Cameron, Phys. Rev. 117, 781 
(1960). 
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to higher powers of 8 whose principal effect is to fill in 
the valleys.’ The angular variation is given by the 
spherical Bessel function [j2(qR) ? modified by a form 
factor. Here R is the radius parameter, which we have 
chosen to give the best fit at the first maximum. 

Other authors have considered inelastic scattering 
in plane-wave Born approximation: Hayakawa and 
Yoshida? find an angular dependence given by [j2(q¢R) P 
alone; such an expression actually fits our experimental 
data at the second maxima (@~60°) better than does 
Sawicki’s expression. A curve which follows the experi- 
mental points equally well is obtained'* by using the 
expression of Butler,’ [ (q+ K?)“'W2(gR) FP, in which 
K is the sum of the wave numbers of the struck particles 
in the initial and final state and W2(gR) is the same 
Wronskian which appears in the stripping formula.” 

Before describing Blair’s calculation, we consider the 
results of the plane-wave theories for the absolute 
cross section. Apart from kinematical factors, it is 
predicted to be proportional to (8Vo)?(J2K0|J’K’)?,8 
where the last factor is a Clebsch-Gordan coefficient ; 
J, J’ are the total angular momenta of the initial and 
final states and K, K’ are their projections on the 
nuclear symmetry axis. In our case K= K’=J. 

Since the three reactions under discussion proceed 
under very similar kinematical conditions and since one 
may expect (8Vo)? to have approximately the same 
value for the three magnesium isotopes, it follows that 
the cross sections should be proportional to the vector 
coupling coefficient. This conclusion also follows from 
the Blair expression for the cross section [see Eq. (1) 
below ]. The vector coupling coefficient takes on the 
values 1, 10/21, and 1 for magnesium 24, 25, and 26, 
respectively, while the experimental cross sections at 
the peak of the angular distributions are 12, 5.5, and 
10 mb/sr, respectively. The agreement is good. 

If one uses the experimental data and the formula 
of Sawicki to determine the values of |8Vo|, one 
obtains 0.64 Mev for Mg’, 0.62 for Mg”, and 0.53 for 
Mg**. We discuss in a later paragraph corroborating 
evidence that 6 decreases slightly from Mg* to Mg”®. 
Here we merely note that if one takes |8|~0.2, as 
deduced from other experiments,’,° one gets Vo~3 
Mev, a not uncommon result from plane wave Born 
approximation treatments of inelastic scattering.” ”! 
The values of |8Vo| deduced using Hayakawa and 
Yoshida’s formula’ are of the same order of magnitude 
as the above. 


c. Inelastic Diffraction Scattering Model and DWBA 


We have discussed, up to here, the plane-wave Born 
approximation theories, and have found fairly good 
agreement with the data. It is known, however, that 


18 B. J. Raz (private communication). 
9S. T. Butler, Nuclear Stripping Reactions (John Wiley & Sons, 
New York, 1958). 
2” P. C. Gugelot and M. Rickey, Phys. Rev. 101, 1613 (1956). 
21 FE. Rost and N. Austern, Phys. Rev. 120, 1375 (1960). 
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the incident wave will be considerably distorted from 
the plane-wave limit owing to the nuclear absorption,” ”! 
so that direct-reaction scattering should be treated using 
the distorted-wave Born approximation (DWBA).” It 
may even be that the agreement between plane-wave 
theory and experiment is largely “accidental.” 

Accurate DWBA calculations are laborious. In our 
case, however, we can use a simplified version of the 
DWBA, viz., the inelastic diffraction scattering 
model."*-5 In effect, Rost and Austern™ have recently 
shown that, in the limit of small deformations, the 
adiabatic method™ is equivalent to the method of 
DWBA for the calculation of inelastic scattering cross 
sections. Thus they were able to show that the adiabatic 
calculations of Blair (in Fraunhofer approximation) 
for alpha particles scattered inelastically by strongly 
absorbing nuclei are essentially equivalent to a 
simplified DWBA. 

We have therefore compared our data with the 
inelastic diffraction scattering model,”®* whose pre- 
dictions are shown as dashed curves in Figs. 1, 2, and 3. 
The model yields the following expression for the cross 
section : 

da 3? 

ry (J2J0|J’J) ee “Lise 2(gR)+3J7(qR)), (1) 
c 


where the magnitude of the initial and final 
deuteron momenta are considered approximately equal 
(|k,| ~|k;| =k) so that g= 2k sin(6/2), and Jo, J2 are 
ordinary Bessel functions. The curves are normalized 
to the experimental results at the first maximum. 
Equation (1) predicts higher second maxima (at @= 60°) 
than do the plane-wave calculations. The experimental 
points lie between the two theoretical curves in this 
region. 

The calculations of Rost and Austern,” when applied 
to the present (d,d’) results, yield*® curves very much 
like the Blair curves, as they must. In addition, if, in 
their calculation, one takes into account the fact that 
|k;|#|k,|, the predicted angular distribution near 0° 
is changed, bringing it closer to the experimental 
values. There is still a small maximum near 0°, 
however. 

The inelastic diffraction scattering model allows the 
direct determination of 6* from the experimental data 
[see Eq. (1) ]. We obtain for Mg™%, Mg”, and Mg”*, 
respectively, |8|=0.20, 0.19, and 0.17. The relative 
values are similar to those obtained above from the 
plane wave theories. 

Relative values of 8 can also be deduced from the 
spacings of the energy levels and compared to the 

2 W. Tobocman, Phys. Rev. 115, 98 (1959); C. A. Levinson 
and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 

%S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 734 
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588 (1955) J. E. V. Inopin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
31, 901 (1956) [translation: Soviet Phys.-JETP 4, 764 (1957) ]. 
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above. The spectra yield moments of inertia 9 given 
by #?/29=0.23, 0.23, and 0.30 Mev for Mg™, Mg”, 
and Mg”, respectively. The moment of inertia is 
expected to vary with the mass number A in some way 
intermediate between 9 (rigid body) « A (1+0.318) and 
9 (irrotational) « Af?.2* The observed decrease of 8 with 


A is therefore consistent with evidence from the spectra. 


d. Conclusion 


It appears that (d,d’) reactions are at least quantita- 
tively different from (a,a’) reactions, which agree 
reasonably well with the inelastic diffraction scattering 
model.?? The chief differences are the washing out of 
the diffraction structure at large angles for (d,d’) and 
the drop in cross section at small angles—although it 
should be pointed out that very few (a,a’) experiments 
have reached scattering angles below 6¢.m.~20°. 
However, one would still expect the Blair-Drozdov 
model to be more applicable to deuteron scattering 
than the plane-wave Born approximation theories 
because the latter theories assume the nucleus to be 
transparent to the deuterons. The Blair assumption 
of an opaque nucleus seems more realistic.“ On the 
other hand, the washing out of the deuteron angular 
distribution relative to the alpha-particle distributions 
is probably due to the large size and the loose structure 
of the deuterons, which make the validity of the 
assumption of a sharp surface for the interaction 
rather doubtful. 

It is clear that experimental results for @.m.<10° 
would be very interesting. 


B. Other Mg’® States 


Spectra from the (d,d’) reactions on Mg*® and Mg** 
were recorded at three or four angles; nuclear emulsions 
were used to detect the analyzed reaction products. 


The Mg*® results are shown in Table I. Only the 
level at 1.61 Mev and the level which we determine to 
be slightly lower than, but within 30 kev of, 3.40 Mev, 
appear with large cross sections. 

It has recently been suggested’* that the most 
probable excitations in inelastic scattering reactions 
are of the collective, and not single-particle, type. 
Inelastic scattering on Mg*® affords a good test of this 
hypothesis because the level structure is well 
understood. 

Figure 5 shows the configuration describing the 
ground ($+) state of Mg”, according to the rotational 
model. The odd (13th) neutron is in Nilsson orbit” 


26K. Alder, A. Bohr, T. Huus, B. R. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 

27 See, e.g., L. Seidlitz, E. Bleuler, and D. J. Tendam, Phys. 
Rev. 110, 682 (1958), and reference 14. 

28 B. L. Cohen, Phys. Rev. 116, 426 (1959); B 
A. G. Rubin, Phys. Rev. 111, 1658 (1958). 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955); B. R. Mottelson and S. G. Nilsson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Skrifter 1, No. 8 
(1959). 
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TABLE I. Mg**(d,d’) Mg*** cross sections. 











Oiab = 13.5° ° 
o (mb, ‘sr) 


Orbit 
No.» 


Level 
(Mev) 


Nn 
“ 
Fo 





Error (%) 


Oiab = 29.7° ° 
o(mb/sr) Error (%) 


Pig» = 63.9° ° 
o(mb/sr) 





+ 


9 
9 ; 
5 . 20 
9 
11 
9 


0. 58 
0.98 
1.61 
1.96 
2.56 
2.74 
2.80 
3.40 
3.90 
3.97 
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Error (%) 


0.14 16 0.05 35 
0.13 15 0.04 40 
5 2.5 0.80 5 
11 0.06 30 
11 <0.02 
25 <0.02 
20 <0.02 
4 
10 





® From references 1, 2, and 3. 


> From reference 2 and M. H. Macfarlane and J. B. French, meee Modern Phys. 32, 567 (1960). 


© The laboratory angles correspond approximately to 06.m. =14 
4 May be 9/2*, orbit No. 5. See text. 
* Data taken at @iab =11.2°, corresponding to 0e.m. =12.2°. 


No. 5 and all orbits below this are filled; the nuclear 
deformation parameter 8 is approximately 0.2. There 
is a rotational band based upon the ground-state 
configuration ; its first (f+) member has been identified 
at 1.61-Mev excitation. The second (9/2+) member is 
known in the mirror nucleus Al**, where it appears at 
3.44 Mev,'* but in Mg” it has not been reported in the 
published literature. 

When the odd neutron is moved to the next higher 
orbit, No. 9, another rotational band appears with the 
spin sequence $*, $+, $+, ---. The states at 0.58, 0.98, 
and 1.96 Mev in Mg®* belong to this band. Appearing 
at higher energies are other bands, formed by placing 
the odd neutron in orbit Nos. 11 and 8, and so on.?3 

Table I shows that the 1.61-Mev level, which belongs 
to the rotational band based on the ground state, is 
excited more than ten times as strongly as the neigh- 














Fic. 5. Nilsson diagram for Mg”*. Only those orbits (numbered 
at the right of the diagram) arising from the 2s and 1d states are 
shown. The 12 protons (denoted by crosses) and the first 12 
neutrons (denoted by circles) fill the Nilsson orbits up through 
No. 7. The last neutron is in orbit No. 5 for the ground state of 
Mg*, whose spin and parity are §*+. The deformation parameter 
has a value 6 ~0.2. 


, 32.2°, and 68.5°, 


respectively. 


boring levels, which do not belong to this band and 
are, in fact, due to single-particle excitations from the 
ground state. This result supports the selection rule 
mentioned above, that 
more probable than 
inelastic scattering. 

We now try to explain why the reaction to the level 
near 3.40 Mev also proceeds with a large cross section. 
There is a well-known }~ level at 3.40 Mev in Mg®®; 
it does not belong to the rotational band based on the 
ground state, but results from the promotion of the 
odd neutron to a negative-parity orbit (not shown in 
Fig. 5). On the other hand, the 9/2+ state of the 
ground state band is expected in this energy region. 
It is therefore quite probable that the group near 3.40 
Mev which is excited strongly in the present experiment 
actually corresponds to two close-lying levels, and 
that the predominant reaction is the excitation of the 
9/2+ rotational state. Recent work at the University 
of Michigan has, in fact, indicated the presence of 
this state.*° Note. S. Hinds, A. E. Litherland, and R. 
Middleton [Proceedings of the International Conference 
on Nuclear Structure, edited by D. A. Bromley and E. 
W. Vogt (University of Toronto Press, Toronto, 1960), 
p. 946; and private communication | have recently re- 
solved the 3.40-Mev level in Mg** into two components, 
separated by approximately 9 kev. The relative in- 
tensities of the members of the doublet, as observed via 
the (da) reaction, suggest that the level, at 
3.398+0.007 Mev, has spin 9/2. 

If the assignment of the strong group at 3.4 Mev to 
a 9/2+ state is correct, then the evidence in favor of 
the collective vs_ single-particle rule is 
strengthened considerably. 

Assuming the assignment to be correct, we can 
compare the relative cross sections for formation of 
the 9/2+ and 3+ states with the theoretical prediction 
that they should be proportional to (J2/0|J’J)*. The 


excitation is much 
single-particle excitation in 


collective 


new 


selection 


* W. C. Parkinson (private communication). 
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TABLE IT. Mg?*(d,d’) Mg*** cross sections. 
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0.48 15 
0.42 18 
0.59 13 


1.83 
2.97 
3.61 
3.97 
4.35 
4.86 
4.92 
5.32 
5.50 


<0.57 


8.38 
1.72 
0.15 
0.05 
0.65 


2.6 

4.7 
16 
28 


1.69 4.0 
0.41 9 
0.08 30 
0.05 60 
0.40 12 
0.09 40 
0.24 20 
17 


0.54 
0.27 
0.16 





* From reference 1. 








b The laboratory angles correspond approximately to 0¢.m.=12.1°, 32.3°, and 63.5°, respectively. 


observed ratio of cross sections at 0),»=29.7° is 0.41, 
in good agreement with the predicted value of 0.35. 


C. Other Mg’® States 


The differential cross sections for deuterons in- 
elastically scattered from the low-lying states of Mg”® 
are shown in Table II, for the three angles studied. 

The level structure of Mg®® cannot be easily inter- 
preted in terms of the rotational model. The first 
excited state is probably mainly a rotational level and 
is strongly excited in inelastic scattering. The relatively 
large cross section leading to the second excited state 
at 2.97 Mev suggests that some form of collective 
excitation is involved here also. However, no adequate 
interpretation of the present results can be made until 
the levels of Mg*® are understood better. 

The level at 3.61-Mev excitation has not been 
previously reported in the literature, but has recently 
been observed by the Michigan group.” After being 
seen in the present experiment, it was also studied in 
our laboratory by means of the Mg”*(d,p) Mg” reaction. 
Its excitation energy, as determined more precisely in 
the latter work, is 3.614+0.020 Mev. 


IV. CONCLUDING REMARKS 


The results of the present work suggest that studies 
of inelastic scattering on other nuclei which exhibit 
collective characteristics would be interesting. Such 


an experiment on Si” is under way at this laboratory. 

The inelastic diffraction model” could be tested 
further if the angular distributions of deuterons 
elastically scattered from the magnesium nuclei were 
obtained. The prediction is that an extra (/=2) term 
in the expression for the cross section for Mg*®, which 
does not appear for Mg** and Mg**, would fill in the 
valleys of the usual elastic pattern and qualitatively 
change the angular distribution at large angles,”*! 

It would be useful to study the region near 3.4 Mev 
in Mg*® with better resolution to verify the existence 
of the 9/2* state. The complete angular distribution 
of the deuterons scattered from this state would also 
be interesting, as would the angular distributions for 
the weakly excited states: some of them appear to be 
very anisotropic (see Tables I and IT) 
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The splitting of closely spaced doublet levels, of spin J+4 and J—4, is investigated in cases which can 
be approximated by a core of spin J and an s nucleon. Allowance is made for the Thomas shifts of the levels. 
Using j-j coupling wave functions, the exchange parameters and strength of the effective interaction between 
nucleons in the nucleus are determined by a least-squares fit to the doublet splittings and give some 
improvement over results obtained with previously accepted parameters. It is suggested that measurement 
of the sign of some doublet splittings would clarify the interaction further. 





1. INTRODUCTION 

HERE is evidence for the existence in several 

nuclei of closely spaced double levels of spin 
J+4 and J—} which apparently consist of a core of 
spin J plus an s nucleon. The small splitting of these 
s-particle doublets has been taken as an indication of 
the weak spin dependence of the effective central 
interaction between nucleons. Such doublets have 
been studied’ in Al**, P®, Tl’, and B"™. Evidence 
for unresolved doublets in several medium weight 
nuclei was obtained by Cohen and Price‘ in their (d,p) 
experiments. Doublets in nuclei with A=14 and 16 
form part of more general analyses by Unna and Talmi® 
and by Elliott and Flowers.*® 

We have calculated the splittings of several of these 
doublets on the basis of a simple shell-model description 
of the nuclear states, in the 7-7 coupling extreme, and 
a central interaction between pairs of nucleons. Levels 
produced by addition of a d nucleon to a spin } core 
have also been included. 

The experimental data are presented in Sec. 2. In 
Sec. 3, the effect of certain factors which can change 
the splittings is discussed, these are configuration 
impurities, the Coulomb interaction and Thomas shifts. 
Formulas for the splittings in terms of two-particle 
matrix elements are given in Sec. 4 and these matrix 
elements are evaluated in Sec. 5 for harmonic oscillator 
wave functions and for a Yukawa-shaped interaction. 
In Sec. 6, the exchange parameters and strength of the 
interaction are determined by a least-squares fit to 
certain doublet splittings in nuclei with A= 14 and 16. 
The remaining splittings are calculated and compared 
with the experimental values, and comparison is also 
made with splittings calculated for values of the 
exchange parameters used in previous calculations. 


2. EXPERIMENTAL DATA 
The data we have used are given in Table I. 
Configuration assignments in j-j coupling are given 


1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

2M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 

30. M. Bilaniuk and J. B. French, Nuclear Phys. 17, 435 (1960). 

4B. L. Cohen and R. E. Price, Nuclear Phys. 17, 129 (1960). 

5 J. Unna and I. Talmi, Phys. Rev. 112, 452 (1958). 

6J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 


for unfilled shells only, and levels are listed by their 
isobaric spin (7) and total angular momentum (J/) 
values and excitation energies Ery. Energy values are 
taken from references.?~*:’ Levels for A=14 and 16 
nuclei which are considered to have the least 
figuration impurity (see Sec. 3) are italicized; the 
purity of the levels of other nuclei is not known. The 
first two columns giving differences in energies of 
levels contain experimental values, those in column 
(a) being the splittings obtained from the observed 
excitation energies while in column (b) these have 
been corrected for the effect of Thomas shifts (Sec. 3). 
The remaining columns give splittings calculated for 
the shell model with various exchange parameters. 


con- 


3. EFFECTS OF CONFIGURATION IMPURITIES, 
COULOMB INTERACTION AND 
THOMAS SHIFTS 


In Table I, definite 7-7 coupled wave functions are 
assigned to each level. This does not mean that we 
believe j-7 coupling to be accurate for all states of all 
nuclei, but there is experimental and _ theoretical 
evidence that certain states are well represented in 
this way. Thus the calculations of Elliott and Flowers® 
for the negative-parity states of O'® and N’® indicate 
that even in the intermediate-coupling region which 
best fits the observed energy spectra, some of the 
states, notably the lowest states with T=1, belong 
almost entirely to the configurations 1;° 2s, or 1p,° 1dy, 
while the lowest (7/)= (01), (02), and (03) states 
contain 75% or less of these configurations. For the 
lowest (03) state, the presence of other configurations 
(1p47 1dy and 19,’ 1ds) lowers its energy by about 3 
Mev. Thus it is important to eliminate from the 
doublet splittings to be fitted those involving any 
level in which there is evidence of considerable 
configuration impurity. 

The calculations of Elliott and Flowers® suggest that 
it is safe to use doublet splittings for the A= 16 nuclei 
involving only the (00), (10), (11), (12), and (13) 
levels. The experimental evidence®’ on the configuration 

7F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11 1 
(1959). ) 

8 E. K. Warburton and J. N. McGruer, Phys. Rev. 105, 639 
(1957). 

* F. B. Hagedorn and J. B. Marion, Phys. Rev. 108, 1015 (1957). 
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TaBLe I. Doublet splittings. Each j-j coupling configuration in column 2 gives rise to levels 7, J, E, and 7’, J’, E’. Column (a) gives 
the observed energy splittings between these levels, column (b) the splittings corrected for Thomas shifts. Theoretical splittings are 
given in column (c) using the exchange parameters of Table IV with Aio=—0.5, in column (d) using Elliott and Flowers’ exchange 
parameters, and in column (e) using Rosenfeld’s exchange parameters. Levels for A=14 and 16 nuclei which are considered to have 


the least configuration impurity are indicated by italicized TJ (or T’J’) numbers. 





+ - ° Ers 
Nucleus Configuration (Mev) 


Ers - Ery (Mev) 
Experimental Calculated 


(a) (b) - (c) (d) (e) 


Ery: 





c 1 py 2s, 
1p, 2s, 
Ni 1p; 2sy 
N'4 1p, 2s; 
Cc 1p, 1d, 
N'4 1p, 1dy 
N¥ 1 py 1dy 
Nis 1p, 1dy 
N16 1 p33 2s, 
or 1p; 2s, 
or 1 py? 2s, 
or 1 py? 2sy 
Ni6é 1p; 1dy 
o's 1 py? Idy 
or 1p,3 ldy 
or 1p,3 1d 


6.89 


BU 1 py* 2s; 

Al’ dy" 2s, 

ps 2543 Id, 

yy (2 py) p (355) n 
Rhi* (2p4)p(354)n 
Nb” (1g9/2)p (354) n 
In™ ——(1gora?)p(354) 0 
Ea (385)p(2g0/2) » 





0.80 1.33 
0.65 1.08 
—0.77 —1.06 
3.80 5.85 
0.63 0.78 
0.60 0.76 
—0.73  —0.84 
3.07 3.72 
—0.27 —0.38 
—0.31 —0.51 
3.82 5.14 
1.84 2.94 
—0.30 —0.36 
—0.29 —0.35 
2.74 3.13 
4.08 4.84 


0.68 


— 1.27 
5.93 


0.99 


— 1.47 
3.56 


—0.29 


1.65 
3.02 


—0.24 


2.23 
3.14 


1.41 
—1.11 
5.68 
1.92 


—0.93 
2.40 


0.15 


2.66 
1.91 


0.50 


3.35 
1.93 


0.97 


—2.57 
4.36 


1.32 


—0.75 
1.27 


—0.80 


2.75 
—0.96 


0.29 
2.36 
0.93 


0.30 
—1.08 


—0.09 
—0.03 

0.08 
+0.06 
+0.06 
+0.06 
+0.06 
—0.04 


0.67 
—0.46 
0.31 


0.11 


2.72 
0.17 
—0.11 


—0.04 
—0.09 
—0.09 


0.05 
0.04 











purity of these T=1 states is based on the relative 
reduced widths § for nucleon emission as defined by 
French." The N1'(d,p)N'® reaction® gives $~1 for 
each of the N’® levels.” The N'°(p,p)N® results,® with 
6,2(s) =0.53, 0°(d)=0.29 as obtained" from C"(p,p)C” 
for the 2.37- and 3.56-Mev levels of N"™, give the 
relative reduced widths $=0.42, 0.38, 0.61, 0.51 for 
the (10), (11), (12), (13) levels of O'*% These low 
values may indicate considerable configuration im- 
purities, but later in this section it is shown that their 
smallness may be due to isobaric spin mixing without 
any need for configuration mixing. 

The experimental reduced widths for the C and N“ 
levels are given by Warburton ef al." They indicate 
the extent to which the levels consist of C® ground 
state plus an s or d nucleon. A shell-model calculation™ 
for the negative-parity states of C, N™ shows that 
many experimental data can be fitted for an inter- 
mediate-coupling parameter §/K~4.6, and then the 
ground state of C™ contains 80% (in intensity) of the 
configuration 15,4 1p;51p;. Thus for relative reduced 
widths $~1, about 80% of the listed C™, N"™ states 

J. B. French, Phys. Rev. 103, 1391 (1956). 

11 E. K. Warburton, H. J. Rose, and E. N. Hatch, Phys. Rev. 
114, 214 (1959). 

2M. H. Macfarlane and J. B. French, Revs. Modern Phys. 
32, 567 (1960). 

13The values of @(s), @(d) for a=4.7X10-" cm given in 
reference 11 have been combined with values $=0.95, 0.78, 
respectively, which result from a shell-model calculation of the 
A =13 positive-parity states. 

14 A.M. Lane, Proc. Phys. Soc. (London) A68, 197 (1955). 





would be expected to belong to configurations shown 
(neglecting 1d, compared with 1d; nucleons), but pres- 
ence of other configurations in the C® core would prob- 
ably not change the calculated splittings appreciably. 

The (10), (11), (12), and (13) levels of C™ all have 
S=1 within the experimental uncertainty.“ The 
analogous N™ levels have $~0.9, 0.6, 0.6, and 0.7, 
respectively, for proton emission."* There is little 
evidence on the § values for the 7=0 levels of N™, but 
apparently" $~1 for the (00), (01), and (03) levels and 
$<1 for the (02) level. 

Corresponding T= 1 levels of C and N™ are expected 
to have the same configuration impurities, and the 
difference in their § values should therefore be attributed 
to some charge-dependent interaction. The Coulomb 
interaction, by mixing states of different T values, 
can have this effect. Consider the nominally (01) and 
(11) states of the configuration 1); 2s, of N™ at 5.68 
and 8.06 Mev, respectively. The eigenvalues and 
eigenstates of the Hamiltonian including the Coulomb 
interaction will be of the form 


E=E,: 
E=E): 


$,=a,¥ (01)+8.¥ (11), 
,= a (01) +6, (11), 


a’+p= a, 
a? +B=1, 


ae hy 


Ba o (Hou!) , 


Qa Bo 


where (H©*!),; is the matrix element of the Coulomb 
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TABLE II. Relative reduced widths § for nucleon emission from N™ states.. 





0 1 


2 3 





E,— Ea(Mev) 
(H©eu!),, (Mev) 


2.38 
—0.3 


3.80 


-—03 -—0.4 


—0.2 


1.16 1.21 


=1 


1.11 


¢ {calc 
“\expt 
0.79 


0.89 0.84 


0.86+0.08 


calc 
« »\expt 


interaction between the states V(01) and ¥(11). Wilkin- 
son and Bloom' have suggested an isobaric spin im- 
purity |a»/8,|?~7% in order to account for observed 
E1 y-ray intensities in N“, and Warburton e al.," note 
that this amount of impurity could also account for the 
difference in splittings of the (10) and (11) levels in C™ 
and in N™. Since the reduced widths for nucleon emis- 
sion contain a Clebsch-Gordan coefficient depending on 
isobaric spin, the relative reduced widths for proton 
emission are changed from $= 1 for the states V(01) and 
W(11) to Sa=!aatBal?, Ss=lastfs!?=|aa—Bal? for 
the states @,, ®,, respectively.’® To get $,~0.6, an iso- 
baric spin impurity of about 4% is required. 

For harmonic oscillator wave functions with length 
parameter a= 1.65X10-" cm, (H°"!)o;=—0.16 Mev, 
giving |a»/8,|*~0.4%. It was previously argued!’ 
that the calculated matrix elements of the Coulomb 
interaction for configurations of this type were too 
small to give isobaric spin impurities of the size sug- 
gested by Wilkinson and Bloom.’® These calculations 
were also based on the use of oscillator wave functions, 
and it has since been found that the large amount of 
cancellation of matrix elements which occurs in this 
case is greatly decreased by the use of other wave 
functions; for wave functions corresponding to a poten- 
tial well of finite depth — (h?/2Ma’*)(1/a)exp(—ar’/a’) 
with reasonable values of a and a, the Coulomb matrix 
elements can be increased by factors of order 10 or 
more, up to magnitudes of about 0.5 Mev. These 
values are probably more realistic. 

Similar isobaric spin mixing is expected in the N™ 
levels with other J values. The calculated value of 
the Coulomb matrix element is the same for J/=0 as 
for J=1, and for J/=2 or 3 is (H©™!),,= —0.32 Mev 
again for oscillator wave functions. In Table II, 
values of § are given for various values of the Coulomb 
matrix element and compared with the experimental 
values; for S, these include errors due to uncertainties 
in the measured widths of levels. For (H©™!)9,;~—0.4 
Mev, the only clear discrepancies between calculated 
and experimental values are for the /=2 levels. The 
low experimental value of S, for /=2 could be obtained 
if a (02) level of N“ containing an appreciable amount 
of the configuration 1p; 1d; were situated near the (12) 


16 F. C. Barker and A. K. Mann, Phil. Mag. 2, 5 (1957). 
17 F. C. Barker, Phil. Mag. 2, 286 (1957). 


3.07 
—0.3 


4.40 


—0.4 —0.2 —0.3 —0.4 0.2 —0.4 


1.34 1.14 1.18 1.13 1.20 


<1 1 


1.09 1.26 


0.66 0.91 0.86 0.82 0.87 0.74 


0.55+0.03 


0.80 
0.70+0.09 


level at 9.50 Mev, and this is not improbable. Thus 
the only level of C’ and N™ for which there is clear 
evidence of configuration impurity is the (02) N™ level 
at 5.10 Mev. 

The splitting of the (10) and (11) levels in N™ is 
calculated to be 0.03 Mev less than the corresponding 
splitting in C™, for (H©*!));=—0.4 Mev. Thus this 
effect does not account for much the observed 
difference of 0.15 Mev. The isobaric spin impurity of 
the (11) level is about 3%. Energy shifts due to ad- 
mixture of states of different isobaric spin are small 
compared with those expected for comparable ad- 
mixtures of states of other configurations, because the 
off-diagonal matrix elements of the Coulomb inter- 
action are small compared with the expected matrix 
elements of the interaction coupling states of different 
configurations. 

The effect of isobaric spin mixing on the § values for 
O'® states should also be considered. For (H©!),, 
—0.4 Mev, and for the states in Table I, 8,=0.56, 
0.87, 0.80, 0.89 for the nominally (10), (11), (12), (13) 
states compared with the experimental values 0.42, 
0.38, 0.61, 0.51, respectively. For /=1, 2, 3, however, 
there is evidence’ for T=O states closer to the T=1 
states than those we have chosen, and as for the (12) 
state of N™ these may cause the $, values to be de- 
creased to near the experimental values for the (11), 
(12), and (13) states. 

A different way in which the Coulomb interaction 
might contribute to the splittings of doublet levels is 
that it might have different expectation values for the 
two levels. Actually for the A=14 and A=16 levels 
considered here, the only nonzero contributions to the 
splittings occur for O"* levels of the same T and different 
J, but these contributions are of order 0.01 Mev and 
so can be neglected. 

The effect on the splittings of Thomas shifts!* has 
still to be considered. These shifts are due the 
differences, for each channel c, in the values of the 
logarithmic derivatives evaluated at the interaction 
radius a, of the shell-model single particle wave function 
(—b.) and of the single-particle wave function needed 
to fit on to the wave function in the external region 
[g-e(e.) ]. The contribution to the shift from channel 
¢ is proportional to the reduced width y2 of the level 


of 


to 


18 R. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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for breaking up into that channel. The Thomas shifts 
for the levels of the A=14, 16 nuclei given in Table I 
have been calculated, assuming pure configurations 
and including only the channels for neutron emission 
from C™ and N"* to the ground states of C“ and N®, 
and for neutron and proton emission from N“ and O'* 
to the ground states of N“, C and O!, N!5, Isobaric 
spin mixing is not expected to affect the shifts ap- 
preciably, because for the N“ and O"* levels $(neutrons) 
+8(protons)= 2, irrespective of the amount of mixing. 
Then the difference in the shifts for two levels of a 
doublet does not depend on the value taken for 6,, as 
this is the same for all states of the same configuration. 
In calculating the shifts, we have used a,=4.8X 10-" 
cm, 6?(s)=0.53, 62(d)=0.29, and for convenience 
taken Coulomb wave functions appropriate to proton 
emission from oxygen. In Table I the contributions to 
the splittings calculated to be due to Thomas shifts 
have been subtracted from the measured splittings to 
give the values in the column headed (b). 

For the remaining nuclei in Table I, it is not known 
how well the levels belong to the configurations shown. 
In the case of the nuclei investigated by Cohen. and 
Price,‘ the “levels” observed may actually represent 
averages over several levels containing parts of the 
given configurations, and the resultant splittings may 
therefore be just the quantities calculated; the experi- 
mental splittings are order of magnitude estimates 
and the signs are not known. Correction for Thomas 
shifts should increase the magnitude of the splittings 
for all these nuclei to some extent. 


4. CALCULATION OF SPLITTINGS IN TERMS 
OF TWO-PARTICLE MATRIX ELEMENTS 


The splittings are assumed to be due to a central 
interaction between pairs of nucleons®: 


Ve= ya [W+MP.7— HP ;"*+ BP; jv(r33). 


i<j 


A one-body spin-orbit interaction gives no contribution 
to the splittings calculated here, and two-body spin- 
orbit, tensor and many-body interactions are neglected. 
The splittings can be calculated by standard tech- 
niques” with j-7 fractional parentage coefficients”; 
in all cases except for the B" levels, the fractional 
parentage coefficients have simple forms. 

Formulas for the splittings of several of the s-particle 
doublets have been given previously.*:5* Some of the 
levels are also included in the calculation of Elliott 
and Flowers.® The splittings can be expressed in terms 
of two-particle matrix elements 


(nin'I’TA JL||0(r)||nIn’l/ TA JL) 


19 J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1953). 

2 7. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

#1 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). 

2 F.C. Barker, Nuclear Phys. 19, 110 (1960). 
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of the potential v(r); the two particles in the single 
particle states nl and n’‘/’ are combined to form a state 
of orbital angular momentum L with orbital symmetry 
or antisymmetry for [A ]=[2] or [11], respectively. 
The coefficients of these matrix elements can be written 
in terms of the exchange parameters A7s, where 


Ay =W+M+H+B=-1, Aw=W+M-—H-B, 
Aw=W-—-M+H-B, Ay, =W-—-M-—H+B, 
corresponding to the two particles in a state of isobaric 
spin 7 and ordinary spin S. [A] is [2] or [11] for 

(—)7+SH=1 or —1, respectively. 
Formulas for all the splittings listed in Table I are 
given in Appendix 1, using the abbreviation 
(nln'I'L JL\|0(r)||nin' DA JL) = Xan 
for levels of the configuration nlj"n'l’;,, the + or — sign 
referring to [A ]=[2] or [11]. It is to be noted that if 
the two-particle matrix elements are assumed not to 
change from nucleus to nucleus, the splittings are not 


all independent, but those for 4=11, 14, and 16 are 
related, and those for A = 28 and 32 are related. 


5. EVALUATION OF TWO-PARTICLE 
MATRIX ELEMENTS 


The matrix elements 
(nin'l'L A JL||0(r)||nin’l’ TAL) 


can be evaluated when the single-particle radial wave 
functions #n:(r;) and the potential function o(r12) are 
prescribed. For a harmonic oscillator potential well 
with{length parameter a, 


2 i 
Uni(r) = ( oe ) (r/a)' exp(—r*/2a?) 
T'(n+1+3)0(n) 


XE ( (e/a) C(n+/+4)T (n) 
TO MSFIE DI (S4DF(n—s) 


«© 
f Unt (r)rdr=a', 
0 


The potential v(r) is assumed to have a Yukawa shape: 


s=0 


normalized by 


v(r)= Voe-*"/xr, 


with range x~! and depth Vo. The two-particle matrix 
elements can then be calculated by standard methods.” 
They are proportional to Vo and depend on x and a 
only through the product xa, being roughly proportional 
to (xa)~*. We take x~ equal to the 7-meson Compton 
wavelength x-!=h/m,c=1.41X10-" cm; the value of 
Vo required to fit the deutron binding energy is then 
50.0 Mev. For nuclei with A 2 28, the length parameter 
a is chosen for each nucleus to fit the measured root- 


*3H. A. Jahn (unpublished notes). 
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TABLE III. Radius parameter a of harmonic oscillator potential well and xa, where x is the inverse pion 
Compton wavelength, for various mass numbers A. 





14 


a(1078 cm) ; a. 1.64 y 
xa . 1.16 


1.66 
1.18 





mean-square radius, taken as (2)!roA! with ro=1.2 
x<10-" cm. For the lighter nuclei we use values of a 
determined from differences of Coulomb energies for 
analogous states of neighboring isobars. This leads to 
the values of a and xa in Table III. For simplicity we 
take xa=1.2 for A<32, xa=1.6 for A290 in the 
calculations. Changes in xa give splittings proportional 
to (xa)~ for fixed Vo. The two-particle matrix elements 
then have the values given in Appendix 2. 


6. DETERMINATION OF EXCHANGE PARAMETERS 
Ars AND POTENTIAL DEPTH JV, 


We now choose the parameters Arg and the potential 
depth Vp» to make the calculated splittings agree as 
well as possible with the experimental splittings ob- 
tained after subtraction of Thomas shifts, for those 
doublets in nuclei with A = 14 and 16 which involve only 
levels of pure configurations (italicized in Table I). 
There are more data than unknowns, so we use a 
least-squares fit. This is similar to the method of 
Unna and Talmi® except that they included the two- 
particle matrix elements in the unknown parameters, 
and also they did not consider only separations of 
levels of similar type. A wide range of parameters 
gives near the minimum root-mean-square deviation, 
defined as in reference 5; for given values of Aj 9 in the 
range —0.22A,)2—0.8, which is of most interest 
from other considerations, the parameters Ago, Au, 
and Vo» have been varied to give the best fit and the 
resulting values are given in Table IV. 

The splittings calculated with these parameters for 
Ay=-—O.5 are given in column (c) of Table I. It is 
seen that, for the splittings fitted, the greatest dis- 
crepancy with the values of column (b) occurs for the 
E\o— E\, splittings of C™ and N%; since this splitting 
is calculated to be about 0.7 times the Ey»,— Fj; splitting 
in C“ and N™ more or less independent of the Ars and 
Vo values it is obvious that some discrepancy must 


occur as the experimental ratio is about 1.5. An 
intermediate-coupling calculation similar to that of 
Elliott and Flowers® for the parameters of Table IV 
with Ay=-—O.5 has been carried out to estimate the 
effect of configuration mixing on the splittings involving 
the negative-parity states of the A=16 nuclei. The 
energies of the lowest states of given (7/), calculated 
for spin-orbit strengths £,,=—4.22 Mev, &4a=—2.03 
Mev, and with 2s and 1d single-particle energies 
adjusted to fit the relative energy of the lowest two 
states of O'’, are compared in Table V both with the 
experimental energies (as observed and after subtraction 
of Thomas shifts calculated for a.6.=3) and with those 
calculated in the j-j coupling extreme. It is seen that 
with these exchange parameters, these states of the 
A=16 nuclei are more or less pure j-j coupled states, 
except for the (03) state. Then for the A = 16 splittings 
the greatest remaining discrepancy is in the Eo—Eo 
values. 

The difficulty of getting the lowest (01) level of O'* 
at a low enough energy was noted by Elliott and 
Flowers.® As there are more (01) levels of O'* in the 
region below about 13 Mev than can be explained 
using the configurations assumed by Elliott and 
Flowers, and in the above calculation, it seems that 
other configurations must be giving appreciable con- 
tributions and so depressing the energy of the lowest 
(01) level. 

Also given in Table I are splittings calculated for 
the Elliott and Flowers® values [column (d) | and the 
Rosenfeld™ values [column (e)] of the Avs, with Vo 
adjusted to give the best fit to the A= 14, 16 splittings 
involving italicized levels. It is seen that the values 
in column (c) agree substantially better than those in 
columns (d) or (e) with the experimental values in 
column (b). As far as the splittings for other nuclei 
are concerned, a determination of the sign of the 
splittings observed by Cohen and Price* would be of 
interest. 


Tas.e IV. Sets of exchange parameters Ars and well depth Vo which fit doublet splittings for nuclei with A=14 and A=16, 
together with Elliott and Flowers’ values [column (d)_] and Rosenfeld’s values [column (e) ]. 








Au —1 —1 =~} 
A1o —0.2 —0.4 —0.5 
Aoo —0.343 —0.652 —0.806 
roe 0.323 ~0.145 —0.376 
Vo (Mev) 48.6 64.7 77.3 
Rms deviation (Mev) 0.33 0.31 0.31 





—1 1 —1 

—0.6 —0.7 —0.8 

—0.959 —1.111 — 1.262 

—0.602 —0.820 1.018 
95.4 122.9 164.8 
0.32 





*L. Rosenfeld, Nuclear Forces (North-Holland Publishing Company, Amsterdam 1948). 
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Taste V. Relative energies (in Mev) of the lowest negative-parity states of the A =16 nuclei. Line 2 gives the experimental values. , 
Line 3 gives the experimental values corrected for Thomas shifts. Lines 4, 5 are theoretical values. 











TJ 00 01 02 : 10 11 12 13 
12.78 








10.94 7.12 12.96 13.25 
12.34 
11.81 


11.49 


Experimental 
Experimental (corrected 
for Thomas shifts) 

jj coupling extreme 
Intermediate coupling 


10.94 5.80 
10.94 9.29 
10.94 9.13 


13.88 
13.96 
13.83 


11.99 
11.57 
11.03 








The effective central interaction between nucleons 
obtained from fitting these doublet splittings is more or 
less spin-independent, for Aio~—0.6, and so differs 


markedly from the interaction used to fit p-shell data, 
in agreement with the conclusion of Bilaniuk and 
French.’ 
APPENDIX 1. FORMULAS FOR DOUBLET SPLITTINGS 
Eyo— Eu, = A10(— 1/3X41) +A 11 (1/3X_1) 
Eoo— Eu = Aoi(1/3X41)+A 00(— 1/3X_1) 
E\o— Eoo= A 1 (— X41) +A 11 (X-1) 
Eyo— Eys= A 10(2/15X42—1/3X43)+A 1:(12/25X_14+2/15X_2—31/75X_3) 
Eos— Eos= A 01(108/225X41+2/15X42—31/75X43)+A 00(2/15X_2—1/3X_s) 
E\3— Eo3= A o1(— 2/9X42—4/9X43) +A 10(1/3X43) +A 00(—1/3X_3) 
+A 13(2/9X_.+4/9X_3) 
Eyo— Err= Aoi (1/6X 41) +A 10(— 1/6X41)+A 00(— 1/6X_1) +A 11 (1/6X_1) 
Eoo— Eoir= A o1(— 1/6X 41) +A 10(—1/2X41) +A 00(1/6X_1) +A 11 (1/2X_1) 
Eyo— Eoo= A o1(— 1/2X 41) +A 10(1/2X 41) +A 00(— 1/2X_1) +A 11 (1/2X_1) 
Eyo— Ey3= Ao: (6/25X41.4+1/15X42.—31/150X43)+A 10(1/15X42—1/6X43) 
+A o0(1/15X_2—1/6X_3)+A 1:(6/25X_,+1/15X_.—31/150X_3) 
Eoo— Eos= Aoi(—6/25X41—1/15X42+31/150X43)+A 10(1/5X42—1/2X4s) 
+A oo(—1/15X_.+1/6X_3)+A 1:(18/25X_,+1/5X_.—31/50X_3) 
Ey2— Eoo= A 1 (2/25X41—1/5X42—77/150X43) 
+A 30(—1/45X40+7/18X43)+A o0(1/45X_2—7/18X_3) 
+A y,(—2/25X_3+-1/5X_2+77/150X_3) 
Eyy2 772— Exyj2 5/2= Aor(7/24X 41) +A 10(— 7/8X41) +A 00(— 7/24X_1) +A 11(7/8X_1) 
Ey3— Ex2= Aox(3/10X42)+A 10(—3/10X42)-+ A 00(—3/10X_2) +A 1:(3/10X_2) 
Ey»— En= A o(— 1, 5X42)+A 10(1/5X42)+A oo(1 /SX_2)+A u(— 1/5X_2) 
E:— Ep =Aoi(—1/6X41)+A 10(1/6X 41) +A 00(1/6X_1) +A 11(—1/6X_1) 
Es— Ex = Aoi(5/18X44)+ A 10(—5/18X44)+ A 00(—5/18X_4) +A 11(5/18X_4) 
Es— Eg = Aoi(5/18X44)+A 10(—5/18X4.4) +A 00(—5/18X_4) +A 11(5/18X_4) 


A=14 1 pije 251/2 


1 piyjo* 251/2 


1pij2* Ids, 


A=11 
A=28 
A=32 
A=90 104 
A=94 114 
A=208 


1 p32 251/2 

1d 5/2" 251/2 

254/2° 1d3/2 

(2p1/2)p(351/2) n 

(1go/2'"*)p(351/2) n 

(351/2) p(2g9/2) n 
APPENDIX 2. VALUES OF TWO-PARTICLE 

MATRIX ELEMENTS 
1p 2s X4:=0.10091V) X_,=0.06433V > 


lipid X41:=0.16308V) X_1=0.06399V, 


xa=1.2 


X,2=0.02895V5 
X43=0.15130V 5 
X42=0.07987V5 
X41=0.03435V 
X44=0.01825Vp 
X44=0.01764V 5 


X_2=0.06267V o 
X_3=0.02739V, 
X_2=0.04680V 5 
X_1=0.02069V 9 
X_4=0.01195V 5 
X_4=0.01040V o 
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Physical arguments are used to predict qualitatively the effect on direct-interaction differential cross 
sections of the distortion of the wave functions of the scattered particle. These qualitative predictions are 
confirmed by calculations using a simple but fairly realistic model for the wave function distortion in (a,a’) 
scattering. The model used is based on examination of the properties of optical model wave functions. Good 
fits to experimental data are found using the model for (a,a’) scattering in the energy range 20-40 Mev for 
scattering angles less than 90°. Features of direct-interaction processes involving nucleons are interpreted in 
terms of a focus in the optical model wave functions for these particles, but detailed calculations are not 


presented. 





1. INTRODUCTION 


ig is generally accepted that many nuclear reactions 
can be understood as direct interactions in which the 
incident particle excites only a few of the degrees of 
freedom of the target nucleus. Considerable success in 
describing these reactions has been achieved by as- 
suming that the interaction proceeds via a two-body 
collision between the bombarding particle and a single 
nucleon in the target, and by using distorted-wave Born 
approximation.' However, it is probable that many 
direct-interaction processes involve collective rather 
than single-particle excitations of the target,?* and 
Drozdov‘ and Inopin® have given a simple approxima- 
tion for (a,a’) processes involving collective excitations, 
which has been applied successfully by Blair.* It is also 
obviously possible to formulate a distorted-wave Born 
approximation for direct interactions whether the nu- 
clear excitation is collective or single-particle. Since 
there is general agreement that the most important 
factors controlling angular distributions are the angular 
momentum transfer and the distortion of the wave 
functions of the bombarding particle, these angular 
distributions should be largely insensitive to the nature 
of the nuclear excitation for direct scattering processes 
(in which the wave functions for the ingoing and out- 
going channels appear in the matrix element evaluated 
at the same point). 

In this paper, we discuss the angular distributions in 


*Supported in part by an Air Force contract and by the 
National Science Foundation. 

+ Permanent address: Department of Mathematical Physics, 
University of Adelaide, Adelaide, S. Australia. 

t On leave of absence from University of Edinburgh, Scotland. 
Present address: Institute for Advanced Studies, Princeton, New 
Jersey. 

1C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957) 
2, 499 (1957); 3, 67 (1958). 

2 B. L. Cohen, Phys. Rev. 116, 426 (1959). 

3J. S. Blair, G. W. Farwell, and D. K. McDaniels, Nuclear 
Phys. 17, 641 (1960). D. K. McDaniels, J. S. Blair, S. W. Chen, 
and G. W. Farwell, Nuclear Phys. 17, 614 (1960). 
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direct interactions, in particular for (a@,a’) and (p,p’) 
processes, on the basis of distorted-wave Born ap- 
proximation and a simple empirical but realistic approxi- 
mation for the distorted wave functions of the entrance 
and exit channels in the neighborhood of the nuclear 
surface. As in the oversimplified Butler’:* theory and 
also in Blair’s® theory, the positions of the maxima and 
minima in the angle dependence of the cross section are 
controlled, for a given angular momentum transfer, by 
a single parameter, which may be thought of as the 
nuclear radius. Our theory for (a,a’) scattering, how- 
ever, also has a parameter, related to the spread of the 
distorted a-particle wave functions round the nuclear 
surface, which controls the peak-to-valley ratio in the 
angular distribution, and a parameter related to the 
effective thickness of the nuclear surface, which controls 
the ratio of the cross section for large angles to that for 
forward scattering. We are also able to understand 
physically, by using the uncertainty principle, why 
various types of approximation fail in the way they are 
observed to do. 

For all particles, the nucleus focusses the entrance- 
and exit-channel wave functions,’ but for strongly ab- 
sorbed particles such as a particles the foci are suff- 
ciently attenuated to be unimportant. For protons, 
however, the intensity at the foci is large, and they 
cannot be ignored. The effect of these foci is particularly 
important when they lie in the nuclear surface. They 
then lead to a large uncertainty in the effective mo- 
mentum transfer, which in turn smooths out the maxima 
and minima in the angular distribution and can also 
lead to a large amount of forward scattering. The theory 
for (p,p’) scattering, to be realistic, needs more parame- 
ters than the theory for (a,a’) scattering, but once these 
parameters are fitted it should be possible to use the 
same distorted wave functions in the description of 
other direct-interaction processes involving protons. 


7N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 350 
(1953). 

8S. T. Butler, Phys. Rev. 106, 272 (1957). 

9R. M. Ejisberg, I. E. McCarthy, and R. A. Spurrier, Nuclear 
Phys. 10, 571 (1959); I. E. McCarthy, Nuclear Phys. 10, 583 
(1959); 11, 574 (1959). 
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NUCLEAR DIRECT-INTERACTION PROCESSES 


2. MATHEMATICAL FORMULATION AND 
PHYSICAL INTERPRETATION 


We shall confine ourselves in this paper to a discussion 
of direct (rather than exchange) inelastic scattering, 
although our approximations could be adapted to other 
processes. We shall also ignore internal structure of the 
bombarding particle, such as the spin of a nucleon or the 
structure of an alpha particle as a bound state of four 
nucleons. Our discussion is based on the Born approxi- 
mation matrix element 


A 
W= > f. ‘ fer: dr 4d?’ © *(r1,° oe oo Ta) 


j=l 
X#,(r4,° a Ta)o(ryr )ys*(r')y.(r'), (1) 


where ©; and @/are the initial and final nuclear wave 
functions, ¥; and W; are the distorted wave functions for 
the incoming and outgoing particles, and » is the 
interaction between the bombarding particle and the 
target nucleons. This form of matrix element will be 
valid whether the excitation of the final nucleus is single 
particle or collective, although to find the absolute 
magnitude of the matrix element in the latter case one 
would have to solve the problem of describing collective 
degrees of freedom in terms of particle coordinates. 
3 may now be rewritten 


m= fer F(r)p(r)e'S™, 
where 
A 
F(r)= > d®r;: -- dr, ®,*(11,-++,a) 


j=l 
X,(r1,°°+,ra)d(r;—1), (3) 
and 


(nets = f OY ore ile). (4) 


Thus F, which may be complex, is related only to prop- 
erties of the initial and final nuclear states whereas 
p exp(iS), which for future convenience has been written 
as a product of amplitude and phase factors, describes 
properties of the bombarding particle and of the 
interaction 

In those cases where direct-interaction theory has had 
a success, it has been possible to assume that the 
properties of the nuclear states determine the angular 
momentum transfer uniquely. A particularly important 
case occurs when the ground state of the target nucleus 
has zero spin—in this case the angular momentum 
transfer must just be the spin of the excited state. The 
examples of our theory which we display are all of this 
type. If the angular momentum transfer is L, then F(r) 
must have the form 


F(r)=R(r)V 1" (6,¢). (5) 


For a single-particle excitation, R will be proportional to 
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the product of the radial functions for the single-particle 
orbitals which differ ii the two states. For collective 
excitations, R will have a different meaning, but never- 
theless F will still have the form given by (5). 

Our procedure will be to make an empirical approxi- 
mation for y,*(r’)y.(r’) based on optical model calcula- 
tions, and to assume that o(r,r’) is of sufficiently short 
range to allow us to use our approximation for p,*y; as 
an approximation for p exp(iS). This last assumption 
appears to be justified at least for calculations of the 
angular distribution, since Levinson and Banerjee! and 
also Glendenning” have found the results of their more 
detailed calculations to be largely insensitive to the 
range of the interaction. This topic is discussed in more 
detail in a recent paper by Austern." 

The discussion of the actual approximations we make 
will be postponed until Secs. 3 and 4. The remainder of 
this section will be devoted to a description of a physical 
picture based on the uncertainty principle which allows 
us to understand the reasons for the various effects 
which we predict. 

First consider simple Born approximation, with a 
zero-range interaction. In this case, p exp(iS) is pro- 
portional to exp(iK-r), where K=k,;—ky, the difference 
of the wave number vectors for the initial and final 
projectile states; Kh is the momentum transfer in the 
complete scattering process. The matrix element SM is 
then proportional to the probability amplitude that the 
initial and final nuclear states have momenta differing 
by Kh. 

If the simple Born approximation is valid, the whole 
of the momentum transfer takes place in the inelastic 
episode in the scattering, which in this case is the com- 
plete scattering process. In distorted-wave Born ap- 
proximation, however, part of the momentum transfer 
will be caused by the elastic and absorptive processes 
which distort the wave functions, and this will show up 
in the deviation of p exp(iS) from exp(iK-r). In more 
detail, can be written asIN= f'd°K’ Wa(K’)P(K—K’), 
where 91,(K’) is the simple Born approximation matrix 
element for momentum transfer K’% (and zero-range 
interaction), and may be interpreted as the probability 
amplitude that the momentum transfer in the inelas- 
tic episode in the collision is K’%, while P(K—K’) 
= (2r)*fd'r p exp[i(S—K’-r)] may be interpreted 
(provided the interaction has zero range) as the proba- 
bility amplitude that the momentum transfer in the 
elastic and absorptive processes which distort the wave 
functions is (K—K’)#. (An analogous interpretation is 
possible even if the direct interaction does not have zero 
range.) Quite generally, the factor pexp(iS) in the 
integrand of the matrix element may be regarded as 
describing the properties of a probe which measures 
some of the ways in which the nuclear state changes in 
the inelastic episode of the complete scattering process. 
We have just seen that in simple Born approximation 


10 N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 
11 N,. Austern, preprint (1960). 
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the inelastic episode is the complete scattering process, 
and the probe measures the momentum transfer. We 
shall now consider how this interpretation must be 
modified in distorted-wave Born approximation on ac- 
count of deviations of p from a constant and of S from 
K-r. The first type of deviation we term amplitude 
distortion, and the second phase distortion. 

We consider amplitude distortion first. If p is non- 
uniform in space, it implies that the probe is in fact 
making a simultaneous position and momentum meas- 
urement. Because of the uncertainty principle, the 
resolution for momentum transfer will therefore be re- 
duced. We give two examples. The simple Butler‘® 
theory of direct interactions assumes that the interaction 
is confined to distances greater than some effective 
nuclear radius R from the center of the target. In a more 
extreme approximation, it is often assumed that the 
reaction is confined to the shell of radius R. In this case, 
there will be no resolution at all for the radial com- 
ponent of momentum transfer,” because of the un- 
certainty principle and the fact that the probe has per- 
fect resolution for measuring radial position. This can be 
seen alternatively, since the radial target wave functions 
enter the matrix element evaluated at a single radius, 
and knowledge of a function at just one point gives no 
information whatever about its Fourier components. 
Since no angular localization is assumed over the nuclear 
surface, however, resolution of the angular momentum 
transfer should be a maximum. To exploit this, we must 
expand exp(iS) = exp(iK- r) in partial waves, when only 
that one corresponding to the actual angular momentum 
transfer contributes to the matrix element and as is 
well-known the angular distribution for the scattering is 
given by | jx,(KR)|?. The sharpness of the maxima and 
minima in the differential cross section predicted by this 
expression, together with the fact that the minima 
actually reach zero, are associated with the maximal 
resolution for angular momentum. 

To check that this is indeed so, we notice that a 
localization to just part of the nuclear surface will cause 
contributions to the matrix element from different 
partial waves in the expansion of exp(iK-r), as a result 
of which the matrix element will in general be complex, 
and only in very exceptional circumstances will the 
matrix element vanish for any real value of K. On the 
other hand, an unsharpness of the effective nuclear 
radius (ie., a “thick surface’) will merely re- 
place jx(KR) by gi(K)= JS /(r)jr(Kn)dr, where f 


12 We use the terms “‘radial’’ and “tangential’’ components of 
momentum transfer in a rather loose way. The momentum transfer 
can be represented by the differential operator —i#V operating on 
the nuclear overlap function /'(r). Now the gradient operator may 
be written V=?(7-V+r-)+[V—?(?-V+r-") ]. These two terms 
we call the radial and tangential components of V, respectively. 
—ih(?-V+r—) is a Hermitian operator conjugate to r, and 
—ihV +ih? (?-V+r-) commutes with r, these being the justifica- 
tion for the nomenclature. The two parts of V do not commute 
with each other or with V itself, and this is the source of some 
inexactness in our interpretation. 


AND 


Fic. 1. “Bright” and “‘dark”’ regions of the nuclear surface for 
entrance and exit channels, and region of maximum overlap. 


tional and rather implausible functions / will g,(K) 
have no zeros, so that the inclusion of a radial integra- 
tion will not in general spoil the feature of the differ- 
ential cross section which we associate with maximal 
resolution for angular momentum. 

Our second example illustrates the results on the 
effect of an angular localization of the interaction. In 
(a,a’) scattering it is certain that the wave function of 
the incident particle will be considerably reduced on the 
shadow side of the nucleus compared to the side facing 
the incoming beam, and a similar effect will be true for 
the outgoing particle. The overlap of the wave functions 
will therefore be greatest at the side of the nucleus 
opposite to the direction of the momentum transfer. 
This is illustrated in Fig. 1. Although the approximation 
to be described in the next section is more realistic, we 
shall here consider the consequences of assuming that 
that part of the surface, axially symmetric about the 
direction of the momentum transfer, cut off by a cone of 
semiangle a (as illustrated in Fig. 1) contributes uni- 
formly to the matrix element, and the remaining part of 
the surface does not contribute at all. In this case, the 
matrix element is proportional to 


D 4(2L'+1)i”’ j-(KR)(LL'00| LL 10)? 


L’,l 


1 


x f Pi(x)dx. (6) 


cosa 


which reduces to (2L+1)i¥j7:(KR) when a=z, thus 
reproducing the Butler theory. However, when a<z, (6) 
is a sum of terms jz-(KR) with varying coefficients. L 
represents the total angular momentum change of the 
nucleus, L’ that part of the angular momentum change 
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associated with the inelastic episode in the complete 
scattering process, and / that part involved in the 
(elastic) deformation of the initial and final a-particle 
wave functions which is necessary to produce the as- 
sumed localization of the direct interaction. The Clebsch- 
Gordan coefficients ensure that L’ and / can indeed be 
added to give the true total angular momentum transfer 
L. The probability that the angular momentum transfer 
in the inelastic episode is L’ will be proportional to 


9 


1 
HQL/1)i¥ E(LL/00) L107 f P,(x)dx|, (7) 
l 


cosa 


which becomes negligible except for L’= Las cosa — —1. 
Of course since angular momentum is a discrete vari- 
able, the positions of the maxima and minima are con- 
trolled by the dominant term in (6), which will be that 
with L’= L provided a is large enough: the effect of the 
poor resolution for the angular momentum transfer in 
the direct interaction is partially to fill the valleys be- 
tween peaks. 

Localization of the interaction to part of the nuclear 
surface will tend also to enhance the cross section for 
large angles [since only for large momentum transfer do 
those j,(KR) with large L’ contribute ]. However, the 
most important effect controlling the relative height of 
successive peaks is the thickness of the surface region 
which contributes to the matrix element. This thickness 
is controlled on the one side by the penetration of the 
bombarding particles into the nucleus, and for collective 
excitations probably also by the smallness of the radial 
nuclear overlap function R(r) in the interior of the 
nucleus, and on the other by the falloff in the density of 
nuclear matter. The radial overlap function R(r) of 
Eq. (5) will in general be oscillatory inside the nucleus: 
however, if the wavelengths characteristic of these 
oscillations are large compared to the effective surface 
thickness then their effect on the matrix element will 
only be slight. The validity of this assumption will be 
discussed in the next section. The result of the radial 
integration in the matrix element should then depend 
primarily on two parameters, the nuclear radius and the 
surface thickness. Decreasing the surface thickness will 
increase the number of high momentum components 
which contribute to the matrix element, and will there- 
fore cause an increase in the large-angle scattering cross 
section (which requires large momentum transfer) rela- 
tive to forward scattering. Similarly, increasing the 
surface thickness will depress the large-angle cross 
section. It should be remembered, however, that we 
cannot expect such a simple two-parameter description 
of the radial integration to be valid for momentum 
transfers greater than #/\, where Xd is the surface 
thickness, for then finer details in the integrand of the 
matrix element will begin to be important. ; 

We now summarize these results. We expect the 
sharpness of the maxima and minima in the differential 
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cross section to be partially smoothed out by a localiza- 
tion of the interaction to just part of the nuclear surface 
(i.e., angular localization), and we expect this to be the 
main effect controlling the peak-to-valley ratio for the 
maxima and minima in the cross section. We expect both 
the angular localization and the radial localization to 
affect the ratio of the large-angle scattering cross section 
to the small angle scattering. The positions of the 
maxima and minima in the angular distribution will 
depend on the details of the radial integration, but for 
not too large momentum transfer we expect the posi- 
tions and relative magnitudes of the peaks to be well 
described using a radial integral with just two parame- 
ters, an “‘interaction radius” and a ‘‘surface thickness.” 
In the next section we shall see how these expectations 
are borne out in practice. 

So far we have discussed amplitude distortion only. 
For (a,a’) scattering it is plausible that phase distortion 
will not be very important (this will be discussed in 
more detail in the next section), but this is not true for 
processes, such as (,p’) scattering, which involve 
nucleons. The reason for this distinction is that the 
nuclear optical potential produces a focus in the in- 
coming and outgoing wave functions, which is very 
intense for nucleons, but less so for more strongly ab- 
sorbed particles. We find it possible to ignore the foci for 
(a,a’) processes. It is obvious that phase distortion 
cannot be ignored in the region of the foci. Because of 
the complications of the foci, we do not yet have de- 
tailed results to report for nucleon-nucleon processes, 
but in Sec. 4 we outline the type of approximation we 
intend to make and describe why we believe it will lead 
to correct qualitative predictions. 

Since phase distortion will be largely ignored in what 
follows, it is important to know in which direction our 
predictions are likely to be wrong. To understand this, 
we use the result proved in Appendix 1, namely that if 
a probe is described by p exp(iS) (see the earlier discus- 
sion) where p is a known function of position, and if the 
probe is interpreted as measuring momentum transfer, 
then the probe will have maximum resolution for de- 
tecting a momentum transfer K#, consistent with the 
uncertainty principle and the known localization p of 
the probe, if S=K-r. Thus the effect of phase distortion 
should be to reduce still further the resolution for mo- 
mentum transfer, and for angular momentum transfer. 
It follows that angular distributions predicted ignoring 
phase distortion, in those cases when it is important, 
should have more pronounced structure than if phase 
distortion were correctly treated. 


3. (a,a’) SCATTERING 


In this section we shall describe a realistic approxima- 
tion for the distortion of the ingoing and outgoing a- 
particle wave functions in the vicinity of the nuclear 
surface. 

First of all, we notice that if the interaction is localized 
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on the surface, only the angle dependence of the wave 
functions matters. Now the divergence of the flux of 
particles incident on a nucleus is proportioned to |y|* 
multiplied by the absorptive part of the optical model 
potential, so that we can use the calculations of 
McCarthy et al.° as a guide in making an approximation 
for |y|. Reference to the diagrams in those papers 
shows (i) the dependence of |¥| on angle is similar at all 
radii in the neighborhood of the nuclear surface, (ii) the 
intensity is greatest on the front side of the nucleus (i.e., 
the side facing the incident beam) and falls off towards 
the back, except for the focus, (iii) there is a focus at the 
back of the nucleus, where the intensity may be large 
compared to that at the front for particles such as 
nucleons which are not too strongly absorbed, and com- 
parable to the front intensity for more strongly absorbed 
particles such as a@ particles, (iv) the focal region does 
not deviate very seriously from spherical symmetry. 

Our basic approximation for ¥;, which is a compromise 
between complete realism and a form leading to simple 
analytical results for the matrix element, is 


¥i=A(r) exp(ik,-1—yk;-?) 


+B exp[iS;(r)— (r—ak,)? 207], (8) 


where the first term represents the over-all surface 
intensity and the second term represents the focus. k; is 
the incident wave vector, and &;, # are unit vectors in 
the directions of k, and r. For the outgoing particles, a 
similar form of wave function is chosen, but with k; 
replaced by k, in the phase and by —k, in the amplitude 
factors. For convenience we shall call the two terms in 
(8) the surface term and the focus term. 

Let us first discuss the surface term. We shall postpone 
consideration of the radial dependence A(r) of the 
amplitude. To determine whether the assumed angle 
dependence of the amplitude is reasonable, we plot 
log.|y|? against —R-#: this should give a straight line 











Fic. 2. Plot of log,|y|* against —k-? for 18-Mev a-particles inci- 
dent on argon, corresponding to the optical model parameters a 
of reference 9. Curve A corresponds to the radius with nuclear 
density 90% of maximum, curve B to 10% nuclear density. The 
dashed line corresponds to anisotropy parameter y=0.9. 
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of slope 2y, except near &-#=1, where the focus con- 
tributes. Figure 2 shows such a plot, for 18-Mev a 
particles on an argon target, using results from McCarthy 
et al.® The plots are reasonably straight, and correspond 
to values of y in the region of 0.8; furthermore the mean 
slope is indeed independent of radius, thus confirming 
the assumption that the angle dependence of the surface 
term is similar at all radii. The Butler approximation 
would be represented on Fig. 2 by a line of zero slope. 
We shall refer to y as the anisotropy parameter, since it 
is a measure of the lack of uniformity of the wavefunc- 
tion over the nuclear surface. The anisotropy parameter 
does not appear to be very sensitive to the energy or to 
the nature of the incident particles. 

Melkanoff and Dyer’ have also recently made calcu- 
lations of optical model wave functions, and their pre- 
liminary results are similar to those displayed in Fig. 2. 
Figure 3 shows a plot of log,|y|* against —k-? for 40- 





Fic. 3. Plot of log.|y|? against —k-? for 40-Mev a-particles 
incident on Al'’, using optical model parameters from Igo and 
Thaler.“ The nuclear radius is approximately 5.5 f. 


Mev. a-particles incident on an aluminum target, using 
optical model parameters from Igo and Thaler. The 
calculations of Melkanoff and Dyer also give the phase 
of the wave function, which is shown plotted against k-? 
in Fig. 4. To a remarkably good approximation, the 
phase at all radii is seen to be a linear function of R-?. 
Of course, this does not mean that there is no phase 
distortion ; rather, Fig. 4 shows only that the phase of 
the surface term in the wave function in and near the 
nucleus has the form a(r)k-?+B(r). B(r), which is the 
value of this phase when &- #=0 and should be constant 
if there were no phase distortion, varies quite rapidly in 
the vicinity of the nuclear surface. Also, although a(r) 
does appear to be a linear function of r except for small 
radii, it is not just kr but rather has the form a(r)=ar 
+b, where a is considerably smaller than k. (These 
remarks are based on a study by Mr. T. Menne of the 
wave functions computed by Melkanoff and Dyer.) 


18M. Melkanoff and J. Dyer (private communication). 
4G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 
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Despite these facts, however, it is reasonable to in- 
vestigate the consequences of using an undistorted 
phase as in (8) before trying to study anything more 
complicated. Indeed, for the special case in which the 
incoming and outgoing particles are the same and for 
which the intensity of the focus is small enough for the 
focus to be ignored, as for example in (a,a’) scattering, 
we can see that despite phase distortion we can use (8) 
with very little error provided only that we change our 
interpretation of the meaning of r. This is because the 
8(r) terms in the phase cancel between the incoming and 
outgoing wave functions and the angle-dependent terms 
can be brought to the form k-r’ by the change of radial 
variable r’=k~'a(r); thus the r in (8) should really be 
interpreted as the r’ just defined rather than as the true 
radial coordinate of the particle. Of course the cancella- 
tion of the 6(r) terms, and the simultaneous transfor- 
mation of the angle-dependent parts of the phases to 
undistorted form for both incoming and outgoing par- 
ticles, is exact only if ky=k,, but since the distortions 
are produced by a potential of strength much greater 
than any probable energy loss in a direct-interaction 
scattering, the error involved in using the undistorted 
phase in (8) should be small. 

For the focus term, we assume a spherically sym- 
metric dependence for the amplitude, centered about a 
point distant a from the center of the nucleus. The 
spherical symmetry appears from McCarthy’s work to 
be a reasonable first approximation, and the Gaussian 
shape reproduces the angle dependence of the intensity 
at the focus extremely well. For the focus, it is certainly 
invalid to ignore phase distortion, and in (8) we have 
for the moment left the phase factor unspecified as 
exp[iS(r) ]. 

For nucleons, the focus is intense, and is therefore 
very important, but for a particles the intensity at the 
focus is not significantly greater than at the brightest 
part of the front surface, and since the focus covers a 
comparatively small part of the nuclear surface we as- 
sume that as a first approximation it may be ignored. 
This approximation is probably invalid for small-angle 
scattering, when the overlap of the surface terms of y; 
and wy is small. Nevertheless the effect of the focus will 
be ignored in the rest of this section, but will be dis- 
cussed qualitatively in the next section. 

For (a,a’) scattering, therefore, our approximation is 


¥i=A(r) exp(ik;- r—yk;-?), 


8 
vy=A(r) exp(iky-r+-yk;-#). 8) 


The matrix element (2) then becomes 


= [ dr R(r)V 2™(0,e)[A (r) 
XexpliK-r—y(ki—k,)-F], (9) 


where K=k,—k,;, and we have made use of (5). The 
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Fic. 4. Plot of phase of wave function against k-* for 40-Mev 
a-particles incident on Al." 


angle integration can be done exactly, and yields 
m= f Pdr ROA) PX4Ri*j(EY Oued, (10) 


where 
E= (E-&)}, 


» + 11 
&=K-+i(y/r)(ki—k,y), (11) 


and @;, g¢ are the polar angles of the complex vector &. 

To obtain the differential cross section, we must sum 
|? over values of M from —Z to L. This will lead us 
to 


L 
Y Vi" (6,¢:) (—1)"V -™ (0e-*, ge-*) 
M=—L 
2L+1 
—P,(cos®), 


dor 


(12) 


where &’= K+ (iy/r’) (ki—k,), r’ is the radial integration 
variable in N* (whereas r is the corresponding variable 
in 9), and 

cosO= &- &/*/Et’*, 


If k,~k, (which we call the quasi-elastic approximation) 
then it is obvious that cosO=1. Even if the quasi- 
elastic approximation is not valid, however, it can be 
shown as in appendix 2 that cosQ~1. Hence P,(cos@) 
in ||? can be put equal to 1, and the radial dependence 
of Y,™(6z,¢¢) in (10) ignored. The differential cross 
section is then proportional to 


6) 


f RCA (r) Pix (Er)etdr] « 


d 0 


do 
—a« 


(13) 


We must now make some sort of approximation for 
the radial integral in (13). First of all, we realize that 
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because of the absorption of the a particles by the 
nucleus, [A (r) ? will fall off for small r. Also, because of 
the falloff of the nuclear wave functions outside the 
nucleus, there will be an upper cutoff to the integral. 
Hence the integral will be confined to a region fairly 
close to the nuclear surface. We now ask whether the 
oscillations of R(r) within the nucleus are likely to be of 
significance. For a single-particle excitation, the shortest 
wavelength which one might expect to find associated 
with these oscillations is of order 2R/(n;+-n;+1), where 
n, and m, are the numbers of radial nodes in the initial 
and final nuclear wave functions and R is the nuclear 
radius. For most direct interactions, this will not be less 
than about 2 f, while we shall find that the thickness of 
the surface region needed to give a reasonable fit to 
experiment is around 1 f. We therefore believe that as a 
first approximation the radial integration will depend 
essentially only on the nuclear radius and the thickness 
of the surface region, as discussed in the previous sec- 
tion. The simplest empirical choice we can make for 
R(r)[A(r) ? in (13) which involves only these two 
parameters is 


R(r)[A (r) P= exp — (r— R)?/d?]. (14) 
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Fic. 5. Effect of anisotropy parameter. The dashed curve 
represents the Butler theory given by Eq. (16), and the solid curve 
represents our theory without any radial integration, i.e., Eq. (17). 
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(An alternative way of regarding this approximation is 
to consider that for small momentum transfer the 
radial integral depends on the radial weight function 
R(r)[A(r) } only through its first two moments.) We 
believe there is no sense in attempting to represent the 
falloff of R(r) outside the nucleus or of [ A(r) F inside 
more accurately than by (14) unless at the same time 
we make a realistic approximation for R(r) inside the 
nucleus. 

Our final form for the differential cross section for 
(a,a’) scattering is therefore 


~ | 


—« f expl—(r—R)?/M ir (&)rdr| , = (15) 


dQ 0 
where & has been defined in Eqs. (12). In the quasi- 


elastic approximation (i.e., ky~,), this can be written 
in the simpler form 


da | ¢* 
—« f exp[ — (r—R)*/r 
dQ {Jo 


X 71L2(ki r+iy) sind |r°dr 


(15’) 


For comparison we quote the analogous results for the 
Butler theory using a fixed radius, and for our theory 
also using a fixed radius: 


do 
(Butler) —« | 7,(2k;:R sin}6) 


dQ 


(16) 


da 
(Fixed radius) 


dQ 


jrL2(k:R+iy) sin3é (17) 


We have discussed qualitatively in the preceding 
section how the various parameters in (15) or (15’) 
should affect the cross section. As with the simple 
Butler theory, the positions of the maxima and minima 
are controlled by the radius parameter R and the 
angular momentum transfer L. We find that essentially 
the same radius parameter should be used to fit the 
positions of the peaks whichever of (15’), (16), or (17) 
is used, and therefore it is convenient to obtain R using 
the simplest formula, namely (16). The anisotropy 
parameter y should control the peak-to-valley ratio in 
the cross section, and also enhance the large-angle cross 
section somewhat. Lastly, the relative magnitudes of 
successive peaks is controlled by the thickness parame- 
ter \. Predictions of (16) and (17) are compared in 
Fig. 5 and typical fits for (a,a’) scattering from sulfur 
and magnesium targets using (15’) are shown in Figs. 6 
and 7. For both these calculations the values of the 
parameters were y=0.9, A\=0.88f. Similar fits have 
been obtained with magnesium data at energies down to 
28 Mev. 

There is one feature of Eqs. (17) and (15’) which we 
would like to clarify. In Sec. 2 we showed that localiza- 
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Fic. 6. Typical fit obtained for 41.7-Mev a particles on a sulfur 
target. The experimental points are taken from P. Robison and 
G. W. Farwell (private communication). 


tion of the interaction to a part only of the surface 
should partly spoil the resolution for measurement of 
the angular momentum change of the target nucleus, 
and we illustrated this by a simple example which made 
this clear. In that example the simple 7,(KR) of the 
Butler formula was replaced by a sum of terms j1(KR) 
with coefficients whose squared moduli were interpreted 
as the probability that the angular momentum transfer 
in the inelastic episode is L’ rather than L. On the other 
hand, Eq. (17) does not seem to have this type of 
structure, and only one Bessel function appears to be 
present. However, the argument of the Bessel function 
in (17) is not simply KR, and the perfect resolution of 
angular momentum is associated with Bessel functions 
of this argument, and in particular with the fact that for 
particular momentum transfers | 71(KR)|? is strictly 
zero. The Bessel function in (17) could, however, be 
written as a sum of Bessel functions of KR with different 
L values and with coefficients depending on y. Explicitly, 


j1rL2(k:R+77) sin}é ] 
=P (20 +1)(—1)#+4’-» (LL'00| LL'10)? 
iL! 
X 71(2iy sin}0)j1(2k:R sin}6), (18) 


as may be seen by comparing the expansion of 
exp[i(a+6)z | in a series of Legendre polynomials of z 
with the product of the expansions of exp(iaz) and 
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exp(ibz). The right-hand side of (18) is very similar in 
structure to (6): in particular, the occurrence of the 
Clebsch-Gordan coefficient should be noted. The explicit 
dependence in (18) of the coefficient of j7,-(KR) on the 
scattering angle @ is not an essentially new feature, and 
its analogy in the simpler model which led to (6) would 
be a dependence of a on 6. Equation (18) displays 
clearly the poor resolution for angular momentum 
transfer, but also spoils the great simplicity of our re- 
sult. In the form (17) or (15’) the lack of resolution for 
angular momentum transfer, shows up through the 
nonzero minima of do/dQ. 

We shall now discuss the values of the parameters 
which we have to use to get fits such as those of Figs. 6 
and 7. It is notable that the anisotropy parameter y 
which is required is close to that which we expect from 
examination of optical model wave functions. The argu- 
ments given earlier show that the maxima and minima 
should, if anything, be more smoothed out than one 
would expect solely on the basis of surface anisotropy, 
and it is satisfactory therefore that the y value required 
to fit experimental data is, if anything, larger rather 
than smaller than the value obtained from optical model 
wave functions. 

As is usual with simple direct-interaction calculations, 
the radius parameter R is very large, close to 2.2 A4 f for 
incident @ particles of 40-Mev energy. Also the width 
parameter A which gives the best fit is considerable less 
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Fic. 7. Typical fit obtained for 41-Mev a particles on a mag- 
nesium target. The experimental points are from Blair, Farwell, 
and McDaniels.® 
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than one would expect from the amount of penetration 
of the a-particle wave functions into the nucleus pre- 
dicted by the optical model. However, the extremely 
rough nature of the approximation for the radial overlap 
functions in (13) should warn us against too literal an 
interpretation of the parameters R and \. A more 
realistic approximation must take account of the radial 
dependence of the phase and amplitude of the distorted 
wave functions as well as the angle dependence, and 
must also make a more realistic approximation for the 
radial dependence of the nuclear overlap function. Work 
in these directions is in progress. 

As has already been indicated, we expect the inade- 
quacy of our approximations for the radial integration 
in the matrix element to lead to failure of our predictions 
for large-angle scattering. There is evidence of this in 
Figs. 6 and 7, and attempts to fit data with magnesium’® 
and argon targets" fail seriously at angles greater thar 
about 100°. We hope to obtain an improvement with a 
more realistic radial integration. There is also an indica- 
tion that our predictions fail for forward scattering, 
with scattering angles less than 10°-15°. From the 
different directions of the failure for sulfur and mag- 
nesium targets, one might suspect interference effects. 
There are at least two contributions to the forward 
scattering which we have omitted from our present 
calculations, and which might cause interferences. These 
are Coulomb excitation, and the contribution from the 
overlap of the focus for one channel with the surface 
term for the other. It is easily seen that this last effect 
should have a maximum for forward scattering, and also 
the surface-surface overlap term should then be a 
minimum. 


4. FOCUS EFFECTS 


In this section we shall discuss the focus term in our 
approximation (8) for the distorted wave functions in 
the neighborhood of the nuclear surface. We have 
already shown that our approximation for the amplitude 
of this term is reasonable. Reference to the work of 
McCarthy® shows that reasonable values for the size 
parameter are in the region of 1 to 2 f. For nucleons of 
medium energies, the B parameter giving the intensity 
at the focus should be chosen so that |p|? at the most 
intense point is about 20-30 times |y|? at the brightest 
part of the front surface. This parameter, however, is 
sensitive to optical] potential parameters, and should 
therefore be fitted empirically. For strongly absorbed 
particles such as @ particles, |y|? at the focus should be 
around 1-2 times |y~|? on the front surface. The re- 
maining parameter in the amplitude distortion is a, the 
distance of the center of the focus from the center of the 
nucleus. At zero energy, a is zero (since only the s wave 
contributes to the scattering), i.e., the focus is at the 
center of the nucleus. However by the time a nucleon 


18 G. B. Shook, Phys. Rev. 114, 310 (1959). 
16 L. Seidlitz, E. Bleuler, and D. J. Tendam, Phys. Rev. 110, 682 
(1958). 
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energy of order of 10 Mev is reached the focus has 
moved out considerably towards the surface, and from 
20 Mev onwards a appears to be a reasonably linear 
function of energy. 

So far we have not discussed the phase distortion in 
the focus term, which certainly is not negligible. How- 
ever, since the focus is a relatively small region of the 
nucleus, we expect the gradient of the phase to be 


reasonably constant throughout the focal region. From 
the axial symmetry of the problem, the direction of this 
gradient must be the direction of k;. Hence we expect 
the phase at the focus to be represented fairly well by 


S=ck,-r+4, (19) 


where c<1. Reference to flux calculations does indeed 
support the belief that the direction of VS within the 
focus is just the direction of k;. The approximation (19) 
can be shown to be exact if the wave function at the 
focus is a superposition of functions each with a wave 
vector of the same magnitude as k,; but twisted through 
a fixed angle w (see Appendix 3). In this case c= cosw. 
Since the amplitude of the wave function falls off in the 
interior of the nucleus because of absorption, most of the 
particles which reach the focus must have come through 
the lower density surface region, and this suggests that 
the “‘fixed twist” approximation for the phase distortion 
might be good enough to help us to estimate c. Reference 
to flux pictures shows that the particles do indeed enter 
the focus at quite a large angle to the direction of the 
incident beam, and values of w as large as 60° or more 
are not unreasonable. This would imply cS}. 

In order to determine the additional constant 6 in 
(19), it is necessary to know the relative phase of the 
wave function at the focus and at the front surface. We 
do not see any convincing way of relating this to the 
other parameters of our theory, and therefore 6 must be 
retained as a free parameter. 

It is unfortunate that the treatment of the focus re- 
quires the introduction of five new parameters (at a 
fixed energy), namely B, oc, a, c, and 6. Obviously it will 
not be possible to determine all of these from scattering 
data, and some at least will have to be obtained from 
optical model calculations. We do not have available at 
present calculations which would justify any more pre- 
cise statements about the values of the parameters than 
we have already given. 

Nevertheless, it is possible to discuss qualitatively the 
effect the focus will have on differential cross sections. 
The overlap function (4) will have contributions from 
the overlap of the two surface terms, from the overlap of 
the two focus terms, and from the overlap of one surface 
and one focus term. Let us call these SS, FF, and SF 
terms, respectively. The SS terms have been discussed 
in the preceding section. Before going further, let us ask 
for which angles each type of term will dominate. Obvi- 
ously the SS and FF overlaps will be greatest for large- 
angle scattering, and the reason for the usual fallofffof 
the differential cross sections at large angles is the 
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ric. 8. Comparison of predicted 
cross section using a single SF term 
and no radial integration with ex- 
perimental cross section for (p,p’) 
scattering on a C® target. The 
experimental points are taken from 
R. W. Peele [ Phys. Rev. 105, 1311 
(1957) ]. o is the parameter con- 
trolling the size of the focus. 


do/da (Arbitrary Units) 





T ' 


j(ER)*: 

R =36 xl0" cm 
E;* 19.4 Mev 
E,* 15.0 Mev 


* “13 
Experimental Points : SEN 210" om 


@=1.5 x10" cm 


i i i 








absence of large momentum-transfer components in the 
nucleus. The SF terms in the overlap, however, will be 
largest for forward scattering, least for back scattering. 
Consequently, provided the intensity at the focus is 
great enough to compensate for its comparatively small 
size, we might expect the forward scattering to be 
dominated by the SF terms. 

In order to get a feel for the effect of a large SF term, 
we may study the cross section predicted using only this 
part of the matrix element. The angular integrals can 
again be performed explicitly, and the differential cross 
section is proportional to the squared modulus of a 
complex Bessel function and a Legendre polynomial. 
The latter does not vary with angle as rapidly as the 
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former, so that the structure of the cross section is 
dominated by the Bessel function. Furthermore, the 
qualitative behavior of the Bessel function is not altered 
significantly if we put c=1 in (19), although of course 
the detailed behavior is changed. 

Figures 8 and 9 show the differential cross section 
obtained using a single SF term (instead of two inter- 
fering SF terms), and using an interaction confined to 
the nuclear surface, for 19.4-Mev protons on C” and 
40-Mev protons on Fe. The rise in the cross section at 
large angles is due to the omission of the radial inte- 
gration. The SF terms lead to large scattering cross 
sections for forward scattering, in qualitative agreement 
with experimental results. Of course, one should not 





Fic. 9. Comparison of predicted 
cross section using a single SF term 
for (p,p’) scattering on an iron tar- 
get at 40 Mev. The experimental 
points are taken from M. K. 
Brussel and J. H. Williams [Uni- 
versity of Minnesota Linear Accel- 
erator Laboratory Annual Progress 
Report, March, 1958 (unpub- 
lished), p. 41; see also M. K. Brus- 
sel and J. H. Williams, Phys. Rev. 
114, 525 (1959)]. 
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expect more than rough qualitative agreement with ex- 
periment with the very crude approximations used in 
Figs. 8 and 9. 

The large forward scattering cross section can be 
understood in terms of the uncertainty principle argu- 
ments of Sec. 2. The SF terms are localized to such a 
small region of the nuclear surface that very little 
resolution for angular momentum transfer is retained. 
Consequently there can be a very large contribution to 
the cross section from jo(KR) even though in fact the 
angular momentum transfer L is 2. Butler, Austern, and 
Pearson" have given what appears to be an alternative 
explanation of the anomalous forward scattering typical 
of (p,p’) experiments, namely that the bending of the 
incoming beam introduces an extra transverse compo- 
nent of momentum which permits a scattering to take 
place which one might naively expect to be forbidden by 
angular momentum conservation. This is really not a 
different interpretation, however. In Appendix 3 it is 
shown that the transverse momentum components in- 
troduced in this way contribute to the amplitude 
distortion rather than the phase distortion, so that the 
existence of the focus is possible only because of the 
effect considered by Butler, Austern, and Pearson. When 
the process is considered from a wave-mechanical rather 
than a quasi-classical viewpoint, however, the required 
transverse momentum components arise because of the 
localization in the focus and the uncertainty principle. 

We do not expect the SF terms to dominate the cross 
section at all angles. Rather, we expect SF terms to 
dominate the forward scattering, but SS terms to be 
important at medium angles, and FF terms at angles 
greater than about 150° (provided the foci are suffi- 
ciently intense). This agrees with the observed fact that 
most (p,p’) scattering results show a nonzero forward 
cross section, even though L+0, and show a definite 
structure at medium angles with peaks whose position 
can be fitted fairly well with the Butler theory. It is also 
notable that large back-scattering peaks have been ob- 
served in (a,p) and (d,p) cross sections.'® We also expect 
the effect of the SF terms to be dominant primarily 
when the focus falls in the region of the nuclear surface. 
If the focus is further in, then the SF overlap will be 
considerably reduced, and if it is further out, then the 
nuclear density will be too low for there to be an ap- 
preciable contribution to the matrix element. With the 
parameters we have suggested, the proton focus should 
be approaching the surface for energies near 40 Mev, but 
should still be largely inside at 20 Mev. This agrees 
qualitatively with the experimental data for Fe, which 
show structure corresponding to the Butler theory with 
L=2 (although with some ‘‘anomalous” forward scat- 
tering) at 20 Mev, but show only the forward peak at 


17S. T. Butler, N. Austern, and C. Pearson, Phys. Rev. 112, 
1227 (1958). 

18 [P). H. Wilkinson, Proceedings of the International Conference on 
Nuclear Structure, Kingston, edited by D. A. Bromley and E. W. 
Vogt (University of Toronto Press, Toronto, Canada, 1960). 
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40 Mev. We expect that at greater energies the structure 
will reappear in the cross section. 

The arguments of this section are necessarily lacking 
in detail, but we feel that our wave functions lead us to 
expect results qualitatively sufficiently close to the 
observed cross sections for it to be worth attempting 
more detailed calculations. Such calculations are in 
progress. 


5. CONCLUSIONS 


The results of this paper fall into four categories. In 
the first place we have given a method of predicting 
qualitatively the effect on direct-interaction differential 
cross sections of distortion of the wave functions of the 
scattered particle. Secondly, we have given an empirical 
approximation for this distortion in the region of the 
nuclear surface, and have discussed the justification of 
the approximation on the basis of the optical model. 
Thirdly, we have shown that our approximation works 
extremely well for (a,a’) scattering in the energy range 
20-40 Mev and for angles up to 90°, and have demon- 
strated that our method of physical interpretation cor- 
rectly describes the effect of modifying our parameters. 
Lastly, we have used our method' of interpretation to 
understand qualitatively some of the more complicated 
features of direct interactions, especially interactions 
involving nucleons. We have not so far included spin 
effects in our calculations, nor have we yet detailed 
calculations of the effect of the focus, but such calcula- 
tions are in progress. 

Perhaps the most important of our detailed results is 
to learn how to approximate the angle dependence of the 
amplitude of distorted wave functions, and the simple 
expression for the differential cross section for inelastic 
scattering which follows in a natural way. The close 
agreement of the y parameter chosen to fit the scat- 
tering data and its value predicted from optical model 
wave functions convinces us that our interpretation of 
this parameter is substantially correct. On the other 
hand, the two parameters R and X, which relate to the 
radial dependence of the integrand in the matrix ele- 
ment, do not have any very direct physical inter- 
pretation. 

The use of general arguments to predict qualitatively 
the effects of localization of the direct interaction is 
helpful whenever it is useful to treat the distorted wave 
functions as a whole rather than as a sum of partial 
waves. These arguments were of great help to us in 
developing and understanding physically the results of 
the more detailed calculations presented in Secs. 3 and 4. 
However, they are also relevant to other direct inter- 
action processes, wherever there is reason to believe the 
interaction is largely confined to just a small region of 
the nucleus. 

The use of simple approximations to the distorted 
wave functions in the theory of direct interactions is 
limited by the difficulty of finding a simple approxima- 
tion involving only a few parameters which yet reason- 
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ably accurately reproduces the results of direct optical 
model calculations. The value lies in the fact that the 
complete wave function has certain simple features 
which may easily be parametrized, but which are hard 
to discover from an examination of the partial waves 
separately. Approximations such as we use therefore 
give a more direct insight into the physical reasons 
behind those aspects of direct-interaction processes 
which are due to simple properties of the complete wave 
function than could be obtained using an analysis in 
terms of partial waves. Of course, a partial wave analysis 
should, if correctly performed, lead to the same results 
as the use of an exact expression for the complete wave 
functions, and for some purposes this may frequently be 
the best procedure. We believe that the most important 
further development of our use of approximations to the 
complete optical model wave function near the nucleus 
will be the investigation of effects due to the focus. 
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APPENDIX 1 


In this Appendix, we demonstrate that if a probe 
described by p exp(iS), where p is a known function of 
position, is interpreted as measuring momentum, then 
the probe will have maximum resolution for detecting a 
momentum kh, consistent with the uncertainty prin- 
ciple and the known localization p of the probe, if 
S=k-r. By this interpretation of the probe, we mean 
that / f(r)p exp(iS)d*r is to be regarded as an approxi- 
mation to the Fourier transform f f(r) exp(ik-r)d*r of 
f corresponding to wave number vector k. Clearly the 
resolution of the probe is better, the better p exp(iS) 
approximates exp(ik-r). The criterion we adopt that 
pexp(iS) approximates exp(ik-r) in some (perhaps 
poor) sense is that, in the Fourier decomposition of 
p exp(iS), the mean wave number vector is k, and the 
criterion for maximum resolution for k is that the mean 
square deviation of wave number vectors about k is a 
minimum. 

For convenience, we suppose p normalized so that 
JS pd'r=1. Then the conditions for the interpretation 
we wish for p exp(iS) are 


[oc's(—iv—bpe'sar=0, (A1.1) 


focsiv- k)*pe‘Sd’r=minimum. (A1.2) 
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Simplification, and introduction of Lagrange multipliers, 
lead to the equivalent condition 


for —p'V*p—2i(V Inp)-e—iV-0+o?+F 


+2.:[oe—i¥ Inp—k]}d*r=minimum, (A1.3) 


where o= VS. We now treat this as a variational prob- 
lem, varying @, and obtain 


— 2ip?(V Inp)+iVp?+2’+2p’e@=0, (A1.4) 
or 
o= —2=constant, 


(A1.5) 


and also 


or if p— 0 sufficiently rapidly for large r, then 


0= [ (o—Wer= - [eather —(2+k). (A1.7) 


Hence = —k, and 
VS=oe=k. 
Hence 
S=k-r+constant, 


which is what we wished to prove. 


APPENDIX 2 


In this Appendix we justify the assertion made in the 
body of the paper that cos@~ 1, or equivalently |sin®| 
<<1, where © was defined following Eq. (12). The ap- 
proximation is obviously exact for 0° and 180° scat- 
tering or if ky=k;. We now consider the more general 
case. 

It is easy to show that 


EX E/*=iy(1/r+1/r')(ki— ky) RixXk;, (A2.1) 


and 


E-&/*= (k,—k,;)?+ (1—cos6)[ 2k ike + 2y?/rr’ 
+iy(kitks)(1/r—1/r')], 


where cosd=k;,-k,, i.e., @ is the scattering angle. 
Since (EX &'*)?= #¢’**— (E- &’*)?, it is clear that 


| sin® |= | (EX &*)?/P™| <1, 


(A2.2) 


provided 
| (EX E*)/(E-E*) | <1. 
Now 
| E-&'*| > (ki— hy)? +-2(1—cosd) (Riky+7*/17’), 


and therefore 
| (EXE’*)/(E-E'*)| 
¥(ki—ks)(1/r+1/r’) | sind | 


* (bj —ky)?-+2(1—cosd) (kik -+7?/r7’) 


(A2.3) 


. (A2.4) 
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We maximize this expression with respect to the scat- 
tering angle @, and obtain 


| (EX &*)/(E-&*) | Sy (1/r+1/r’) 
XC (Ri ths)? +4y7/r7r' 4. 


From this we see that the approximation cosO~1 will 
be good if ky+k,>y(1/r+1/r’), and still will not be 
too bad for most scattering angles even if ky+k, 
~(1/r+1/r’). However, even for 10-Mev incident 
nucleons, this limit will not be approached until r or 7’ 
or both are smaller than or of the order of 1 f, and the 
contribution to the radial integrals from such values of 
r should be unimportant. Hence we conclude that even 
in this rather extreme case, cosQ@~1 should be an 
adequate approximation. Of course the approximation 
becomes still better at higher energies, or for heavier 
projectiles such as a particles at the same energy. 


(A2.5) 


APPENDIX 3 


In this Appendix we consider the nature of the phase 
distortion in the neighborhood of the focus if in this 
region the a-particle wave function is a superposition of 
waves with wave number vectors each of magnitude k 
but twisted out of the direction of k through a definite 
angle w. Thus we write 


(A3.1) 


y~p( dfs n) exp(ikn: r)dQ,, 


where 7°?=1, 9-k=k cosw, and we assume that /(n) 
depends only on the angle between y and Kk, i.e., on w, 
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which is fixed. (A3.1) can then be rewritten 


25 
v~otn f exp{ikr[_cosw cosé 
0 , 
+sinw sind cos(¢y,— ¢) |}d¢,, 
=p(r) exp(ik- r cosw) 


or 


xf exp[ikr sinw sin@ cos(¢,— ¢) \dg,. (A3.2) 
Uv 

Now since the integral in (A3.2) is over a complete 

cycle of ¢g,, it does not matter at which point in the 

cycle the integration is begun. Hence 


2r 
f exp[ikr sinw siné cos(¢,— ¢) |\d¢, 


0 


3r 
-{ exp[ikr sinw sin@ cos(¢,— ¢) |d¢,, 


r 


9 


a 2 
-{ exp —ikr sinw sin cos(¢,— ¢) |d¢,, 


0 


* 


25 
-(f exp[ikr sinw sin8 cos( ¢,— ¢) en) «. (AASB 
0 


Hence (A3.2) is of the form 
y~p’ (r) exp(ik- r cosw), (A3.4) 


which is what was to be proved. 
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Nuclear Spin of Ho} 
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The hyperfine structure of Ho'** has been examined by means of the atomic-beam magnetic-resonance 
technique. The atomic ground state appears to be ‘/;5;2, and gy has the measured value 1.19509+-0.00007, 
in close agreement with the Russell-Saunders value of 6/5. Only one resonance is observed, and its transition 
frequency for 0.15< H <150 gauss is proportional to the magnetic field strength to within experimental 
error. The simplest interpretation is that the nuclear spin is 7=0. It is shown that if J=1, the magnetic 
hyperfine interaction constant @ must be less than 5 kc/sec. 


INTRODUCTION 


SOTOPES in the rare earth region have received a 

considerable amount of attention from nuclear 
physicists during the last few years. One ot the most 
striking results of this research was the discovery of 
large collective effects. 

The application of atomic-beam magnetic-resonance 
techniques to these isotopes, although hindered until 
recently by a number of experimental difficulties, is now 
proceeding. In particular, recent research'? on the beta- 
gamma spectroscopy of the decay products of Ho!® 
indicated the desirability of a direct measurement of 
the spin. 

GENERAL PRINCIPLES 


The general features of the atomic-beam magnetic- 
resonance technique for determining nuclear spins have 
been extensively treated. Accordingly, only a brief out- 
line will be given here. 

In the scheme of Rabi,’® as modified by Zacharias,‘ 
the material to be investigated is vaporized in an oven 
with a narrow slit. The emerging beam then passes in 
turn through three magnetic fields. The first and third 
are strong and inhomogeneous while the central field 
has no gradient. The inhomogeneous fields and their 
gradients are arranged in such a way that the deflections 
suffered by an atom of the beam are equal in magnitude 
and in the same direction (away from the detector) 
unless a suitable change in the effective magnetic 
moment of the atom occurs between the deflections. If 
such a change of state occurs, the second deflection will 
be reversed in direction and will refocus the atom to a 
central detector. Such observable transitions can be 
induced by an appropriately oriented rf magnetic field 
of the proper frequency, in the central, homogeneous 
magnetic field. The resonant frequency is a function of 
all the parameters that appear in the Hamiltonian (see 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Currently on leave as a Guggenheim Fellow at the University 
of Heidelberg, Heidelberg, Germany. 

1R. L. Graham, J. L. Wolfson, and M. A. Clark, Phys. Rev. 
98, 1173 (1955). 

2 R. G. Helmer and S. B. Burson, Phys. Rev. 119, 788 (1960). 

3]. I. Rabi, J. R. Zacharias, S. Millman, and P. Kusch, Phys. 
Rev. 53, 318 (1938). 

4J. R. Zacharias, Phys. Rev. 61, 270 (1942). 


“Theory of the Method,” below) and measurement of 
the frequency at a number of known intensities of the 
homogeneous magnetic field can yield information on J 
if enough is known of the other parameters. 


SOURCE PREPARATION 


The 27-hr Ho'® source was formed by neutron capture 
(cross section=64 6) in 100% abundant Ho!®, Over- 
night irradiations were arranged at a flux of 210" 
neutrons cm~ sec~! in the Argonne research reactor 
CP-5. About 250 mg of Ho provided a source strong 
enough to be useful for about a week. 


EXPERIMENTAL DETAILS 


Ovens. Since it was anticipated that a relatively high 
temperature would be required to produce a Ho'® beam 
of adequate intensity, tantalum was selected for the 
oven material. A small amount of sodium metal was 
added to the irradiated Ho to facilitate beam alignment. 
It was found that a temperature of about 1100°C was 
sufficient to give a strong beam of radioactive Ho'* on 
the first day of operation. As the sample became less 
active, however, higher temperatures were required. 

A second oven, containing sources of both K and Cs, 
was left in position at all times for magnetic field calibra- 
tion. It was mounted above and a little to one side of the 
centrally located Ho oven. 

Homogeneous magnetic field. Prior to investigation of 
the Ho, several changes were made in the C magnet to 
improve its homogeneity. The procedure followed and 
the results achieved have been described previously.® 

Calibration of the homogeneous field, conventionally 
called the ‘‘C”’ field, is achieved by means of the Cs'* or 
K*® beams from the auxiliary oven mentioned above. 
The alkali beams are detected by an off-center hot 
tungsten wire used as a surface ionization detector. 
Radio-frequency resonances can be observed in either 
K® or Cs! and thus the C field can be monitored con- 
tinuously without interfering with the radioactive beam. 

Two rf loops are available in the C field, and they can 
be cross-calibrated by observing the same resonance in 
turn with each loop. Such studies indicate that there is 
seldom a difference in frequency of as much as 2 kc/sec 


5 L. S. Goodman, Rev. Sci. Instr. (to be published). 
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at frequencies up to 100Mc/sec. Although an exhaustive 
investigation has not been made (and need not be made 
if the loops are cross-checked prior to each run), it 
appears that varying the magnet history does not in- 
crease the difference in field at the two loop positions 
(2 cm apart) by more than 1-3 milligauss. Much larger 
effects were common before altering the magnet as- 
sembly as described previously.® 

Operation at very low fields. The Majorana flop-in 
pattern at zero field was investigated by use of a beam 
of stable Ga. It was found that no flop-in occurred at 
fields above 0.1 gauss, and that above 0.075 gauss the 
amount occurring was too small to interfere with reso- 
nance work. Accordingly, it was decided to begin the 
search for Ho'® transitions at 0.15 gauss where the 
searching required would be nearly a minimum. The 
calibration resonances in Cs'* and K® at 0.15 gauss 
were clean and easy to use. 

Collection technique. The Ho'®* beam was detected by 
allowing it to condense on copper-coated steel collectors, 
which were removed from the vacuum system after 
exposure and counted in gas-flow Geiger counters. The 
copper surface was deposited on the steel by momen- 
tarily dipping the collector, after preparation by etching, 
into a dilute solution of CuSO ,. The collectors were then 
kept in alcohol until immediately before insertion into 
the vacuum system for use. No special care of the collec- 
tors was required after removal from the vacuum. 


THEORY OF THE METHOD 


The Hamiltonian describing the energy levels of an 
atom, with nuclear spin J and electronic angular mo- 
mentum J, in an external magnetic field may be written® 


K=hal- J+ gyJ sol + gr oH +hbQop, (1) 


where terms of order higher than electric quadrupole 
have been omitted. In this expression a and 6 are 
parameters to be determined, and g; and gy are the 
nuclear and electronic g factors, respectively, and are 
defined by g;= —yu1/J and gy= —yz/J. In addition, po is 
the Bohr magneton, H the external magnetic field, and 
Qop is the electric quadrupole interaction operator. The 
z axis is chosen to coincide with the direction of the 
external magnetic field. All quantities are defined as in 
reference 6. 

It should be noted that although the Hamiltonian 
contains the atomic inputs J and gy, neither of these 
quantities was known for the atomic ground state of 
Ho. It was suggested’ to the authors that Ho would 
most likely have eleven / electrons, and an inverted 4/ 
configuration. Thus, the ground state anticipated was 
4745/2, for which the Russell-Saunders g, value is calcu- 
lated to be 6/5. 

If the nuclear spin were indeed 0, as proposed by the 
nuclear spectroscopists,'* the Hamiltonian would im- 


7M. Fred (private communication, 1960). 
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mediately yield the eigenvalues gymyyoll, so that the 


observable transition frequency (Am, t1) becomes 
guuoll as expected. Any departure of the transition 
frequency from linearity as the magnetic field is varied 
would indicate a spin />0. 

If the nuclear spin were 1, three zero-field hyperfine 
levels, characterized by total angular momenta F= 17/2, 
15/2, and 13/2, would be expected from the 4715/2 ground 
state, and each of these would produce an observable 
transition at nonzero field. If the nuclear moments (and 
consequently, the hyperfine interaction constants @ and 
b) were very small, all nonlinearity of the observed 
frequencies would occur only at very weak fields, and 
consequently the spin might appear to be zero. Similarly, 
if the hyperfine separations were very large, the linear 
Zeeman region would extend to strong fields. For most 
atoms with nonzero spin, a situation between these two 
extremes holds, and the nonlinearity can be measured 
precisely so that definite spin assignments can be de- 
duced. It is clear, however, that if no nonlinearity is 
detected, one cannot make a definitive spin determina- 
tion ; rather one can only hope to place limits ona, and, 
and thus indirectly on yu; and Q. 


MEASUREMENTS 


Table I summarizes the results of-the measurements 
on Ho!®*, together with the data associated with calibra- 
tion of the homogeneous field in which the transitions 
were induced. It is seen that, within experimental error, 
no nonlinearity could be detected, and thus the most 
reasonable interpretation is that the nuclear spin of 
Ho! is J=0. Figure 1 displays the data graphically. 


150.0 250.915 £0,010 Mc/sec 
15.0 25.088 +0.004 " 
1.5 2.510 +0010 
0.15 0.2516 0.0020 " 











4 
0.15 1.5 





0.015 


H (gauss) 


Fic. 1. Graphical presentation of the Ho!® data to display the 
observed linearity of resonance frequency with field strength. The 
resonance frequency for each value of the magnetic field is given 
in the figure. 
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The observed resonance at 0.15 gauss (shown in 
Fig. 2) at 0.2516+0.0020 Mc/sec is to be compared with 
the frequency of 0.2519 Mc/sec that was calculated for 
spin 0 on the basis of the Russell-Saunders value of g, 
for a ‘/,5/2 state. This result suggests that the atomic 
ground state is 4715/2 as anticipated and that its gy value 
is close to the Russell-Saunders value. Some evidence 
that some of the atoms in the beam were in the ‘/13/2 
and ‘/\;/2 states was found at 0.15 gauss when operating 
at greater rf power than for the run shown in Fig. 2. 

Although no activity other than that of Ho'® was 
expected in the source, a check was made on the half-life 
of atoms collected on resonance at 150 gauss to provide 
more positive identification of the atoms undergoing 
resonance. The 28+1 hr half-life obtained agrees closely 
with the reported® value of 27.3 hr for Ho'®, 


DISCUSSION 


The simplest interpretation of the data is that the 
nuclear spin of Ho'® is 0. As mentioned above, the 
transition frequency is then given by gyyoH, from which 


Tas_e I. Summary of the data obtained on Ho'®*. All fre 
quencies are in Mc/sec. The resonance at 0.15 gauss was observed 
five times, and that at 15 gauss twice. The (4, —3«>4, —4) 
transition in Cs was used for field calibration. The value* 
g,(Cs) = 2.002577 was used in calculating the Cs frequencies, and 
the gy value quoted for Ho is thus relative to the Cs value. 


Ho! 
frequency 


0.2516+0.0020 
2.510 +0.010 
25.088 +0.004 
250.915 +0.010 


Cs! 


H (gauss) frequency 


0.15 0.0525 
3 0.525 
15 5.269 
150 54.061 


* See reference 9. 


gy can be simply extracted. The value obtained in this 
way is 
gs (Ho'®*) = 1.19509-.0.00007, 


relative to gy(Cs)=2.002577.° 

The observed linearity of the resonance frequency 
with magnetic field strength does not, however, establish 
that the spin is 0. If the spin were 1, then very small or 
very large values of @ could also be consistent with the 
data. If the spin is 1 and we make the reasonable as- 
sumption that J=15/2, F may take on the values 17/2, 
15/2, and 13/2. (The justification of the assignment 
J=15/2 rests on the close agreement between the gy 
value deduced experimentally for either 7=0 or J=1 
and that calculated for the expected Russell-Saunders 
‘7 15/2 state.) An observable AF=O transition may be 
expected to arise from each of these three hyperfine 
levels, and the resonance frequencies can be calculated 
as functions of a, 6, gz, and H. In addition, approximate 

*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs 
Modern Phys. 30, 585 (1958). 


*V. W. Hughes in Recent Research in Molecular Beams, edited 
by I, Estermann (Academic Press, Inc., New York, 1959), p. 87, 
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Fic. 2, The Ho'** resonance as observed at 0.15 gauss at low rf 
power. At higher power levels, there is some evidence of resonances 
associated with other ‘/ states. 


values for the relative transition probabilities of the 
three resonances may be obtained. An extensive pro- 
gram of such calculations was carried out on the digital 
computer GEORGE. The calculations were made for a 
wide choice of values of a and 6/a, so that all four possi- 
ble zero-field hyperfine orderings were considered. 

The calculations show that a linear field dependence 
of transition frequencies may be expected either for 
very small a (where the external field H is effectively 
very strong and J and J are decoupled) or for very large 
a (where the external field is effectively very weak and 
I and J are tightly coupled). 

Calculations at 0.15 gauss show that for a> 150 kc/sec, 
the three resonances should occur at frequencies 0.238, 
(F = 13/2), 0.207g, (F= 15/2), and 0.185g, (F=17/2), 
all in Mc/sec, unless the ratio b/a is very close to one 
of the values —10, 70/9, or 140. When 6/a approaches 
any one of these three values, two of the three zero-field 
hyperfine (F) levels approach the same energy, and the 

10 It is interesting to note that this resonance (F=15/2) is the 
only one of the three whose frequency, for strong effective mag- 
netic field, is proportional to H. Since the resonance frequency of 
the observed transition is also proportional to H for 0.15<¢ H ¢ 150 
gauss (see Table I), it is tempting to assume this identification, 
for 7=1, and use it to place an upper limit on a. There are two 
dangers in this procedure, however. The resonance frequency for 
the F=15/2 transition at 0.15 gauss has been calculated to be 
0.210¢, for a strong effective field (a < 30 kc/sec), and 0.207g, for 
a weak effective field (a > 150 kc/sec). The small a dependence of 
this resonance frequency and the lack of precise knowledge of gy 
(gy is determined only after establishing that a is small) lead to 
the conclusion that comparison of the observed frequency with 
the extremes calculated is, without other supporting arguments, 
a poor criterion for placing limits on a. The second objection is 
still more serious. The frequencies calculated above are valid only 
if the value of b/a is not too close to either —10 or 70/9, and thus 
a systematic investigation of the dependence of all three transition 
frequencies on both a and b/a becomes desirable, 
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Fic. 3. The Ho" resonance as observed at 150 gauss. 
The observed width is 50 kc/sec. 


two corresponding resonances approach each other in 
frequency, while the third resonance frequency remains 
unaffected (to within 1 kc/sec). 

Since only one resonance is observed at 0.15 gauss, it 
may be identified with any of the three anticipated. 
When this is done for /=1, and a2 150 kc/sec, gy can 
be evaluated for every value of 6/a and the resonance 
frequencies for the other two transitions can be calcu- 
lated. The relative transition probabilites of the three 
transitions can also be calculated. The frequency range 
covered in the search for resonances at 0.15 gauss in- 
cluded, on both sides of the single observed transition, 
all frequencies at which the other two transitions might 
be expected to appear. Comparison of the observed 
spectrum containing the single resonance at 0.2516 
+0.0020 Mc/sec (Fig. 2), with the detailed calculations 
shows that there is no value of 6/a for which the experi- 
mental results are consistent with the calculated fre- 
quencies for /=1 and a2 150 kc/sec. It is thus clear that 
if J=1, a<150 kc/sec regardless of the value of b. 

Thus, if J=1, it has been shown that a<150 kc/sec. 
Calculations show that for @ as small as this, 150 gauss 
represents a very strong effective field. At such a strong 
field, the frequencies of the three AF =0 transitions may 
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lic. 4. The Ho! transition as observed at 15 gauss. 
The observed width is 14 kc/sec. 
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be accurately approximated by the relation 
hv=gsuoH +hamry, (2) 


where m,, the projection of J on the field axis, may 
assume the values 0 and +1. This expression is valid 
for arbitrary 5. It is thus possible to evaluate gy as 


gy= (h/po)dv/dH. (3) 


The measured value of g, is thus the same for 7=1 as 
that obtained under the interpretation 7=0. When this 
value for gy is used at 0.15 gauss, the quantity gyyoH 
has the value 0.2509 Mc/sec compared with the ob- 
served frequency 0.2516+-0.0020 Mc/sec. On substitu- 
tion of these two numbers into Eq. (2), it is clear that 
ham;<3 kc/sec. Consequently, either m;=0 for the 
transition observed, or a<3 kc/sec. 

Since the spacings between the three frequencies 
predicted above must be a, one may search the fre- 
quency range on either side of the observed transition 
for companions. This was done at 150 gauss over a 
region 350 kc/sec immediately below resonance. The 
corresponding search above resonance was unnecessary 
since it is established that m,;=O for the transition 
observed. The appearance of the resonance at 150 gauss 
is shown in Fig. 3. 

Since no companion resonance was found, one may 
conclude either that a>350 kc/sec or that all three 
resonances are contained within the observed transition. 
If the observed resonance, which has a width of 50 
kc/sec, does contain all three transitions, we must have 
a<15 kc/sec. Since we have already shown that @ cannot 
be larger than 150 kc/sec, we may conclude that if J=1, 
a<15 kc/sec regardless of 6. Actually, examination of 
the transition as observed at 15 gauss (Fig. 4), where 
the full width at half maximum is 14 kc/sec, makes it 
possible to reduce the upper limit on a to 5 kc/sec 
for J=1. 

CONCLUSIONS 


The simplest interpretation of the present data is that 
I=0 for Ho'®. If the spin is 1, it has been shown that 
a<5 kc/sec. The possibility of a spin larger than 1 was 
not investigated, but has been excluded on other 
grounds.!” 

The measured value for gy (for /=15/2) is 1.19509 
+0.00007, a result which is valid for either J=0 or 
I=1 (if J=0, the result for gy is independent of J). 
The closeness of this value to 6/5 implies strongly that 
the atomic ground state is a Russell-Saunders 4/15/2 
state, although the present work does not constitute a 
measurement of J." 

The essential conclusions presented above were 
reached independently by R. Marrus ef al.” 


41 L. S. Goodman and K. Schliipmann (private communication) 
at Heidelberg have recently established that J=15/2 for the 
atomic ground state of Ho. This result confirms the tentative 
determination of J in this paper. 

2. S. Goodman, W. J. Childs, R. Marrus, I. P. K. Lindgren, 
and A. Y. Cabezas, Bull. Am. Phys. Soc. 5, 344 (1960). 
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Using a thin proportional counter as a velocity selector in conjunction with a NaI crystal to measure 
energy, deuterons from proton-induced reactions in some light nuclei were studied. The detection system 
was capable of presenting an essentially undistorted spectrum of deuterons in the presence of protons of 
the same energy and considerably more intense. Angular distributions of deuterons from C¥(p,d)C®, 
N"(p,d)N¥, N'5(p,d)N™, F%(p,d)F'8, Mg*5(p,d)Mg™, and P*!(p,d)P® were taken. Butler curves were 
calculated to fit the experimental distributions and level widths extracted. 





I. INTRODUCTION 


HE success of the Butler theory in the interpreta- 
tion of forward peaking in particle exchange 
reactions has served as a stimulus to a great deal of 
experimentation. Attention was originally on the shape 
of the spectrum from which spins and parities of associ- 
ated levels could be deduced. The reaction cross section 
has more recently been made use of to test the nature 
of nuclear wave functions. Information about stripping 
reaction cross sections augments that obtained from 
‘‘static” experiments such as level structure, beta-decay 
ft values, and nuclear magnetic and quadrupole mo- 
ments. The results reported here constitute a study of 
(p,d) angular distributions which involve states of light 
nuclei for which analysis of the cross section contributes 
significantly to nuclear spectroscopy. 

Restriction of the investigation to light nuclei was a 
consequence of the rapidly diminishing cross section 
for (p,d) reactions with increasing atomic number of the 
target nucleus as well as the decrease in the spacing of 
low-lying levels of the residual nucleus. Attention was 
focused upon those reactions which led to resolvable 
deuteron groups, although in several instances a group 
containing a contribution from more than one level of 
the residual nucleus was studied. Angular distributions 
were in most cases taken over the forward angles only 
since the plane-wave Butler theory gives a good fit to 
the data only at small angles and interest was primarily 
in spectroscopic level parameters rather than details of 
the reaction mechanism. No attempt was made, except 
in the N'5(p,d)N™ experiment, to check details of the 
angular distribution as a function of incident proton 
energy which was in the range 16.5 to 18.5 Mev. The 
proton beam spread was about 200 kev. 

Since (p,d) pickup reactions lead to a different set of 
levels than the complementary stripping reaction, it is 
perhaps surprising that so few of the former have been 
investigated. There are several practical reasons for 
this, however. The Q of a (p,d) reaction is nearly always 
negative and of the order —8 Mev which means that 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

+ Abstracted from E. F. Bennett, Princeton University, thesis, 
1958 (unpublished). 

t Now at Argonne National Laboratory, Argonne, Illinois. 


these experiments are inaccessible to the majority of 
Van de Graaff generators and proton cyclotrons in use. 
For the (d,p) case, low-energy deuterons will produce 
protons of higher energy which may be distinguished 
from background quite easily. For (p,d) reactions the 
situation is reversed: high-energy protons producing 
low-energy deuterons which must be examined in a 
background of protons which are usually much more 
intense. Since the interesting features of the angular 
distributions occur at small angles where interference 
with the direct beam is particularly bad, severe restric- 
tions must be placed on the target material as to high-Z 
content. This is, however, somewhat compensated by 
the fact that the Q values for the (p,d) reactions on O'* 
and C” are of considerably greater magnitude than for 
most other nuclei so that these materials may appear 
as target contaminants without interfering with the 
group being studied. 

The relatively low proton beam intensity available 
precludes, in many cases, use of high-resolution mag- 
netic analyzers and therefore the kind of detailed study 
frequently done on the (d,p) reaction. On the other 
hand, low-lying levels in light nuclei have, in many 
cases, separations of ~1 Mev which is considerably 
greater than the resolution of fairly simple detection 
systems such as the one employed here. It is also true 
that theoretical spectroscopy in light nuclei is still 
primarily concerned with the lower excitations so that 
even though fewer levels can be studied by (,d) than 
by (d,p) the theoretical interest for a given nucleus is 
not greatly different. 


Il. EXPERIMENTAL METHODS 
A. Counter Telescope 


The incident proton energy used in the (p,d) experi- 
ments varied between 16.5 and 18.5 Mev. The cyclotron 
could be tuned and a beam extracted over this energy 
range giving protons of intensity adequate for experi- 
mentation. The large variation in Q values for (p,d) 
reactions—from a value slightly positive in the case of 
the Be*(p,d)Be® ground-state reaction to about —12 
Mev for the N'°(p,d)N 2.31-Mev level reaction—made 
it necessary to detect deuterons ranging from about 6 
to 16 Mev. 
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Standing' and Reynolds and Standing? used a 
detection system utilizing a single NaI crystal. The 
crystal was cut as nearly as possible to the exact range of 
the deuteron group, and consequently protons of equal 
energy passed completely through, givings a maller 
light output. Therefore, the deuteron group appeared at a 
higher pulse height than any other group. Deuterons 
from a number of light elements were studied in this 
manner. Several! difficulties were encountered and these 
were discussed by Standing. First, it was found to be 
quite difficult to cut crystals to the thickness desired 
(a few mil). What had to be done was to use crystals 
thinner than the deuteron range in conjunction with a 
variable absorber which lowered the energy of the group 
until it was exactly stopped. Also, if the crystals were 
not uniformly thick, a very sizeable spread in light 
output would result, depending upon where the deu- 
terons traversed the crystal. Another difficulty which 
was encountered was the multiple scattering of some 
protons allowing them to traverse and stop in the 
crystal with an occasionally greater range than the 
crystal thickness. This was considered to be the cause 
of much of the observed background. 

The experimental arrangement which was used in 
the present measurements is the familiar one frequently 
employed to separate particles of different charge and 
mass by a measurement of £ and dE/dx simultaneously. 
The rate of energy lost together with £ then classifies 
the type of particle. The dE/dx measurement can be 
accomplished by using a thin gas-filled proportional 
counter. For particles of identical charge (protons, 
deuterons, tritons), dE/dx is a function only of the 
velocity, and hence measurements of it and of E deter- 
mine the mass unambiguously from the equation 
M=2E/V?. It should also be noted that He*® or He* 
with a charge twice that for protons or deuterons should 
have dE/dx~16 times greater for equal velocities and 
consequently will be easily distinguished. However, 
when a particle traverses a medium in which only a 
small fraction of its energy is lost to ionization, there is 
a Statistical spread in energy loss which does not there- 
fore allow a precise determination of velocity and hence 
of mass. The problem encountered in resolving protons 
and deuterons of equal energy then resolves itself into 
determining whether or not the spread is large enough 
to allow a significant number of protons to be inter- 
preted as deuterons, all other particles presumably 
being easily recognized. 

The amount of ionization per unit track length varies 
partly because the number of collisions is governed by 
Poisson’s law and partly because the energy transferred 
at each collision varies. Early*® treatments of the 
problem showed that the fluctuation curve (variation 
in energy loss for identical particles traversing a given 
amount of material and losing only a small amount of 

'K. G. Standing, Phys. Rev. 101, 152 (1956) 


2 J. B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 (1956). 
3 E. 3. Williams, Proc. Roy Soc. (London) 125, 420 (1929), 
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energy) could be roughly explained by a Gaussian due 
to the majority of events which are of the low-energy 
transfer variety plus a broad tail falling off approxi- 
mately as 1/F* where E£ is the energy loss of the particle. 
The 1/£F tail was considered to be due to occasional 
events which transferred an unusually large amount of 
energy to the electron. Symon‘ carried out more detailed 
calculations on this distribution and reported results 
which are in good agreement with experiment. On the 
basis of Symon’s work, proton and deuteron ionization 
loss distributions for thin gas-filled counters were com- 
puted in an attempt to determine whether or not the 
broad high-energy tail characteristic of the process from 
protons would interfere appreciably with the deuterons 
of equal energy but having a greater mean energy loss. 
In a sample calculation in which particles (protons and 
deuterons of 5 Mev) were assumed to pass through 13 
in. of argon at STP the proton tail was not great enough 
to present a subtraction difficulty even though deu- 
terons were considerably less intense. The full width at 
} maximum of the distribution is only about 30 kev for 
both distributions with the protons losing 160 kev and 
the deuterons 260 kev on the average. 

Igo and Eisberg® suggested that the resolution of the 
proton and deuteron groups could be improved using 
several thin gas counters in a telescope arrangement, 
and this device was employed by Ribe® in studying the 
(n,d) reaction on F'*. In this method the smallest of 
several pulses from a series of identical thin counters is 
chosen to characterize the event. The distribution from 
each counter will present the characteristic shape in- 
volving the broad Landau tail. The low-energy end of 
the distribution rises quite rapidly, and therefore the 
smallest of several pulses created by the same ionizing 
particle might be expected to lie in this low-energy 
region and not vary as much as for a single event. 
Calculations were done based on Symon’s thesis in 
which the method of Igo and Eisberg was compared for 
resolution with that which would have resulted using 
a single counter having the same total ionizing path. 
For sufficiently thin velocity former 
method does indeed improve resolution. However, the 
advantage over a single equivalent counter disappears 
when energy loss of the charged particle is of the order 
of 100 kev or more. The completed velocity selector was 
checked with deuteron and proton groups of known 
energy and distributions agreed very well with those 
calculated. 


selectors, the 


The actual construction of the proportional counter 
was dictated by a number of considerations. First, it was 


necessary to have the particles lose sufficient energy in 
the counter so that good resolution of the proton and 
deuteron groups could be obtained even for proton 
intensities many times that of the deuterons. Because 


4K. Symon, Ph.D. thesis, Harvard, 1948 (unpublished) 
°G. Igo and R. M. Eisberg, Rev. Sci. Instr, 25, 450 (1950) 
‘I, L, Ribe, Phys. Rev. 106, 767 (1957), 
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Fic. 1. Proportional counter used as a velocity selector. 


of the wide range of deuteron energies encountered, a 
counter which would operate over a wide range of gas 
pressures was desired. Argon commercially mixed with 
4% COs was used as a filling gas. Estimates of the 
amount of gas needed for adequate particle resolution 
of the most energetic deuterons led to a path length in 
the counter of about 3 in. assuming a pressure of 1 
atmosphere. The size of the center collecting wire was 
determined chiefly by considerations of gas amplifica- 
tion and the desire to keep transit times short. Since it 
was intended to use the counter in a coincidence 
arrangement with resolving times as short as possible, 
a narrow-diameter collecting wire and high gas multi- 
plication were essential. To keep transit time short, 
reasonably intense fields across the counter had to be 
maintained. A compromise between these numerous 
considerations led to use of a center wire of 3-mils 
diameter and an operating voltage (determined experi- 
mentally) of about 1600 volts depending upon pressure. 
The counter (Fig. 1) had two identical sections 1} in. 
square and 43 in. long. This was considered to be an 
improvement over a single counter with a 3-in. path 
from considerations of field uniformity and intensity at 
a distance from the center wire. The division between 
the two sections was by means of a 3y-in. brass plate 
with a hole just adequate to pass the beam. The center 
wires were attached at one end with glass hooks and 
were led through a Kovar seal at the other. The counter 
was silver soldered except at one side which, to avoid 
further heating after electrodes and mica windows were 
in place, was attached with epoxy resin. Thin (~2 
mg/cm?) mica windows were found to be more suitable 
than organic materials. Window mounts were con- 
structed in the manner described by Standing.' The 
counter showed no apparent deterioration over intervals 
of several months. 

Collimation was done at the entrance to the propor- 
tional counter.- The beam in traversing the counter was 
spread somewhat due to multiple scattering, but calcu- 
lations showed that for the window geometries and 
collimators employed there was negligible loss due to 
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scattering from the effective counting area. Experi- 
mental tests which were conducted confirmed these 
calculations. 

A thin (% in.) Nal crystal was used to stop all charged 
particles which traversed the velocity selector. The 
resolution of this energy detector for the incident proton 
beam was about 2%. 

Two 6AKS5 pentodes in parallel and connected as 
triodes served in each preamplifier unit. The counters 
and preamplifiers were used in vacuum in the scattering 
chamber. 


B. Procedures 


All distributions were taken in the 60-in. scattering 
chamber described by Yntema and White’ (see Fig. 2). 
The beam was collimated at the entrance to the 
chamber by a }-in. hole. This gave a beam spot # in. 
diameter at the target. After passing through the target, 
undeflected protons were collected in a Faraday cage. 
The charge collected was used to normalize the data at 
different angles and compute absolute cross sections. 
Since most targets were not uniform, a monitor counter 
at ~20° to the beam was used in conjunction with the 
Faraday cage. A correspondence between deuteron 
counts and monitor counts would then be maintained 
even though beam intensity varied with time over 
different parts of the foil. Actually, some inserted mate- 
rial (usually polyethylene) binder was ordinarily present 
in addition to the target material, but this was always 
quite thin and uniform and could be allowed for. 


7 J. L. Yntema and M. G. White, Princeton University Techni- 
cal Report NYO-3478, May 15, 1952 (unpublished). 
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Energy calibration and stability of the proton beam 
were checked frequently using an end-point ionization 
detector described by Schrank.* Absorbers were used to 
slow some protons, deflected by a few degrees in the 
target, to an energy such that they could be completely 
stopped between two identical sections of an ion 
counter. Whether the proton energy is high or low is 
indicated by a difference in current in the two sections 
of the counter. The beam could then be set to any given 
energy with an accuracy of about 20 kev by inserting 
the appropriate absorber and adjusting the cyclotron 
magnetic field. During an experiment the beam energy 
could be quickly checked and the cyclotron readjusted 
if a drift was detected. After a 2-hour warm-up period 
the cyclotron was found to be stable to about 50 kev, 
but for quickly obtaining a beam of accurately known 
energy, the device proved of great value. 

The procedure in obtaining the C"(p,d)C” and 
P*'(p,d)P® distributions was as follows. Pulses from the 
Nal detector were amplified and fed into a single- 
channel discriminator, the output of which was used to 
generate a gating signal for a 20-channel pulse-height 
analyzer. In this manner the velocity spectrum of 
charged particles as measured by the dE/dx detector 
could be viewed in coincidence with an arbitrary in- 
terval of particle energy as indicated by the Nal 
crystal. If deuterons were present, a double peak would 
be observed with deuterons appearing at twice the pulse- 
height of the proton background. A search for deuterons 
could be carried out at a fixed laboratory angle by 
recording dE/dx spectra for successive energy intervals. 
When a deuteron group appeared, the proportional 
counter pulses were fed to a single-channel discriminator 
with window set to enclose the deuteron group. The 
discriminator signal was used to gate the 20-channel 
analyzer and the coincident Nal crystal spectrum was 
observed. This resulted in a double grouping of events, 
those at greatest pulse height being interpreted as of 
deuteron origin and free from proton contamination. 
The energy spectrum in the Nal detector could, in this 
manner, be cleared of proton contamination for each 
angle, and individual groups which appeared were 
then integrated. 

For a consistency check, each angular distribution 
was repeated and if the separate runs were within 
estimated errors, the sum of counts for both runs was 
taken. In cases where agreement was poor, repeat checks 
were made and the source of the difficulty ascertained. 
Except in a few cases where interference from very 
inténse proton background was encountered, the only 
significant source of error was in counting statistics. 

Most of the work on the remaining experiments was 
done using a 100-channel two-dimensional pulse-height 
analyzer.’ This instrument took pulses directly from the 


8 G. Schrank, Rev. Sci. Instr. 26, 677 (1955). 
* M. Birks, T. Braid, and R. Detenbeck, Rev. Sci. Instr. 29, 203 
(1958). 
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counters and recorded the height of each coincidence 
pulse on tape. Having recorded all data, it was then 
possible to analyze the results by viewing either spec- 
trum in coincidence with any given region of the other 
according to the procedure outlined in the preceding 
paragraph. The advantage of this instrument was that 
all of the deuteron groups from a reaction at a given 
angle could be studied simultaneously. A considerable 
amount of data could be accumulated during the 
scheduled running time and analyzed at leisure without 
interfering with other experiments. 


III. ANGULAR DISTRIBUTIONS 


The data to be presented in this report are included 
in the summary of stripping reactions which has been 
carried out recently by Macfarlane and French." These 
authors are entirely concerned with the spectroscopic 
significance of the level widths and level width ratios 
which may be extracted from angular distributions in 
stripping (or pickup) reactions using the original 
version of the Butler theory. The notation of Macfarlane 
and French will be adhered to in the following discussion 
of experimental results, and the reader is referred to this 
reference for nuclear model analysis of level widths. 

The procedure followed in analyzing data was to 
consider ro, the nuclear radius, an adjustable parameter 
and to calculate Butler curves for intervals of about 0.2 
fermi, taking finally that curve which gave the best 
visual fit to the data. The choice of the neutron angular 
momentum / could, in almost every case, be made un- 
ambiguously by inspection of the experimental 
distribution. 

The lowest Z target material employed in this series 
of measurements was Li’. These results have been 
reported previously." 


C#(p,d)C” (E=17.0 Mev) 


Carbon enriched to 60% in C™ in the form of BaCO; 
was obtained from Eastman Kodak Company. The 
barium and oxygen contamination contribute intense 
proton background which would have made resolution 
of the deuteron and proton groups difficult and so it was 
thought advisable to remove these elements. To accom- 
plish this a technique described by Bromley” and used 
in C% dating was made use of. First, the BaCO; sample 
was mixed with an equivalent of PbCl. and dissolved 
in a solution of 60% NaNO ; and 40% KNO; at 360°C. 
The reaction of interest is 


BaCO;+PbCl, — PbO+ BaCl.+ COs. 


The COs: was led into a quartz reaction tube which 
could be maintained at 800°C. The tube contained a 
quartz boat which was charged with Mg turnings and a 
10M. H. Macfarlane and J. B. French, Revs. Modern Phys. 32, 
567 (1960). 
1 E. Bennett and D. Maxson, Phys. Rev. 116, 131 (1959). 
2D. A. Bromley, Phys. Rev. 88, 565 (1952). 
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Fic. 3. Angular distribution of deuterons from the reaction 
C8(p,d)C™® leaving C” in the ground state. Errors shown refer to 
relative values. E=17.0, /=1, and ro=4.2K10~ cm. 


few grams of Cd as a catalyst. The COs was reduced by 
Mg and elemental carbon deposited in a sooty black 
layer over the Mg. After the reaction had gone to 
completion the contents of the boat (C, Mg, MgO, Cd, 
traces of BaCO;, BaO) was dumped into a beaker of hot 
concentrated hydrochloric acid. All of these compounds 
went into solution except elemental carbon. After 
filtering and washing, the residue of 40% C” and 60% 
C' was mixed with a small amount of polystyrene in 
benzene and spread out by mechanical agitation over 
a glass plate. When the benzene had evaporated, it was 
possible to remove the foil with a thin razor blade. The 
foil used was estimated to be 3 mg/cm? thick and to 
be 1.0 mg/cm? of C®. 

The experimental angular distributions of deuterons 
leaving C" in an excitation of 0 and 4.43 Mev are shown 
in Figs. 3 and 4. The wide level spacing in the C” 
nucleus (second excited state at 7.65 Mev) permitted 
angular distributions for each state to be taken without 
fear of interference from the others. The C(p,d)C" is 
too endothermic to permit deuterons from this reaction 
to be seen. The Butler curves are for /=1 and ro>=4.2X 
10-'§ cm, and were considered the best visual fit to the 
data. The value of ro, although somewhat less than 
would be expected from similar experiments on neigh- 
boring nuclei, is in agreement with results of deuteron 
stripping on C” carried out by many investigators. The 
/=1 assignment for both distributions is in agreement 
with the known spins of }~ for the C™ ground state and 
0* and 2+ for the two lowest states of C. Experimental 
errors are in counting statistics. The absolute cross 
section for the (p,d) reaction leading to the ground state 
of C® at a center-of-mass angle of 21° was estimated 
to be ~5 mb/steradian, a value which is about a factor 
of three less than would be indicated by the correspond- 
ing stripping reaction. This is perhaps not surprising 
since the manner in which the target was constructed 
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Fic. 4. Angular distribution of deuterons from the reaction 
C(p,d)C® leaving C” in an excitation of 4.43 Mev. Errors shown 
refer to relative values. E=17.0 Mev, /=1, and r9=4.210—* cm. 


made an estimate of its thickness quite difficult. The 
ratio of the product of the spectroscopic factor $ and 
the isotopic spin coupling factor J=[Ctox7™!7? (the 
product SJ is proportional to the reduced level width 
between the target and the residual nucleus”) was 
measured to be 


S*I*(C*(p,d)C® 4.43 Mev ] 

 —_ = 0.97. 
SI[C#(p,d)C® ground state ] 

It is convenient to list the ratio of the product of $ and 
I since it is this product which is measured directly in 
a (p,d) pickup experiment. 

The Hamiltonian corresponding to the ground state 
of C8 and to the two lowest levels in C was constructed 
according to the intermediate-coupling shell model. 
These matrices were diagonalized and wave functions 
obtained for these levels as a function of the inter- 
mediate coupling strength parameter a/k. Spectroscopic 
ratios $*/S (J and J* are unity) were calculated and 
are shown plotted against (a/k)/(a/k+6) in Fig. 5. 
The experimental value is also shown and it is clear that 
a value of a/k well into the 7-7 coupling limit 
(a/k—> ©) is required to give rough agreement with 
the observed ratio. 


N"(p,d)N" (E=1.85 Mev) 


N“ was obtained in the form of melamine as a finely 
divided powder. By mixing melamine in a solution of 
benzene in polystyrene and shaking, a homogeneous 
milky emulsion was formed which was then poured onto 
a clean glass plate tilted at 45°. A thin film of the 
mixture would cling to the glass surface and when dry, 
foils of about 2-mg/cm? thickness could be removed 
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after soaking in water.’® The foils appeared quite uni- 
form and worked satisfactorily. Carbon and oxygen 
contamination is not harmful in small amounts since 
any deuterons from (/,d) reactions on C® and O'* will 
be at too low an energy to interfere. 

Again we were confronted with a rather favorable 
situation experimentally in observing deuterons from 
the reaction N'*(p,d)N™, in that low-lying states in N™ 
are well spaced. The ground state of N™ is known to be 
}~. There is a J*=}4* state at 2.37 Mev and a doublet 
at about 3.5 Mev with J*=3 A deuteron 
spectrum taken at 16° lab system is shown in Fig. 6. 
The N"'“(p,d)N“ ground-state distribution has been 
studied by Standing' and we reproduce his results in 


and 3* 


XEx 5.6 Mev 





PULSE HEIGHT 


Fig. 7 together with distributions for the 2.37-Mev state 
and the states at 3.5 Mev. Enough data on the ground 
state were taken to permit normalization to Standing’s 
data. The deuteron group leaving N" in an excitation 
of 2.37 Mev, though weak, was well resolved from the 
3.5-Mev group and could be studied. Error flags indicate 
probable error in counting although there was some 
difficulty in resolving deuterons to the 2.37-Mev state 
from the proton background, with the consequence that 
these data are probably not very reliable. 

The /=0 assignment to the 2.37-Mev group appears 
to be reasonable. Any /= 2 admixture in the distribution 
must certainly be small. The observed s-wave pickup 
is in agreement with the known spin of 1* for N“ and 
++ for the 2.37-Mev state in N™. 

The distribution of deuterons to the state (or states) 
at about 3.5 Mev can be fit fairly well, in the forward 
5.0 10 
there is an even-parity level within about 50 kev of the 


known 3 


direction at least, by /=1 andr cm. Since 


state, the experimental distribution will be 
a sum of contributions from both of these. The cross 
section actually does seem somewhat larger at back 
angles than would be consistent with /=1 alone, how- 
ever the Butler theory is usually incapable of fitting data 
except in the forward direction, and even if more 
accurate data were available it is unlikely that the 
presence of an /=2 component 
the (p,d) pickup reaction to the }*, 


N'*] could be definitely established. For the ratio of the 


[which is required by 
3.56-Mev state in 


product of $ and / we find 


S*I*LN"(p,d)N® 2.37 Mev] 
0.06. 
SILN"(p,d)N" ground ] 


S*I*[N"(p,d)N 33.51 Mev | 


0.38. 


SILN"(p,d)N® ground | 


Fic. 6 
deuterons 
N'4(p,d)N% 
is 16°. 


Scintillator spectrum of 
from the 
The laboratory angle 


reaction 





‘8 This technique for preparing melamine foils was communicated to the author by Dr. R. Detenbeck. 





(p,d) PICKUP 

Auerbach and French" have carried out intermediate- 
coupling calculations for the (p,d) reaction leading to 
the ground and 3.51-Mev state in N", and in Fig. 8 we 
reproduce these results, together with the experiment- 
ally observed ratio. 

The significance of a finite cross section for the 
N'*(p,d)N" 2.31-Mev reaction has been discussed by 
Standing! and by Macfarlane and French.” Briefly, any 
s-wave or d-wave pickup on N" indicates a departure 
from the usual shell-model assumption concerning the 
ground state of N“, namely, that it is pure p” and 
consequently neutron pickup should lead only to pure 
p® configurations in N'*. However, if higher s and d 
configurations are present in the N“ ground state, then 
breakup such as p” — p'*s*, and p'° — p*sd are permitted 
and it would then be possible to pick off sandd neutrons. 
The magnitude of this cross section then allows a direct 
estimate to be made of the purity of the N“ ground- 
state wave function. 


N* (p,@) N® Leavinc No 
IN EXCITATIONS OF 

2.3 MEV AND 3.6 MEV 
aL" 5.0 X 103m 


Nn‘ (p,4) N'3 GROUND STATE 
£21 69* 5.4 X10 cm 


[\ 
fol 





r/ 





re 
2 
E 
z 
o 
- 
Q 
rv) 
7) 
” 
” 
© 
« 
S 





Bem 


Fic. 7. Angular distribution of deuterons from the reaction 
N'*(p,d)N*. The incident proton energy is 18.5 Mev. Errors 
shown refer to relative values. 


N'*(p,d)N" (E=18.6 Mev) 


A nitrogen target was prepared from ammonium 
nitrate’® enriched to about 95% in N'®. A sample of the 
nitrate was dissolved in water and the solution evapor- 
ated to dryness on a glass plate. A small amount of 
benzene in polystyrene was spread over the salt and the 
whole complex lifted from the plate with a thin razor 
blade. Foils of ~4 mg/cm? thickness with about 1.2 
mg/cm? of N'® could be prepared in this manner. 

Deuterons leaving N" in an excitation of 0, 2.31, and 
3.95 Mev were observed (Figs. 9, 10, 11, and 12). The 
large separation of these states permitted deuterons to 
these levels to be studied without fear of overlapping. 
Counting statistics are then the only source of experi- 
mental error in these distributions. The deuteron group 
corresponding to the 3.95-Mev level in N™, though well 
separated from the 2.31-Mev group, was not entirely 
resolved from a rather more intense deuteron group at 


4 T. Auerbach and J. B. French, Rochester University Tech- 
nical Report NYO-3478, 1952 (unpublished). 

‘° Tsomet Corporation, 118 Union Street, Palisades Park, New 
Jersey. 
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Fic. 8. Level width ratio vs intermediate 
coupling for N™(p,d)N". 
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lower energy which has a Q value appropriate to the 
O'®(p,d)O reaction (oxygen being present in the 
target). The error flags for this state then include an 
estimate of uncertainty in resolving it from deuteron 
contamination, and consequently the data appear less 
reliable than for the 2.31-Mev state which is roughly 
comparable in intensity. 

The data to the ground state and the 2.31-Mev state 
are fit quite nicely assuming /= 1 and ro>=5.4XK10-* cm. 
The data on the 3.95-Mev state are much less con- 
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lic. 9. Scintillator spectrum of deuterons from the reaction 
N'(p,d)N" at 16° in the laboratory system. 
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Fic.. 10. Angular distribution 
deuterons from the reaction 
N'5(p,.d)N™“ leaving N™ in the 
ground state. Errors shown refer 
to relative values. E=18.6 Mev, 
l=1, and r9=5.4X10-8 cm 
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a no! distrib i 
= 1, 5#5.4X 10 Som gular distribution 


of deuterons from the reaction 
N'(p,d)N™ leaving N™ in an 
excitation of 2.31 Mev. Errors 
shown refer to relative values. 


k=18.6 Mev. 
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Fic. 12. Angular distribution 
of deuterons from the reaction 
N'5(p.d)N™" leaving N™ in an 
excitation of 3.95 Mev. Errors 
shown refer to relative values 
E=18.6 Mev, /=1, and ro=4.8X 
10-8 cm 





vincing, however, and though the /=1, ro>=4.8X10-" 
cm parameters are not in disagreement with experi- 
mental results, an /=2 assignment and some other 
radius will do just as well. However, the level at 3.95 
Mev is well established as 1* and this value could only 


result from p-wave pickup on N'*. The ground state 
and the 2.31-Mev state of N are known to be 1* and 
0+, respectively, in agreement with the observed p-wave 
pickup. 

The target material used contained about 6% of N* 





(p,d) PICKUP 
and since the Q values for N"*(p,d)N" and N'*(p,d)N" 
are almost identical, the deuteron group to the ground 
state of N"™ is slightly contaminated. However, the 
contamination can be estimated to sufficient accuracy 
since the cross sections for both of these reactions are 
approximately known. 
Stripping ratios were found to be 


s*I*[N'5(p,d)N™ 2.31 Mev] 
ns nite ntl eT 
SILN"(p,d)N"™ ground | 

s*I*[N"(p,d)N™ 3.95 Mev] 


setecse T  8 


SILN!*(p,d)N™ ground ] 


The experiment was repeated for a few forward angles 
after reducing the incident proton energy from 18.5 
Mev to 17.0 Mev. The ratio of cross sections for the 
2.31-Mev state to the ground state was found to be 
essentially the same at the maximum of the distribu- 
tions. 

The region of the 1p shell near mass number 14 has 
received an unusual amount of attention both experi- 
mentally and theoretically. Except for stripping and 
pickup data these results are summarized by Sherr 
ef al.'® The reader is referred to Macfarlane and French" 
for a discussion of the significance of the (p,d) pickup 
results on shell-model wave functions for these nuclei. 


F'’(p,d)F'* (E=18.5 Mev) 


The target material used in this experiment was }-mil 
Teflon. Foils were obtained commercially and were 
1.37 mg/cm? thick. 

The only previous work on F"’ was done by Reynolds’ 
who studied the deuteron group leaving F'* in its 
ground state. Typical deuteron spectra are recorded in 
Figs. 13 and 14. Well-defined states appear at an 
excitation of 0, 1.0, 1.7, 3.4, and 4.1 Mev. Deuterons 
were also observed corresponding to an excitation 


F'® GROUND 
STATE (E, =O) 








466302466402 46 8500 4 
CHANNEL 


Fic. 13. Scintillator spectrum of deuterons from the reaction 
F19(p,d)F!8 at 18° in the laboratory system. 


16 R. Sherr, J. B. Gerhart, H. Horie, and W. F. Hornyak, Phys. 
Rev. 100, 945 (1955). 
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‘1G. 14. Scintillator spectrum of deuterons from the reaction 
F9(p,d)F!8 at 50° in the laboratory system. 
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between 2 and 3 Mev, but were too weak to study. As 
can be seen, data on the group at ~4.1 Mev presented 
a background subtraction problem as did, to a lesser 
extent, data on the 1.7-Mev state. The error flags for 
these distributions contain an estimate of error due to 
this subtraction. 

The distribution to the ground state of F'* is given 
in Fig. 15. It is a very clean case of s-wave pickup, in 
agreement with the results of Reynolds and with the 
assignment of J*=4* for the F'’ ground state and 1+ 
for the F'* ground state. No d-wave component is indi- 
cated, the experimental distribution falling to zero at 
28°. The radius required to best fit the data was 
6.0X10-" cm, a value slightly larger than might be 
expected for this nucleus. 

The distribution of deuterons leaving F'* in an excita- 
tion of about 1 Mev is recorded in Fig. 16. Clearly, 
s-wave pickup is again indicated; however, a hump 
occurs in the distribution at about 30°. Also, data at 
back angles seem to indicate a rather isotropic back- 
ground. The best fit was obtained. by superimposing 
s-wave pickup with a radius of 6.0 10" cm and d-wave 
pickup with ro== 5.2 10-" cm. The ratio of level widths 
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Fic. 15. Angular distribution of deuterons from the reaction 
F9(p,d) F'8 leaving F!8 in the ground state. Errors shown refer to 
relative values. 
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Fic. 16. Angular distribution of deuterons from the reaction 
F"9(p,d)F"* leaving F"* in an excitation of 1.0 Mev. Errors shown 
refer to relative values. 


for these states was found to be 


$*7*[ F'(p,d) F's 1 Mev, d-wave 


1.5, 
SILF"(~,d)F"* ground 
*7T*T T19/ <1s » ‘ » | 
ad | Ll p,d)I 1 Mev, s-wave 0.45 
S7LF"(p,d)F'* ground 
There exists clear indication of a quartet of states in 
F'® at about 1 Mev and within the resolution of this 
experiment. The /* assignments for the 0.914 and 
1.129-Mev states are known to be 3* and 5*, respec- 
tively. Two other levels are known to exist at 1.042 and 
and 1.087 Mev and these are believed to be spin zero 
but of opposite parity. The experimental level widths 
reported here for s-wave and d-wave pick-up are con- 
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Fic. 17. Angular distribution of deuterons from the reaction 
F'*(p,d)F"8 leaving F!* in an excitation of 1.7 Mev. Errors shown 
refer to relative values. 
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Fic. 18. Angular distribution of deuterons from the reaction 


F9(p,d)F"* leaving F"* in an excitation of 3.4 Mev. Errors shown 
refer to relative values. 


T=0 levels in 
1 contribution 
level cannot be ruled out, however. 


sistent with the J/=0*, T=1 and J=3 
this quartet.’ The presence of some / 
to the J=0 

In Fig. 17 we show the distribution taken for the 
group leaving F'* in an excitation of 1.7 Mev. The /=0 
assignment is clearly indicated and the level width 
ratio is 

$*7* F(p,d)F* 1.7 Mev 
0.08. 


SILF""(p,d)F"* ground ] 


The distribution for the state at 3.4 Mev is shown 
next in Fig. 18. The Butler curve is for /=1 and 1 
5.2 10—" cm, and although the fit at large angles is not 
good, no other / assignment will do as well. 

In Fig. 19 we give the distribution of the state at 
highest excitation in F'® which could be studied (4.1 
Mev). The large error flags are the result of rather un- 
certain background subtractions as well as counting 
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Fic. 19. Angular distribution of deuterons from the reaction 
F'?(p,d)F"8 leaving F"* in an excitation of 4.1 Mev. Errors shown 
refer to relative values. 





(p,d) PICKUP 
statistics. A Butler curve with ro>=5.210-" cm and 
1=2 gives a good fit to the data. We find for this level 
width ratio 


S*1*[F*(p,d)F'8 4.1 Mev] 
een. FY 
SI[F"*(p,d)F'® ground] 


Mg’*(p,d)Mg™ (E=17.0 Mev) 


MgO enriched to 90% in the Mg*® isotope was ob- 
tained from Oak Ridge National Laboratory. It was 
found possible to mix the oxide in a sludge with benzene 
and polystyrene. The sludge could then be spread over 
a glass plate and after the benzene evaporated, a foil 
~4 mg/cm’ could be picked off with a thin razor blade. 
The foil contaminants (O'*, C?, Mg*) all have (9,d) 
Q values of sufficient magnitude so that they do not 
contribute deuteron groups which interfere with those 
from the Mg*®(p,d)Mg™ reaction. 


~ E, =1,37 Mev 
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Fic. 20. Scintillator spectrum of deuterons from the reaction 
Mg**(p,d) Mg™ at 30° in the laboratory system. 


An energy spectrum of deuterons from this reaction 
is shown in Fig. 20. In Figs. 21 and 22 we present the 
experimental distributions of deuterons leaving Mg” in 
an excitation of 0, 1.37, and 4.1 Mev. An angular 
momentum transfer of ‘= 2 and a radius of 5.2X10~" 
cm gives a good fit to the data. The anomalous back- 
ground which appears in Fig. 20 at ~2 Mev was not 
reproduced at other angles and may have been due to 
interference from a strong inelastic proton group. The 
/=2 value for the ground state is consistent with the 
known assignments of $+ for Mg*®* and 0+ for Mg*. The 
1.37-Mev state in Mg” is known to be 2* and this is 
also consistent with the /=2 found experimentally. The 
known doublet at ~4.1 Mev could not be resolved, and 
both levels (4+, 2+) may be reached by d-wave pickup 
on Mg*. It is also interesting to note that /=0 pickup 
to the 1.37-Mev state, though permitted by selection 
rules, does not occur as can be seen from inspection of 
Fig. 21. Usually the lower / values are strongly favored 
by the stripping mechanism where selection rules 
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Fic. 21. Angular distribution of deuterons from the reaction 
Mg**(~,d) Mg™ leaving Mg™ in an excitation of 0 and 1.37 Mev. 
Errors shown refer to relative values. ro>=5.210~ cm, ]=2, and 
E=17.0 Mev. 


permit several / values to compete. Stripping ratios are 
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P*!(p,d)P*® (E= 18.6 Mev) 


A foil suitably thin for (p,d) experimentation was 
prepared by mixing powdered phosphorous with ben- 
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Fic. 22. Angular distribution of deuterons from the reaction 
Mg” (p,d)Mg™ leaving Mg™ in an excitation of 4.1 Mev. Errors 
shown refer to relative values. 
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TABLE I. Summary of (/,d) pickup experiments. 


Excitation of 
residual 
nucleus (Mev) 


Proton lab 
Reaction energy (Mev) 


C8(p,d)C# 17.0 0 


4.43 
N*(p,d)N¥ 3.5 0 


N15(p,d)N" 


F(p,d)F8 


Mg” (p,d)Mg™ 


P3! (p,d) P® 


zene and polystyrene as a binder. When the mixture 
was poured onto a glass plate and the benzene permitted 
to evaporate, foils ~3 mg/cm? could be picked off. 
Two deuteron groups were resolved, one correspond- 
ing to the ground state of P® and the other to a level (or 
levels) at about 0.8 Mev. The distributions for these 
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Fic. 23. Angular distribution of deuterons from the reaction 
P3!(p,d)P® leaving P® in an excitation of 0 and 0.8 Mev. Errors 
shown refer to relative values. E=18.6 Mev, /=0, and roe=5.6X 
10-8 cm. 
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two levels are presented in Fig. 23. The fit was consid- 
ered best for a radius of 5.6X10-™ cm, which is quite 
reasonable for a nucleus of this size. The ground state 
of P*! is known to be 3*. The ground state of P® is 17 
and there is a known doublet (1+, 0*) at 0.7 Mev. 
Deuterons from both levels of this doublet may have 
contributed to the observed excited state distribution. 
These spin assignments are in agreement with the 
observed s-wave pickup on P*. 
The ratio of level widths is 


S*7*[P*!(p,d) P* 0.8 Mev ] 


SI[P*(p,d)P® ground | 


IV. SUMMARY 


In Table I we list values of level-width ratios for the 
experiments reported here. 
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The elastic scattering O'*(p,p)O"* and the reactions O'*(p,p’y)O"8, O'8(p,ao)N™, and O'*(p,a:, xv1,2)N™® 
were studied using a thin gas target with the State University of Iowa electrostatic generator. Absolute 
differential cross sections were measured for the two laboratory angles 86.8° and 159.5° in the incident proton 
energy range 790 to 3550 kev and angular distributions for ap and p were measured at several energies. 
Relative yield curves of gamma rays were obtained in the same energy range as above. Two F" levels were 
observed which have not been previously reported and some new decay modes for previously known levels 
were observed. From consideration of the detailed shape of the elastic-scattering anomalies and the angular 
distributions, spin and parity assignments were made to some F" levels. 


INTRODUCTION 


ROTON capture by an O'* nucleus forms an F"® 
compound nucleus with excitation energy 7.964 
Mev' plus the kinetic energy in the center-of-mass 
system. Studies of the elastic scattering of such protons 
and their reactions as a function of proton energy, and 
of the angular distributions of the outgoing particles, 
can provide information about the existence, spin, and 
parity of energy levels in the compound nucleus. A 
number of energy levels in F'* have been found from 
studies of the O'%(p,ao)N' reaction?~® and levels have 
also been found from the yield of gamma rays?:?:* and 
neutrons,.*" Figure 1 shows energy levels of the nuclei 
involved in the interaction of protons and O'*, 
Theoretically the F'® nucleus has been successfully 
treated, using configuration mixing in an intermediate- 
coupling shell model, by Elliot and Flowers” and by 
Redlich. Paul has applied a rotational model with 
some success and recently Sheline and Wildermuth'® 
have made predictions on the basis of a cluster model. 
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In the present work absolute differential cross sections 
for proton elastic scattering and for the following 
reactions: 


O!8(p,p’)O'* (1.982-Mev first excited state) 
O'*(p,ao)N™ (ground state) 
O!8(p,a1,2) N'™ (5.28-Mev and/or 5.31-Mev states) 


were studied by observing charged particles at labora- 
tory angles 86.8° and 159.5° in the range of incident 
proton energies 790< £,<3550 kev. Gamma-ray yield 
curves at 90° were also obtained. Angular distributions 
of elastically-scattered protons and ap particles were 
measured at several resonances. A number of levels 
were observed in addition to those found by previous 
workers in the same energy range. 

An attempt was made to analyze the elastic scattering 
data and the (p,a9) data using an approximate form of 
the dispersion theory.'® Even at the lower bombarding 
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Fic. 1. Energy level diagram. Energies are given in Mev. 


1®R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Reading, Massachussetts, 1953). 
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Pulse-height spectrum from the charged-particle detector at hp =3483 kev 


lower incident energies the p’ and ai,2 peaks are absent 


energies this requires consideration of interference 
between levels. The analysis was consequently limited 
to the more prominent anomalies. 


EXPERIMENTAL METHOD 
Apparatus 


A proton beam from the State University of Iowa 
electrostatic generator passed through a 1000 A thick 
nickel foil into the target gas. After traversing the gas, 
the beam left the chamber through a 3750A thick 
nickel foil and entered a vacuum Faraday cup. Reaction 
products and scattered protons originating in a well- 
defined reaction volume in the chamber could pass 
through a defining system into a charged-particle 
detector [a 0.004-in. thick CsI(Tl) wafer]. This 
detector was mechanically part of the upper part of 
the chamber, which could be rotated relative to the 
fixed lower part. By this means the angle of observation 
(relative to the incoming beam direction) of charged 
particles was variable between 20.5° and 159.5°. A 
gamma-ray detector [2-in. diameter X1?-in. long 
Nal(T1) crystal] remained fixed at 90°. Conventional 
electronic equipment was used in conjunction with the 
detectors. The temperature and pressure of the target 


gas were measured with a thermocouple and an octoil 
manometer. A dry-ice/acetone cold trap was used in 
the chamber and the temperature of the gas at the 
reaction volume was about 270°K. Pressures of about 
2.5 mm of mercury were used, corresponding to a target 
4.5 kev thick to 2-Mev protons. The apparatus has 
been changed only slightly since it was described in 
detail by Bashkin, Carlson, and Douglas.'’ 

An electrolysis system was used to obtain the target 
gas from water enriched in O"*, the functioning of the 
electrolysis system being checked by electrolyzing 
ordinary water and measuring an absolute differential 
cross section for protons on O!®, 
obtained in this way differed from that obtained using 
commercial tank oxygen by less than 0.5%. 

The enriched water was obtained from the Weizmann 
Institute, where analysis gave the oxygen isotopic 
composition 90.0% O'%, 1.2% O', and 8.8% O'*. This 
rating was checked by mass spectrometer analysis. The 
O'§ content was also checked by a comparison of the 
yield of the (p,ao) reaction at the 844-kev resonance 
for targets of the enriched gas and natural oxygen. The 
checks were in agreement with the suppliers’ figures. 


The cross section 


17§, Bashkin, R. R. Carlson, and R. A. Douglas, Phys. Rev. 
114, 1543 (1959). 
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Fic. 3. Absolute laboratory differential cross sections for O'8(p,p)O'® and O'8(p,ao)N* as a function 
of laboratory proton energy observed at laboratory angle 86.8°. 


The 6-liter gas target chamber was sufficiently free 
of any material evolving gas that the enriched oxygen 
gas, at a pressure of a few mm of Hg, could be kept for 
several days without appreciable contamination, Con- 
tamination was checked regularly by running over a 
resonance for the (p,ao) reaction at low bombarding 
energy (844 kev). The maintenance of both the ap yield 
and the yield of elastically scattered protons was used 
as a guarantee of purity. 


Yield Measurements 


The pulse-height spectrum from the charged-particle 
detector at low bombarding energy has three well- 
defined peaks, corresponding to elastically scattered 
protons, a» particles, and recoil N'* ions. In Fig. 2 the 
spectrum for a higher bombarding energy is shown. 
Two additional peaks are present, from inelastically 
scattered protons leaving O'* in its first excited state 
(E,= 1,982 Mev) and a particles leaving the residual 
N'® nucleus in its first and/or second excited states 


(E,=5.276, 5.305 Mev). These groups are denoted 
by p’ and aj», respectively. A complete pulse-height 
spectrum was recorded, by printing out from a 256- 
channel analyzer, at each incident proton energy and, 
in addition, yields were recorded using four scaling 
channels responding to pulses above appropriately 
chosen discriminator levels. 


EXPERIMENTAL RESULTS 


Absolute Differential Cross Sections for Elastic 
Scattering and the a, Reaction 


In Figs. 3 and 4, the laboratory differential cross 
sections for the elastic scattering O'*(p,p)O'8 and the 
reaction O'*(p,ao)N' are plotted for the proton bom- 
barding energy range between 790 and 3550 kev for the 
laboratory angles 86.8° and 159.5°, respectively. 
Gamma-ray yield curves at 90° were obtained simul- 
taneously and an example appears in Fig. 4. Comparing 
the yield curves for charged particles and for gamma 
rays, it is noted that the particle resonances are dis- 
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Fic. 4. Absolute laboratory differential cross sections for O'*(p,p)O'8 and O'8(p,ao)N"® as a function of laboratory proton energy 
observed at laboratory angle 159.5°. The gamma-ray yield curve (upper part of figure) was observed at 90 


placed from those of the gamma rays by a few kev. 
This is because the center of the reaction volume as 
seen by the particle detector differs from that seen by 
the gamma-ray detector. The gamma-ray yield curve 
also shows less structure than the particle yield curve 
because the gamma-ray detector has a much thicker 
effective target.'’? The gamma-ray detector was used 
mainly as an energy monitor enabling particle yield 
curves taken at different angles to be lined up in energy. 

It was necessary to correct the elastic-scattering data 
for the elastic scattering due to O'* and O'”. The elastic 
scattering for O'* was measured over the energy range 
using ordinary oxygen (99.76% O"*). The results agreed 
with those of other investigators.'* No data were 
available on elastic scattering from O'’, so accurate 
corrections could not be made. Since the O' content 
of the gas used was only 1.2%, no appreciable error 
should result. The elastic scattering cross section of O'8 

18 F. J. Eppling, J. R. Cameron, R. H. Davis, A. S. Divatia, 
A. I. Galonsky, E. Goldberg, and R. W. Hill, Phys. Rev. 91, 
438(A) (1953). Also, unpublished data quoted in the Los Alamos 
Report LA-2014, 1956 (unpublished). 


is believed known to +5°% where the increased error 
over previous measurements’? with this apparatus 
occurs because of the above correction for the presence 
of O'*, 

In Fig. 5 the angular distributions for O'%(p,p)O"* 
and O'*(p,ao)N" are plotted at several resonances. 


O'*(p,p’)O'** and O'*(p,a;,.)N'** Reactions 


The two additional charged-particle groups in the 
spectra at high incident proton energies were identified 


‘as coming from these two reactions, by considering the 


change in the pulse height of the group with incident 
proton energy and the change in pulse height with the 
interposition of absorber. This latter feature (a facility 
added to the gas target chamber since previous work 
was done'’) clearly differentiated alpha particles from 
protons. In Fig. 6 the differential cross sections for the 
two reactions are shown. They are believed known to 
+8% for these particles as before.'” 

Figure 7 shows the gamma-ray spectrum taken at 
the 3483-kev resonance. The energies of the two gamma- 
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Fic. 5. Anguiar distributions for O'8(p,p)O'8(p,a9)N!® measured at several resonances. Solid lines are calculated. 


ray groups which appear confirm the identification of 
the reactions. 


ENERGY LEVELS IN F'* FROM THE 
O''+p EXPERIMENT 


The target thickness in the present work was 4.5 
kev for 2-Mev protons, whereas that in the work by 
Hill and Blair? was 26 kev and that in the work of 
Clarke ef al.2 was about 20 kev. Because of the better 
energy resolution and the fact that observations were 
made at 159.5° as well as 86.8°, a number of additional 
resonances were observed. Table I lists the resonances 
observed in the present work together with observed 


decay modes. For resonances which have been observed 
before there were new decay modes observed and these 
are included in the list. An asterisk at the resonance 
number shows those levels which have not previously 
been observed by any of the decay modes listed. The 
resonance energies were taken off the 86.8° curve 
wherever possible. 

The following is a brief discussion of some of the 
resonances: 

Resonance 3. This resonance is presumably due to a 
different level than that observed by Butler and 
Holmgren’ in the O'%(p,y)F" reaction and assigned 
T =3, since its width is much greater here. 
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ras_e I. Energy levels of F” from O'(pao)N"™, O'8(p,p)O", O'8(p,p")O"®, and O'* (pyr, » Ns 
Present work Hill and Blair* Clarke ef al.» 
Observed 
Resonance Ey (kev) FE, (Mev) decay modes Resonance E, (kev Resonance Ey (kev) 


844+6 8.763 p, a 1 838 
980+6 8.892 ag 2 ORO 
1160+ 20 9.062 ao see . 
1271+10 9.168 ag E 1271 1308 
1406+6 9.296 d 1406 1390 
1620+6 9.498 : 1621 6 1639 
1668+6 9.544 < 1688 7 1676 
1736+6 9.609 1736 8 1740 
1765+5 9.636 , a, ; 1761 9 1760 
ee eee eee ee ° 1870 
1932+6 9.794 p, a, 9 1934 11 1941 
2007+5 9.865 p, 2007 12 2006 


13 2037 


l 838 
2 991 
3 1182 
} 


217547 10.024 
223047 10.076 
2260+7 10.105 ; . oes 
229147 10.135 1 2299 
237847 10.217 , a, 9 : ; 5 2369 
2403+7 10.240 p, a vee 2389 
245247 10.287 , M0, 9 2 7 2450 
257048 10.398 - 
2636+8 10.461 
2648+8 10.472 
2708+8 10.529 
2726+8 10.546 
276848 10.586 
2800+8 10.617 
2824+8 10.639 
2926+8 10.736 
3026+8 10.831 
306449 10.867 
3080+9 10.881 
3165+8 10.962 Pp 
32 326649 11.058 , a, P 
33* 338649 11.172 p, ao, p 
34 3480+9 11.261 p, ao, p 
35* 350249 11.282 Mo, 1,2 


2631 
2708 


er 
2737 


2767 2 2771 


2798 2803 


>PPPPPpPr, 


2929 2 IQ?) 
3029 . 
3064 3045 


3075 


~ 28 


3165 


>> 


, 
, 


3473 


* See reference 2. 

> See reference 3 

Resonance 19. This level has not been seen before. No. 35—and four previously unobserved in the (p,a 
It appears at both angles of observation although less _ reaction, 


obviously at 86.8°. ; 
; DIFFERENTIAL CROSS SECTION IN TERMS 
OF FUNDAMENTAL PARAMETERS 


Analysis of Elastic Scattering 


Resonance 21, This level is seen in the (p,n)* and 
(p,y)* yields, It is unresolved here at 90° but is dominant 
at 159.5°, 

Resonance 26, This level may correspond to one seen __ The method of analysis of si attering cross sections 
in the (p,y) yield.’ The resonance appears at 159.5° for spin-zero target nuclei, such as O'*, is well known." 
but not at 86.8°. 

Resonance 32, 33. These levels are seen in the pn 


In the present case neighboring levels interfere and 

reactions are possible so that the number of parameters 

P a ; : on ne which must be used to fit the elastic scattering cross 

— aa SEGRE SP Sie fy FE 8 TORE” Das sant section in detail can become excessive. For this reason 

at 86.8". the qualitative behavior of the elastic scattering cross 
Resonance 35. This level has not been previously section is particularly important. In the one-level 

reported. approximation the elastic scattering cross section takes 
There are two levels previously unobserved—No. 19, the form: 


de 1 x 
: =—|—}np csc?(6/2) expLiny In csc?(6/2) J+ Y (+1) Pi(cosd)e*>'{ siny ,e¥»'+-a,;+ sind;+ exp[i(6;++2,:) ]} 
ads i=) 
2 sin’ « 
+ % LP: (cosé)e*“»'{ siny ,e¥?'+a,~ sind; exp[i(5-+2y 1) ]} |2+ > Pi’ (cosd)e# 


i=1 el 


X {api- sind; exp[i(6;-+ 2 1) |—api* sind;*+ exp[i(6;++ 2p) }} |2. 
1 J. W. Olness, W. Haeberli, and H. W. Lewis, Phys. Rev. 112, 1702 (1958). 
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The first term on the right arises from the Coulomb 
scattering amplitude and the nuclear scattering coherent 
with it, The second term on the right arises from scatter- 


ing with spin flip. Notation is standard; briefly, 


l 
sige z. tan (nz n), w=, 


n=) 


nz= ZZ 2e7/ hv, 
where x denotes the pair interacting with p for O'8+p 
and a for N'*+a. 6 is the resonance phase shift 
for the level formed with J=/+4 and has the value 
tan“[(1'/2)(Er—£)~], where T is the total width of 
the resonance level. az»* is the fractional partial width 
for decay of the level with spin /=/+} into the pair x 
with the orbital angular momentum m (in units of #). 
P, is the Legendre polynomial and P,’ is the derivative 
of it with respect to cos6, @ being the center-of-mass 
angle of the light outgoing particle. & is the center-of- 
mass wave number of the bombarding proton and v is 
its laboratory velocity. 

In the present work all of the potential phase shifts, 
Yo, except Wyo were set equal to zero. Those set equal 
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TABLE II. Variation of elastic scattering cross-section 
for O'8+-p with increasing energy. 


Backward angle 90 


dip, then small rise 
dip, then small rise 
rise, then dip 


dip, then rise 
rise, then dip 
rise, then dip 


$ wave 
d wave 
g wave 


to zero are expected to be negligible from their hard 
sphere scattering value, ¥,.= —tan™LF ,(ka)/G,(ka) ], 
for the energy range under consideration. F,(ka) and 
Gi(ka) are the regular and irregular Coulomb wave 
functions, respectively, and a@ is the nuclear radius 
(set equal to 5.3 fermis). The s-wave potential phase 
shift, however, was used as a fitting parameter with a 
view to taking some account of distant levels (of the 
same spin and parity).”” Happily the values used were 
close to those expected from hard sphere scattering and 
showed a smooth change with energy. 

From the above expression it can be seen that the 
presence of a pronounced dip in the elastic scattering 
cross section at 90° in the center-of-mass system can 
occur only if there is destructive interference of the 
Coulomb scattering amplitude and the nuclear scatter- 
ing amplitude. Since the coherent nuclear scattering 
amplitude is proportional to P;(cos@), such a resonance 
must be caused by an even / value. The resonance at 
844 kev is an example. For O'*+ in the energy region 
from about 1-Mev to 2-Mev proton energy, the varia- 
tion of the elastic scattering cross section with in- 
creasing energy for s-, d-, and g-wave resonances is 
characterized in Table II. This qualitative behavior 
is restricted to the immediate vicinity of the resonance. 

An upper limit on the value of / responsible for a 
resonance can be found from the total reaction cross 
section at resonance—(2r/k?)(2/+1)a,4(1—a,-). 
The fractional proton partial width, a,-*, is given by 
the expression—(2kP/T)(3h?/2yua)6,7. w is the proton 
reduced mass, P is the penetrability {taken to be 
[F?(ka)+G/?(ka)}"}, and 6,7 is the dimensionless 
reduced width. The calculated value of a), assuming 
the reduced width has a value equal to the Wigner 
limit of one,’ will decrease extremely rapidly as / is 
increased. This results in an upper limit for / in cases 
when the total reaction cross section can be obtained. 


Analysis for pa, Reactions 


The (p,q) cross section takes the form: 


do/dQ= (A 7'/kP LF. (0) +r s2(8) 
+2r cos] 717211 12(8) |, 


for a level of spin J interfering with a level of spin J; 


*R. F. Christy, Physica 22, 
Phys. Rev. 99, 145 (1955). 

*1'T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952); 
A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 
(1958). 


1009 (1956); E. U. Baranger, 
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in the compound nucleus and a target with spin zero. 
This may be derived from the general expression given 
for the differential cross section in the one level (of 
same spin and parity) approximation by Lane and 
Thomas.”' This general expression is also the starting 
point for the derivation of the elastic scattering differ- 
ential cross section. The notation is the same as that 
used for the elastic scattering, with the abbreviations: 


A,i= (dpi*)* (da, oy—1)? sind;’, 
r=A ht? A”), 
D=wph typlitwa2J) ly +a 2J1- h+6y7) 


—Wpla— Yple— Wa 2/2 — l2 Ya,2J2 - loa—blo7?, 


The exact positions and widths of the interfering levels 
determine the values of 5,”, where J is put in place of 
+ to bring out the dependence of the ap angular 
distribution on J rather than /. In the present case, r 
and ® were taken as fitting parameters; however, A? 
becomes simply a,(1—a,) at resonance. The functions 
F (6) give the angular distributions which would occur 
if each level were present alone and /y)72%(0) gives 
the interference contribution: 
F,(60)=(J+4y(Ps s(cosé) P+sin*6L Py i’ (cos@) P, 
Tati l2(0) = (J1 +4) (Jo+43)P1+1(cos6) Ps.+3(cos6) 
+(—1)Yritys sin?@Ps;+4' (cos6) 
X P.s2+4' (cos). 


The choice of sign in the order of the Legendre poly- 
nomial in the interference term depends on the relative 
values of J, Jo, li, lo. The negative sign is used in all 
four positions except when J;>/; while J2</2 or when 
Ji<k while J,>/,. In these cases the positive sign is 
used in conjunction with whichever spin J is the lesser, 
or, if Ji=J2, in conjunction with either J; or J2. 

The interference term depends on the relative parities 
of the two levels, and does not depend on the assignment 
of parity to one of them. This may be proven by expand- 
ing the products of Legendre polynomials and their 
derivatives in the general expression into series of 
Legendre polynomials and using the known formulas* 
for the Clebsch-Gordon coefficients obtained. Also, of 
course, the angular distribution for each of the two 
levels separately depends only on J, not on /. The 
proton elastic scattering is needed to determine the 
absolute parity of the levels. Special cases of the above 
angular distribution have been calculated previously.® 
A particularly simple example is that of two levels of 
spin } and opposite parity: 

da/dQ= (A/k)?(1+9r°+ 2r cos® cosé). 
This case is clearly applicable to the 844-kev resonance. 

The expression for the (,a9) cross section can easily 
be extended to cases involving interference of any 
number of levels (of different spin or parity). For three 


2M. E. Rose, Elementary Theory of Angular Momentum (J. 
‘iley & Sons, New York, 1957), p. 47. 
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interfering levels one must add a term (inside the 
bracket) giving the separate contribution of the addi- 
tional level, (r’)?Fs;(@), and two terms giving the 
interference between this third level and the other two 
levels, 2r’ cos®’I 714311 13(0) and 2rr’ cos(®’ —®)I s273 12 13(8). 


SPIN AND PARITY ASSIGNMENT OF LEVELS 
8.763-kev Level (E,=844 kev) 


From the study of the angular distribution of the 
(p,ao) reaction, Cohen® assigned spin 3 to this level but 
was unable to make a parity assignment. However, he 
indicated that the parity of this level has to be opposite 
to that of a broad underlying spin 3 level in the 700- to 
800-kev region (the level is so broad that its position 
cannot be fixed with any accuracy). The same con- 
clusion is drawn from the (f,a¢) angular distribution 
in Fig. 5. 

Since there is a pronounced dip in the elastic scatter- 
ing cross section at 90° in the center-of-mass system 
at the 844-kev resonance, this resonance cannot be due 
to p-wave protons. Consequently, the level must have 
even parity. The underlying level must then have odd 
parity. 

Figure 8 shows the calculated curve fitted to the 
experimental points for the elastic scattering at the 
844-kev resonance with the parameters: a)o+=0.62, 
¢po= — 10°, P=52 kev. The curves fitted to the angular 
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Fic. 8. Calculated curves fitted to elastic scattering 
data at 844-kev resonance. 
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TABLE III. Level characteristics. 


Reso- 
nance 


(kev) 


844 
1736 
1765 
2007 ' 


tation l and Width 


(Mev) value parity (kev) a," 6,? 0.2 


8.763 + 452 


0.62 r 0.09 0.007 
9.609 3 
9.636 34 


9.865 h4 0.003 0.006 


0.34 


distributions shown in Fig. 5 for the 844-kev resonance 
were calculated using the same parameters and the 
following parameters specifying the interference: r 
=0,11, =0°. The elastic scattering is not sensitive to 
the latter parameters. The level characteristics are 


listed in Table ITI. 


9.609-Mev Level (£,,=1736-kev Resonance) and 
9.636-Mev Level (£,=1765-kev Resonance) 


Looking at the angular distribution of the (p,a0) 
reaction in Fig. 5, it is seen that the distribution at 
1765 kev is nearly symmetric about 90° whereas that 
at 1736 kev is quite asymmetric. This implies that the 
1765-kev resonance has little interference from that at 
1736 kev but the latter has considerable interference 
from the former. The two levels, of course, have 
opposite parity. 

The measured width of the 1765-kev resonance, 8 
kev, is only slightly greater than the energy resolution ; 
consequently, corrections” must be applied to obtain 
the true size of the (p,a0) peak which must be con- 
siderably greater than observed. These corrections are 
sufficiently uncertain in the present case that no 
accurate values for proton partial width could be 
obtained. However, it is still correct to say that the / 
values of more than 4 are impossible. 

The narrowness of the 1765-kev anomaly in the 
elastic scattering makes an accurate fitting and the 
determination of the proton partial width impossible. 
However, conclusions can still be drawn from the 
qualitative behavior of the cross section as a function of 
energy. The pronounced dip in the cross section at 90° 
indicates that the 1765-kev resonance must be due to an 
even / value. From Table II, the resonance arises from 
d-wave excitation. An s-wave potential phase shift of 
—15° gives good agreement with the observed cross 
section away from the resonance. 

Of the two spin choices, the spin $+ gives a (p,a) 
angular distribution in reasonable agreement with 
observation but the spin $+ does not. The calculated 
curve is plotted in Fig. 5 but, in this case, the curve is 
normalized at one point. The normalization is necessary 
because the yield is reduced by the lack of adequate 
energy resolution although the relative yield at different 
angles is unchanged. The comparison with the calcu- 
lated curve is better made with the curve obtained by 

*% F, B. Hagedorn, F. S. Mozer, T. S. Webb, W. A. Fowler, and 
C. C. Lauritsen, Phys. Rev. 105, 219 (1957). 
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averaging measurements taken at angles 6 and 180—6 
since this eliminates the interference contribution from 
interfering levels of opposite parity. Such a comparison 
shows that there must be interference present from 
levels of even parity as well as that from the level at 
1736 kev. Without the absolute value of the (p,q) 
cross section and the true anomaly size, no further 
analysis in terms of the strengths of these interferences 
can be made. 

The spin of the level at 1736 kev was obtained by 
comparing the experimental (p,a¢) angular distribution 
with ones calculated taking into account interference 
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between a 3* level at 1765 kev and a level at 1736 kev 
with spin 5~, }-, >, and 
ference term has cos@ as a factor so the value of r*? was 
taken straight off the energy dependence of the (p,a») 
cross section in Fig. 3. Only the }~ choice corresponded 
to the observed angular distribution. The fitting 
parameters were r=0.45 and = 180°. The normalized 
curve is drawn through the points in Fig. 5. A com- 
parison with the folded curve as at 1765 kev shows that 
there are interference effects from odd parity levels 
present. These are small in comparison with that from 
the level at 1765 kev, however. Because of the strong 
interference and the smallness of the anomaly, no 
attempt was made at more detailed fitting. 


. For these cases the inter 


9.865-Mev Level (£,,=2007 kev 


The measured width of 32 kev and the total reaction 
cross section of 300 mb serve to limit the / value of this 
resonance to 4 or less. The pronounced dip in the elastic 
scattering cross section at 90° indicates an even value 
for / and Table II shows that this must be an s-wave 
resonance, 

In Fig. 9 the curve is calculated for 7=0 with 
a pot = 0.34, [=32 kev, gpo= — 20°. This curve and the 
calculated elastic scattering angular distribution are 
not sensitive to the interference of the neighboring 
levels as is the case for the pay angular distribution. The 
latter indicates interference coming from two neighbor- 
ing levels of spins $+ }~. No single neighboring 
level could give the observed (p,a9) angular distribution. 
The fitting parameters used in Fig. 8 are r=0,115, 
@=0° for the 3* 0.17, 6=0° for the 3 
level. The contributions to the angular distribution are 
almost wholly from the interference of these two levels 
with the 3* level. Both the (p,p) and (p,a9) angular 
distributions were the off-resonance 
measurement. The main characteristics of the 2007-kev 
level can be explained only by assuming /=0, The level 
characteristics are given in Table III. 
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Eighty-four interactions of protons and neutrons were located in 
a 22 liter stack of nuclear emulsion by tracing back showers of 
minimum-ionizing particles to their origins. The distribution of 
the number of shower particles, and the number of heavily ionizing 
prongs are presented for 57 events with dip angles <17°. The 
average energy of these events is 3.5X10" ev. The average 
number of shower particles emitted in nucleon-nucleon collisions 
at this energy is 15-+-5, as estimated from 8 interactions without 
heavy prongs. The angular distributions of the shower particles 
are presented for the 57 events. They can be transformed into a 
system in which the angular distribution is roughly symmetric. 
This is true even for the collisions with heavy target nuclei 
(N,>5). The degree of anisotropy of the angular distributions is 
in disagreement with a hydrodynamical model of nucleon-nucleus 


1. INTRODUCTION 


URING the last decade, many papers have been 

published about high-energy (E> 10" ev) meson 
showers observed in nuclear emulsion. Due to the small 
flux of particles of high energy in the cosmic radiation, 
much of our present experimental knowledge is based 
on observations made on small numbers of events. The 
purpose of the present investigation is to present data 
obtained from a large number of interactions found and 
analyzed in a uniform way. 


2. EXPERIMENTAL PROCEDURE 


A 22 liter stack of Ilford G 5 emulsion, consisting of 
200 pellicles, each 60 cmX30 cm X600 yu, was exposed 
over Texas at an altitude of 116 000 ft for 13 hours. 

Each plate was scanned for showers of parallel 
minimum tracks along the lines indicated in Fig. 1. The 
total magnification used was about 300. All showers 
having more than 10 parallel tracks in one field of view 
were traced back to the origin, which can be one of the 
following possibilities: (1) a nuclear interaction caused 
by a neutral or singly charged particle, or by a heavy 
nucleus; (2) a high-energy electron-positron pair; (3) 
a shower entering the stack from outside. 

The scanning criterion puts a lower limit of about 
100 Bev for the energy contained in the electron-photon 
component of the showers. The scanning loss has not 
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collisions. A lower limit for the collision mean free path of the 
primary particles of 20 cm in emulsion was obtained. By scanning 
the forward cone of the primary interactions, 76 secondary 
interactions of charged and neutral shower particles were found. 
The distribution of the prong numbers, of the energy, and the 
characteristics of their angular distribution are presented. The 
best estimate of the ratio of secondary collisions produced by 
neutral particles, and the number produced by charged particles 
is: V,/N..=0.40+0.11. Adding this result to other published 
data, it is concluded that 30+6°% of the particles produced in 
collisions having a primary energy of several Tev are not x mesons. 
A collision mean free path of 418 cm was found for the forward- 
cone shower particles. 


TaBLe I. Interaction mean free path \=(/) of primary protons. 


No. of L dl 


events (cm) 


39 > 30 
20 >40 


been evaluated but it is probably quite large for showers 
having an energy release of the order of 100 Bev. 

Altogether, 78 nuclear interactions produced by 
singly charged particles, and 6 interactions produced 
by neutral particles were found. Since the exposure was 
made very near the top of the atmosphere, it can be 
assumed that the primary particles of these showers 
were protons and neutrons. 

Fifty-seven events with dip angles <17° were 
analyzed. The average primary energy of this sample 
is about 3.5 Tev (see Sec. 5). 


3. INTERACTION MEAN FREE PATH 
OF PRIMARY PROTONS 


In principle, the interaction mean free path of the 
protons producing the high-energy showers can be 
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Fic. 1. Scanning lines. 
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TABLE II, Average multiplicities of the primary proton and neutron interactions. 





No. of 


events 


28+6.5 
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Fic. 2. Distribution of N, and n, of the 57 primary interactions. 


obtained from the distribution of the shower origins 
inside the stack. In order to get a good result, however, 
the stack must be large compared to the interaction 
mean free path. This condition is not quite fulfilled in 
our case. The integral distribution of the length / the 
primary particle traveled in the stack before interacting 
has been plotted for two values of the potential length 
L of the whole event in the stack, L>30 cm and L>40 
cm. L is the total length of the primary track plus the 
length of the shower in the stack. The value of the mean 
free path \ obtained for the two different choices of L 
is listed in Table I. A is largely determined by the 
geometry of the stack, and by L, since \ increases with 
L. Our statistics allow us to get only a lower limit for 
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250 Bev events (reference 1) 


Nis5 Ni>S5 All events 


28 24 


10.9+1.9 16.5+3.4 


the mean free path. We get 
A> 20 cm. 


This should be compared with the geometrical mean 
free path in emulsion of 28 cm. 


4. GENERAL CHARACTERISTICS OF 
THE INTERACTIONS 

All the information regarding the distribution of the 
number of thin tracks m,, and the number of grey and 
black tracks Vy, is contained in Fig. 2, for the 57 showers 
having dip angles <17°. Each point represents one 
event. The average number of shower particles increases 
with the average number of heavy prongs. Since inter- 
actions with V,>8 must have occurred on heavy target 
nuclei (Ag or Br), this means that the multiplicity , 
rises with increasing mass of the target nucleus. The 
number of thin tracks #, in an individual shower shows 
very large fluctuations. Average multiplicities are given 
in Table II. Again, the influence of the mass of the 
target nucleus on the mean multiplicity can be seen. 
The values quoted for the 8 events with V,=0 is our 
best estimate for the multiplicity expected for nucleon- 
nucleon collisions for energies of several Tev. Since the 
criterium \,=0 is not sufficient for isolating nucleon- 
nucleon collisions, the value given is expected to over- 
estimate the true multiplicity for nucleon-nucleon 
collisions slightly. A discussion, and a comparison of 
multiplicities obtained at different energies have been 
given elsewhere.! 


5. ANGULAR DISTRIBUTION OF THE 
SHOWER PARTICLES 


The angle 6, of all shower particles with respect to 
the line of flight of the primary particle was measured 
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Fic. 3. Angular distribution of the shower particles from the primary interactions plotted over logio tan@, 
Events with V,=0. 
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Fic. 4. Angular distribution of the shower particles from the 
primary interactions plotted over log) tan@z: (a) events with 
Na<5, ns>5; (b) events with N,>5, n,>5; (c) events with 
Ns SS. 
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Fic. 5. Combined angular distribution of shower particles, 
normalized to the same primary energy according to Eqs. (2) and 
(3). N,=0. 


for the 57 events. In the following, the angular distribu- 
tion of the shower particles will be discussed in terms of 
the variable 

logi9 tan@;. (1) 


Figures 3, 4(a), 4(b), and 4(c), show the detailed 
angular distributions of all our events plotted in the 
v coordinate. 

An estimate of the primary energy Fy can be obtained 
from the angular distribution by the relations? 


log io = {2 /, (2) 
Ey= (2y2—-1)Me’. (3) 


The value £» obtained in this way will for an individual 
case give only a very rough estimate of the true primary 
energy.' Eo is included in Figs. 3, 4(a), and 4(b) for the 
54 events with m,>5. In order to compare the various 
angular’ distributions, they have been normalized to 
the same primary energy. The only estimate available 
for the primary energy is that given by Eqs. (2) and 
(3). We have, therefore, combined the angular distri- 
bution of the 54 events with »,>5 by plotting them 
over the coordinate 


y=x—(x)=logyo(y. tanO,) = logy (tan@;/tan@.). (4) 


In order to investigate the dependence of the angular 
distribution on the primary energy and the target 
nucleus, we have divided our events into five groups 


Ny #5 
y%>55 (i7events) 
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Fic. 6. Combined angular distribution of shower particles, 
normalized to the same primary energy according to Eqs. (2) and 
(3). Na<5, high-energy group 


?C. Castagnoli, G. Cortini, D. Moreno, C 
Manfredini, Nuovo cimento 10, 1539 (1953). 


Frazinetti, and A 


BARKOW, CHAMANY, HASKIN, JAIN, LOHRMANN, 


TEUCHER, AND SCHEIN 
according to NV, and according to the primary energy as 
estimated from Eqs. (2) and (3). The combined angular 
distributions for the five groups of events are shown in 
Figs. 5, 6, 7, 8, and 9. 

The shape of the five distributions is roughly sym- 
metric. This indicates that there is a system of reference 
in which the angular distribution is symmetric. This 
system will be called the symmetry system (s system). 
The Lorentz factor y, of this system is given in a good 
approximation! by 
(9) 


In order to transform the angular distributions into 
this system, the momentum of the shower particles 
must also be known. This was estimated from the known 
distribution of the transverse momentum of shower 
particles. (See for example Nishimura,® and Milekhin 
and Rosental.‘ A list of some of the experimental results 
is given by Schein ef al.°) A more detailed description of 
the procedure has been given elsewhere.’ One obtains 
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Fic. 7. Combined angular distribution of shower particles, 
normalized to the same primary energy according to Eqs. (2) and 
(3). Na<5, low-energy group 


in this way a correction for the well-known formula 


tan(6,/2)=~y, tan@,, (6) 


which is only valid if the velocity of the s system is 
equal to the velocity of the particles emitted in this 
system. Figures 10 and 11 give the angular distribution 
in the c.m. system for events with V,>5 and V,S5 
separately. The two energy groups from Figs. 5-9 have 
been combined for this purpose. The symmetry in the 
s system can be tested by a x’ test as applied to a com- 
parison between two experimental histograms.’ The 
distribution for events with V,<5 is quite compatible 
with the assumption of symmetry. For showers with 


N,>5, the x? test indicates a significant deviation from 


3 J. Nishimura, quoted by Z. Koba, Proceedings of the Sixth 
Annual Rochester Conference on High-Energy Nuclear Physics 
(Interscience Publishers, Inc., New York, 1956), Vol. IV, p. 46 

4G. A. Milekhin and I. L. Rosental, Soviet Phys.—J ETP 33(6), 
154 (1957). 

5M. Schein, D. M. Haskin, E 
Phys. Rev. 116, 1238 (1959), 
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NUCLEAR 
symmetry of about 3 standard deviations. Looking at 
Fig. 11, it can be seen, however, that the actual devia- 
tion from symmetry is quite small. The reason for the 
result of the x’ test is probably the large number of 
tracks involved, which allows one to detect a minor 
deviation from symmetry. This near-symmetry in 
collisions with V,>5 is quite remarkable, since the 
majority of these collisions are produced on heavy target 
nuclei. The same symmetry was found in other inde- 
pendent observations at similar energies® and at about 
250 Bev.! 

The angular distribution in the s system is roughly 
of the form 


N (0,)\dQ2 = sin™'6,dQ. (7) 


The near symmetry for the collisions with heavy nuclei 
would find an explanation in terms of a hydrodynamical 
model proposed by Belenki and Landau,’ and Milekhin.* 
They assume that the incident nucleon interacts with 
a roughly cylindrical part of the target nucleus as a 
whole, and that the angular distribution of the mesons 
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Fic. 8. Combined angular distribution of shower particles, 
normalized to the same primary energy according to Eqs. (2) and 
(3). Na>5, high-energy group. 


produced is symmetric in the center-of-momentum 
system. We shall now give a more detailed comparison 
of our data with this model. 

The shape of the angular distribution can be described 
by the dispersion of the distribution in the x coordinate : 


a= ((x—(x))*)d= cy?! (8) 
An isotropic angular distribution would give o=0.39. 
o increases with increasing collimation of the shower in 
the direction of the shower axis. Values of o for the 
various groups of showers are given in Table III. In- 
cluded for comparison are o values for showers of about 
250 Bev. These values are smaller than the ones given 
in reference 1, since the angular distributions were 
normalized to the same true primary energy in reference 


6 J. Bartke, P. Ciok, J. Gierula R. Hotynski, M. Miesowicz, and 
T. Saniewska, Nuovo cimento 15, 18 (1960). 

7S. S. Belenki and L. D. Landau, Suppl. Nuovo cimento 3, 
15 (1956). 

8G. A. Milekhin, Zhur. Eksp. i Theoret. Fiz. 35, 1185 (1958) 
[translation: Soviet Phys.—JETP 35(8), 829 (1959) ]. 
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Fic. 9. Combined angular distribution of shower particles, 
normalized to the same primary energy according to Eqs. (2) and 
(3). N,x>5, low-energy group. 


(1), whereas here they have been normalized to the 
same energy as found from Eqs. (2) and (3). 

Table III shows that o increases slowly with energy. 
This means that with increasing primary energy the 
angular distribution of the showers gets more peaked 
in the forward and backward directions in the s system. 
The value of ¢ obtained by us is in good agreement with 
the result of the Polish group® at about the same energy. 

Our data can be compared with the calculations of 
Milekhin.* The value expected for ¢ from the hydro- 
dynamical model is 


(2.30)? = 0.56 log io( Eo M) 
+1.6 logy 2/(m+1)]+1.6, (9) 


where » is the number of nucleons contained in the 
column in the target nucleus, £» the primary energy, 
and M the nucleon mass. We have used n= 3.4 for the 
events with .V,>5 and n=2 for the events with V,<5. 
The theoretical values following from Eq. (9) are also 
given in Table III. Our data are in disagreement with 
the result of the hydrodynamical theory given by Eq. 
(9). The same disagreement exists for the result of the 
Polish group. An analysis of our angular distributions 
along different lines shows’ that also the detailed shape 
of the distribution is not in agreement with the hydro- 
dynamical theory, which predicts a normal distribution 
over the x coordinate. 

We conclude that the present version of the hydro- 
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Fic. 10. Angular distribution in the symmetry 
system for events with N;>5. 
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TABLE III. Average o values. 


18 


No. of events f 
0.76 


(a) 0.81 
o expected from Eq. (9) 


dynamical model cannot explain all the experimental 
data about angular distributions. 

The dispersion ¢ appears to depend little on the mass 
of the target nucleus, as can be seen from the com- 
parison of the groups of events with V,S5, and NV,>5. 
This is again in agreement with observations made at 
250 Bev' and by the Polish group.*® 

Several authors’-" have pointed out that certain 
features of the angular distribution of jets suggest a 
model, in which the mesons are emitted isotropically 
from two centers (‘‘fireballs”), which move with 
opposite velocities in the center-of-mass system. A 
detailed discussion of our data with respect to this 
model will be given elsewhere.’ 


6. AVERAGE PRIMARY ENERGY 


Figure 12 shows the integral energy spectrum of 
events with V,<5. The energies were obtained from 
Eqs. (2) and (3). At high energies, the distribution is of 
the expected form E~':7. At lower energies, the distribu- 
tion deviates from the power law. This must be attri- 
buted to the fluctuations of the energy estimate from 
Eqs. (2) and (3), and to scanning loss. In order to obtain 
the average energy of our showers, several corrections 
must be applied. The assumptions under which Eqs. 
(2) and (3) are derived, are too simplified. A better 
estimate of the primary energy is obtained if one uses 
instead of Eq. (3) 

t=n(2y2—1)Mc’. (10) 


At primary energies around 250 Bev, n has been deter- 
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Fic. 11. Angular distribution in the symmetry 
system for events with V,<5. 
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250-Bev events 
(reference 1) 
(n,>5) 
Ni>5 


All energies 


Ni>5 
<5 Ma>5 Nid 


ye>40 ¥-<40 Nix Nix<5 
23 

0.54 
0.81 


19 54 23 
0.76 0.7 


0.97 


35 
0.78 
1.02 


10 9 
0.78 0.73 


0.53 
0.38 


mined experimentally’ : 


= 


n= 1.8 for events with V,> 
n=(.75 for events with V,S5. 


The same values of used in this work. The 
average energies of the showers with V,$5 and N,>5 
are the same. A second correction must be made, since 
the large fluctuation of the angular distribution method 
together with the shape of the primary energy spectrum 
produces a systematic increase of the mean energy as 
estimated from Eqs. (2) and (10). This last correction 
depends also on the scanning and 
accurately made. 

The average energy of our showers is, therefore, some- 
what uncertain. The bes Tev. This 
value is derived from the geometrical mean energy. The 
flux of cosmic rays, as calculated from our data at 
energies >6 Tev where scanning loss is unimportant, 


were 


bias cannot be 


estimate is 3.5 


agrees within a factor of 1.5 with a spectrum of the form 


N (> E)=2.5X10-°(E£/10" ev)! 7 cm™ sec! sr. (11) 
Equation (11) was obtained by extrapolation between 
the measurements of the proton flux at the equator, and 


the data of the extensive air showers. 


7. INELASTICITY 


The inelasticity of a collision is in the laboratory 
system given by 
(12) 
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Fic. 12. Integral energy spectrum of the 
primary interactions with N,<5 
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TABLE IV. Secondary interactions of particles in the forward 
cone of the primary events. 





Nr Me Eo Nn Eo ly We Eo 
(b) Neutral pri- 
(a) Charged primary particles mary particles 
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1800 9 11 180 
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2650 9 ii 16 
50 9 26 21 
246 10 14 70 
29 10 18 110 
200 11 7 60 
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390 is. to 30 
108 16 6 5 
2400 16 7 7 
8 16 12 16 

11 16 18 60 
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100 17 10 4 
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where Fy is the primary energy and }-E,, can be ob- 
tained from the angular distribution of the shower 
particles, since their transverse momentum is quite 
independent of the angle of emission.*~5 One gets in a 
good approximation 


> Em= 1.65(p1)>- sin6;. 


The factor 1.65 takes into account the production of 
neutral particles. In calculating this factor, we have 
assumed that 30% of the particles produced are not r 
mesons (see Sec. 9) and that one-half of them are 
neutral. The value of the average transverse momentum 
(p:)=0.32 Bev/c was taken from several published 
measurements.° 

The primary energy Fo can in our case only be esti- 
mated from the angular distribution Eqs. (2) and (10). 
Applied to an individual case this method is not very 
reliable. Therefore, only the inelasticity averaged over 
all the events gives a meaningful result. Even so, the 
uncertainties of the corrections discussed in Sec. 6 
introduce rather large limits of error. The limits of error 
were obtained by making extreme assumptions regard- 
ing the scanning loss, and by flux arguments. We obtain 
for the average inelasticity 


(13) 


(n)+0.50, 


with a lower limit of 0.25. 
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8. INTERACTIONS OF THE SHOWER PARTICLES 


A search for secondary interactions of the shower 
particles was carried out by scanning the forward cone 
of events with a dip angle <17°, and 5 events of very 
high energy, which had a dip angle > 17°. The scan was 
conducted in a cone of half-opening angle of 1.010? 
rad around the shower axis for 5 cm. All interactions 
were recorded, which had 5 or more shower particles, 
collimated in the forward direction of the original inter- 
action. The characteristics of the events found in this 
way are given in Table IV. Table IV contains also the 
primary energy of the interactions as estimated from 
the angular distribution of the shower particles by 
means of Eqs. (2) and (3). Fifty-one interactions pro- 
duced by charged particles, and 25 interactions produced 
by neutral particles were found. Since the neutral inter- 
actions cannot be produced by ° mesons, they must be 
originated by neutrons, antineutrons, or neutral strange 
particles. No difference between these interactions, and 
those produced by charged particles, mostly 7 mesons, 
can be seen. Mean values of the prong number are given 
in Table V. 

The geometrical mean energy of the shower particles 
in the forward cone, as estimated from the transverse 
momentum, and also from the angular distribution of 
the interactions is about 140 Bev. 

Also included in Table V is the value of o for the 
angular distribution of the secondary interactions. Com- 
parison with Table III shows that the value of o is about 
the same as for proton and neutron collisions of the 
same average energy. The average multiplicity (m,) 
seems to be somewhat larger than the corresponding 
value for proton or neutron interactions of the same 
energy. However, the values of (,) and of (N,) listed 
in Table V will overestimate the true multiplicity due 
to the restriction m,=5 used in the scanning, and due 
to scanning loss of events with V,=0. A more careful 
scan without this restriction was made (see Sec. 10). 
The mean value of », resulting from this scan should be 
free from this systematic effect. It is also listed in 
Table V. 

The energy distribution of the secondary interactions, 
as found from Eqs. (2) and (3), is shown in Fig. 13. 





rm 
1000 
Bev 





Fic. 13. Energy distribution of secondary interactions. 
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Taste V. Characteristics of secondary interactions. 


Charged primary (n,>5) 
Ni>5_ All events 


Ni<s 


Neutral primary (n,>5 Charged primary (n,>0) 


All events 





No. of events 34 51 
(Ni) 1240.7 11.74%2.0 88+41.2 
(n.) 522.8 13.542.3 12.841.8 
o (charged+neutral) 0.55 


2.50.7 
12.6+3.4 


Ma>S Aleve Ni<S) = a> 
13 12 E 13 38 

12.343.5 1.9-40.: 8.44+1.4 
11.443.3 9.0-+2.! 10.0+1.6 








There is a tail in the energy distribution extending to 
very high energies. Nine secondary interactions have 
energies > 1000 Bev, four of which have a neutral, and 
five of which have a charged primary. This indicates 
that the particles carrying away the highest energies 
are not 7 mesons, but most probably nucleons. 

The transverse momentum ?; of the shower particles 
produced in meson-nucleus collisions was measured in 
8 cases with favorable geometry. No restriction with 
respect to V, was applied. Only events with a charged 
primary, and not too high energy, E<500 Bev, were 
selected for measurement. Therefore, the number of 
nucleons among the particles producing the showers 
selected in this way should be quite small. The distribu- 
tion of p; is shown in Fig. 14. The mean value is 


(p:)=0.27+40.05 Bev/c. 


Both the distribution and the mean value of p; agree 
with measurements of events initiated by nucleons.® 

From the known value of the transverse momentum 
in meson-induced interactions one can calculate the 
inelasticity 7 in the same way as in Sec. 7. However, the 
mean primary energy of the interactions can again only 
be determined from the angular distribution of the 
shower particles, and is, therefore, uncertain. Our best 
estimate for the inelasticity is 


n= 0.60. 


The energy of secondary interactions can in general 
only be estimated from the angular distribution of the 


Fic. 14. Distribution of the transverse momentum of shower 
particles emitted from secondary interactions. 


shower particles emitted in these collisions. An inde- 
pendent check of this method would be very desirable. 
Table VI shows the comparison of values for the primary 
energy obtained from the angular distribution and Eqs. 
(2) and (3) with scattering measurements of the track 
of the primary particles. The angular distribution can 
overestimate as well as underestimate the true primary 
energy. 

The estimate from the angular distribution will in 
an individual case not be very accurate. For more 
quantitative results bigger statistics are needed. 


9. NATURE OF THE SHOWER PARTICLES 


Direct mass measurements of the shower particles 
emitted from the high-energy primary interactions of 
protons and neutrons are in most of the cases not 
possible. One has to rely, therefore, on indirect evidence 
about the nature of the shower particles. One of the 
methods consists in comparing the number of secondary 
interactions produced by charged secondary particles 
N.» with the number produced by neutral particles V ,. 
One makes the following two assumptions: 

(i) 50% of the particles which are not mesons are 
charged, the rest are neutral. It is reasonable to assume 
that these particles are nucleons, antinucleons, and 
strange particles. In this case, condition (i) should be 
valid in a good approximation. 

(ii) The interaction mean free path of neutral and 
charged secondary particles, and the characteristics of 
the secondary collisions are equal (compare 
Table V). 

The fraction of charged particles among the shower 
particles which are not + mesons is then 


also 


N./N.=N,/Na- 
In order to reduce the low-energy background, and 
the influence of tertiary interactions and knock-on 


TABLE VI. Primary energies of secondary collisions obtained 
from the angular distribution by using Eqs. (2) and (3): Eo, and 
from scattering measurements: Foo. 





Eo 
(Bev) 
16 
97 
81 
340 
45 
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nucleons, we have applied an energy cutoff to the listed 
in Table IV, namely: 


Eo>5 Bev, and E >10 Bev 
We get then from Table IV 
N,./Na=19/48=0.40+0.11. 


if m,310. 


Table VII shows a compilation of some other meas- 
urements with good statistics." The average value of 
all measurements is 


N,/Na=N,/N,=0.2740.05. 


This number includes neutrons which were not created 
in the interaction but which are probably the primary 
particles continuing after the collision. It is reasonable 
to expect a 50% probability for a charge exchange of 
the primary nucleon. Our data are consistent with this 
view, as has been discussed in Sec. 8. Assuming again 
the same interaction mean free path, we can obtain a 
better estimate for the fraction of the strange particles 
and nucleons-antinucleons produced, if one corrects for 
the presence of the nucleons coming from the incident 
particle. One obtains 


N,/N,=0.24+0.05. 


From this we conclude that (30+6)% of all particles 
(neutral, and charged) produced in showers having an 
average energy of several Tev are not m mesons. 
Taking the combined material of this work, and of 
reference 14, we have looked for a dependence of V»/Nen 
on the characteristics of the interaction. No dependence 


TaBLe VII. Ratio V,,/Nen of the number of secondary interactions 
produced by neutral and by charged particles. 








N n Nen 


This work 19 48 
Reference 13 12 48 
Reference 14 8 51 
Average (total) 147 39 


Nn/Nau 


0.40 

0.25 

0.16 
0.27+0.05 





Average of this work 

and reference 14 
0.21+0.06 
0.41+0.13 
0.17+0.08 
0.32+0.07 
0.21+0.06 
0.36+0.09 





3B. Edwards, J. Losty, D. H. Perkins, K. Pinkau, and J. 
Reynolds, Phil. Mag. 3, 327 (1958). 
14 EF, Lohrmann and M. W. Teucher, Phys. Rev. 112, 587 (1958). 
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on N,, Ni, or the angle of emission 6; could be found 
within the available statistics. The detailed numerical 
data are given in Table VII. 


10. INTERACTION MEAN FREE PATH 
OF SHOWER PARTICLES 


For about 3 of the material discussed in Sec. 8 a very 
careful scan was conducted for secondary interactions 
produced by charged particles. The scanning cone was 
the same, namely a half-angle of 1.0 10- rad for 5 cm. 
All interactions having a primary particle coincident 
with the direction of the beam were accepted. No 
restriction on m, was applied. The average energy of 
the shower particles in this cone was about 100 Bev. 
Thirty-eight events were found. The following correc- 
tions were applied: 


Scanning loss, as determined from a double 
scan: 

Overlooking of interactions with V,=0: 

Rejection of events within 30 u from air or 
glass surface: 

Uncertainty of the location of the shower 
axis: 

Contribution from tertiary interactions: 

Correction for electrons among the shower 
particles : 

Total correction : 


+0.05 
+0.11 


+0.10 


+0.01 
—0.19 


+0.03 
+0.11 


The statistical error of our result is 16%, the estimated 
uncertainty of the corrections 12%, producing a total 
error of 20% for the result. From the total path length 
of shower particles contained in the inspected cone, and 
the number of interactions, one gets the following value 
for the collision mean free path, after applying the 
corrections: 
A=41+8 cm. 


This is in quite good agreement with the mean free 
path of protons and neutrons! measured at about 250 
Bev. It indicates that the mean free path does not 
depend strongly on energy, and that it is roughly the 
same for mesons and for nucleons. 
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The angular distributions of shower particles from 54 nuclear 
interactions of protons and neutrons with energies > 10" ev in a 
stack of nuclear emulsions are analyzed. The method consists 
essentially in normalizing the angular distributions of all events 
in the x= log tané scale to the same dispersion ¢. One finds a very 
significant deviation from the normal distribution predicted by 
hydrodynamical models. The deviation goes in the direction indi- 
cated by the two-center model (two maxima in the plot over the 
x coordinate). The correlation between the separation of the two 
emitting centers and a is also in qualitative agreement with the 
model. The angular distribution in the rest system of the emitting 
centers is found to be roughly isotropic. The two-center model also 
offers an explanation for certain characteristic features observed 


1. INTRODUCTION 


ECENTLY Gierula, Miesowicz, and Zielinski, 

starting from the two-center model of multiple 
meson production,?~ introduced a new method of sta- 
tistical analysis for angular distributions of secondary 
particles produced in high-energy nuclear collisions. 
They have applied this method of analysis to 65 jets 
produced by singly charged and neutral primaries 
having energy higher than 10" ev and have shown that 
the observed distributions are in rather good agreement 
with the predictions of the two-center model. Because 
this method of analysis seems to be more efficient in 
finding some new properties of the angular distributions 
than standard methods used before, we have applied it 
in this investigation of angular distributions of high- 
energy nuclear interactions found recently in this 
laboratory. 


2. EXPERIMENTAL MATERIAL AND PROCEDURE 


The experimental material which is used in this paper 
is taken from an investigation of high-energy nuclear 
interactions carried out in this laboratory.’ A detailed 
description of the experimental procedure is contained 
in reference 5, therefore only a short summary will be 
given here. 

* Supported in part by the National Science Foundation, and 
by a joint program of the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

Tt On leave of absence from Cosmic Ray Department, Institute 
of Nuclear Research, Krakow, Poland. 

1J. Gierula, M. Miesowicz, and P. Zielinski, Acta Phys. 
Polon. 19, 119 (1960); Nuovo cimento 18, 102 (1960). Hereafter 
referred to as GMZ. 

?P. Ciok, T. Coghen, J. Gierula, R. Hotyfski, A. Jurak, M. 
Miesowicz, T. Saniewska, O. Stanisz, and J. Pernegr, Nuovo 
cimento 8, 166 (1958). 

3G. Cocconi, Phys. Rev. 111, 1699 (1958). 

4K. Niu, Nuovo cimento 10, 994 (1958). 

5 A. G. Barkow, B. Chamany, D. M. Haskin, P. L. Jain, E. Lohr- 
mann, M. W. Teucher, and M. Schein, preceding paper [Phys. 
Rev. 122, 617 (1961) ]. 


for the angular distribution of events with a small number of 
shower particles (m,<5). On the basis of this model a coefficient 
of inelasticity of ~0.2 is obtained for these events 

Interactions characterized by small evaporation (N,$5) and 
small numbers of shower particles (”, $20) show the characteristic 
two-maximum shape. The same shape is found for presumably 
central collisions with heavy nuclei in the emulsion (N,>8, 
n,>40). However, the group of collisions with VN, 35, m,>20 does 
not show the two maxima. The last two observations cannot be 
explained by the present simple form of the two-center model. 

The results of this paper are in good agreement with a similar 
analysis carried out by Gierula, Miesowicz, and Zielinski. 


In a 22-liter stack of nuclear emulsion exposed over 
Texas at an altitude above 110000 feet, high-energy 
nuclear interactions were located by tracing showers of 
parallel minimum tracks back to the origin. Fifty-four 
interactions produced by singly charged or neutral 
particles with »,26 and with dip angles <17° were 
found. The method used for finding these events imposes 
a lower limit of about 10" ev on the primary energy. 
The average primary energy of the group is estimated 
to be 3.510" ev. The angles 6; of all the shower 
particles with respect to the line of flight of the primary 
particle were measured. The results, in the logy» tand; 
coordinate, are presented in the paper of Barkow et al.® 

We shall now evaluate this experimental material by 
a method quite similar to the one used by GMZ,' From 
the angular distributions represented in the coordinate 
x;= logy tan 6;, three parameters are calculated for each 
event: 

1. The mean value of x, the first moment of the dis- 
tribution, which is connected with an estimate of the 
primary energy by the well-known relation® 


—logiy-= (logo tané;). (1) 


2. The dispersion of the distribution or the second 
moment, defined by 


=CE (— ())*/(- DY, 


where , is the number of shower particles. 
3. The value D which is defined by 


D=(N.—N;)/n,, (3) 


where N; is the number of tracks inside the interval 
((x)—0.670, (x)+0.670) and V.=n,— Ni. 

D>0 indicates a deviation of the given distribution 
from the normal distribution .towards the one predicted 
by the two-center model. For events with small numbers 


*C. Castagnoli, G. Cortini, D. Moreno, C. Franzinetti, and 


A. Manfredini, Nuovo cimento 10, 1539 (1953). 
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Fic. 1. Shapes of angular distributions vs their dispersion o ex- 
pected by the two-center model. Dashed curves correspond to the 
isotropic emission from individual centers. The family of divergent 
lines shows how the individual shapes become more similar to each 
other if they are presented in the (x—(x))/e coordinate. 


of tracks, the same correction in calculating D values is 
introduced as in GMZ. 

Each distribution is then normalized to a common 
dispersion «= 1 and to the same mean by dividing x— (x) 
by its own dispersion and a composite distribution 
(x—(x))/o of all events normalized in this way is con- 
structed. Figure 1 shows some examples of the shapes 
of the angular distributions predicted by the two-center 
model as a function of the dispersion ¢. As seen from 
this figure, the procedure of adding the angular distribu- 
tions in the coordinate (x—(x))/o should be more 
efficient in visualizing the double-maximum shape of the 
angular distributions than the adding in the x—(x) 
coordinate normally used, especially if applied to jets 
having a dispersion 720.6. 

Table I shows the whole collection of 54 jets divided 
into groups according to the number of evaporation 
tracks NV, and multiplicity ,. We have not used any 
restriction on y, as was done by GMZ which accepted 
only events with y.>23, as defined by Eq. (1). Jets in 
their collection were only partly found by tracing back 
cascades, Another part was found by area scanning. In 
contrast to this, all our jets were found using unique 
scanning criteria. Owing to this, it is worthwhile to 
compare the distributions of y,. and ¢ in both collections 
of jets (Fig. 2). A marked difference in both distributions 
is easily seen, suggesting that tracing back cascades 
favors higher energy events. In the special case of the 
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analysis carried out here, this difference is not of great 
importance. 


3. RESULTS OF THE ANALYSIS 
(a) Events with n,=6 


First, we have constructed the composite histogram of 
the whole collection of the 54 jets in the (x—(x))/o 
coordinate. For easier comparison of the distributions 
with the normal one having the same dispersion (o= 1 by 
definition), the intervals on the (x—(x))/o axis were 
chosen in such a way that for the normal distribution a 
constant number of tracks was expected in each interval 
(Fig. 3). The deviation from the normal distribution 
towards the distribution expected by the two-center 
model is very significant, more than 3 standard devia- 
tions, as follows from a x? test. A normal distribution 
would be predicted by the hydrodynamical model.’ In 
order to be sure that the observed shape of the histogram 
is not produced by the applied procedure, we checked 
this result by a Monte Carlo experiment. It was tenta- 
tively assumed that all the observed distributions can 
be obtained by random sampling from the composite 
angular distributions of all jets taken together in the 
x—(x)=logio(y- tan@,;) coordinate. This distribution is 
presented in reference 5. From this experimental distribu- 
tion ‘‘Monte Carlo showers” were constructed by choos- 
ing x—(x)=log.o(y- tan@;) values by arandom method. A 
sample of 54 such showers was obtained, which had the 
same distribution of m, as the experimental events. The 
Monte Carlo events were then treated in exactly the 
same way as the real events. The histogram obtained 
this way together with the experimental histogram is 
presented in Fig. 4. The deviation of the experimental 
histogram from the Monte Carlo one is clearly seen. 
The direction of this deviation shows that the effect 
of the double-maximum shape is stronger in the experi- 
mental jets than in the Monte Carlo samples. The x? 
test® indicates a difference of about 2 standard devia- 
tions. This number gives some idea about the increase 
of efficiency in visualizing the shape of the angular dis- 
tributions gained by applying the procedure of GMZ 
instead of using the composite distributions in the 
x— (x) coordinate. The discrepancy between the Monte 
Carlo showers and the real experimental data suggests 
that the observed angular distributions are not just the 
result of statistical fluctuations around a single shape 
of the angular distribution. In describing the angular 
distribution of individual events, one more parameter 
must be introduced, for example oc. As a matter of fact, 
the spread of o values in the Monte Carlo showers is 
smaller than the one for the real events. The number of 
events deviating from the mean by more than one 

7G. A. Milekhin, Zhur. Eksp. i Teoret. Fiz. 35, 1185 (1958) 
(translation: Soviet Phys.—JETP 35, 829 (1959) 1]. 

8 For the application of the x? test to compare two experimental 
distributions see A. Hald, Statistical Theory with Engineering 


A pplications (John Wiley & Sons, Inc., New York, 1952), Chap. 
23, Sec. 4. 
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TABLE I. List of interactions used in this analysis 





Designation 
of the 
event ype Ye Tn-1 


Jets with N,<5 and n, S20 


116 10.7 0.49 

63 - 135 0.65 
117 28.2 0.67 

56 58.9 0.69 

70 0.71 

23 0.71 

83 0.75 

9 0.76 

18 0.77 

49 0.81 

51 0.85 

8&8 0.85 

91 0.87 
47 0.92 

4 0.93 3 Taken for analysis of 
102 0.95 individual cones 
107 1.03 

40 1.11 


OUIAU RW 
a 
—_— 
a 


Or wus 
un Oo UI WG 


i) —- 

SWOMDEK WAS 

RREEAS AHS ne 
—wo — PNR Kus 


Jets with N,S5 and n,>20 


0.35 
0.58 
0.63 
0.65 
0.66 
0.69 
0.69 
0.76 
0.78 
0.80 
0.82 
0.84 
0.94 Taken for analysis of 
oi dividual cones. 


wm ~~ 


2 
7.8 
2 
A 
3 
5.1 
A 


0.97 

0.98 Taken for analysis of 
1.03 J individual cones. 
1.11 


Jets with 5<N,S8 


6+19p 9.1 0.66 
6+13p 28.2 0.87 
6+ 16p 58.9 1.11 


Jets with N,>8 


18+32p 15.5 0.41 +0.12 
14+11p 36.3 0.46 +-0.27 
25+37p 11.2 0.58 +0.03 
15+67p 49.0 0.64 +0.07 
11418) 85.2 0.64 0 

10+23p 87.1 0.70 $0.43 
11-433 49.0 0.73 10.03 
11-413 24.6 0.76 40.39 
15+17p 93.3 0.78 +0.18 
22-+26p 19.1 0.82 +0.08 
17434) 74.2 0.82 0 

23+60p 38.0 0.83 —0.03 
29+-31p 14.1 0.88 +0.22 
234+34p 53.7 0.89 +0.29 
11429 26.9 1.02 0.03 
11421) 47.9 ; +0.33 


18+64) 38 ; +-0.09) . : : 
16+63p 31 - 40 05| Events used in the last 
14+4-52n 28 ’ 4008 step of the analysis 

22+51p 23 40.14 only (Sec. 4). 
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Fic. 2. ye vs o: (a) for events 
analyzed in the present paper, (b) 
for events from GMZ paper. 
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standard deviation is 14 for the Monte Carlo showers, 
and 23 for the real events. All this can probably be 
explained by the fact that the events have a rather wide 
range of primary energies and are produced by collisions 
with different kinds of target nuclei. 

In the next step of this analysis we have divided our 
collection of jets into two groups, with N,S$5 and with 
N,>8. The first group was then subdivided into 2 
groups with 2,<20, and n,>20. The composite histo- 
grams of these groups are shown in Figs. 5 and 6. In 
testing the deviations from the normal distribution 
special care was taken for the group with N,S5 and 
n,<20. The histogram was composed, not with the 


n 
i 








straight line corresponding to the normal distribution 
but with the so-called modified ¢ distribution, which 
arises if we apply our procedure to small random samples 
taken from the normal distribution.’ As can be seen from 
the figures, all deviations are towards the shape expected 
from the two-center model. The deviations obtained 
from the x? test are given in Table II. No subdivision 
into events with «<0.6 and o>0.6 was done because 
the total number of events with 7<0.6 was very small 
(6 events). 

® We would like to thank Dr. R. G. Glasser for the discussion 


concerning this question and for preparing curves for the modified 
t distribution. 
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Fic. 3. Histograms of 
composite angular distribu- 
tions in the (x—(x))/o co 
ordinate divided into inter- 
vals corresponding to equal 
areas of the normal (Gaus- 
sian) curve. Full line repre- 
sents 54 events presented in 
Table I; dot-dashed line 
represents events having 
a <0.6 (6 events). 
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The distribution of D values is presented in Fig. 7, 
both as a function of the dispersion o and of multiplicity 
ns. For comparison, the distribution of D values of our 
“Monte Carlo showers” is also presented as a function 
of o. The striking asymmetry in the number of positive 
and negative D values for the experimental jets is 
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Fic. 4. Histogram from 
Fig. 3 (full line) in com- 
parison with the histogram 
of “Monte Carlo events’ 
(dashed line). 
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Fic. 5. Histograms of composite angular distributions for events 
characterized by N,S5: (a) all events (35 
line, those having n,> 20 (17 events); (b) 18 events having n, S20 
(full line) and the histogram corresponding to the modified ¢ 
distribution (dashed line) used for evaluation of the deviation of 
the experimental histogram from the 1 


(upper line); lower 


ormal shape 


clearly seen. For 38 events D is positive; for 3 events 
D=0, and for 13 events it is negative. On the contrary, 
for “Monte Carlo showers” this distribution is sym- 
metric, 21 positive D values, 10 values D=0, and 23 


No.of tracks T 


60 
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Fic. 6. Histogram of the 
composite angular distribu 
tions in the coordinate 
(x—(x))/o for 16 events 
characterized by N;,>8. In- 
tervals on the (x—(x))/o 
axis correspond to equal 
areas of the normal curve. 
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TABLE ITI. Comparison of angular distributions with a normal distribution for several groups of interactions. 





Number 
of jets 


Number 
of tracks 


Group 


All events é 54 127 


““Monte Carlo jets” 


dashed 
line 


Events with N,35 
Events with N,35 
and m,>20 


Events with N,s5 
and ,320 


Events with N,>8 


Level of significance 
of the deviation 
from the 
normal distr. Remarks 


more than 3 
stand. dev. 


~2 stand. dev. This is the deviation between experi- 
mental jets and ‘Monte Carlo 
jets.” In evaluation of the x? it 
was taken into account that both 


distributions are fluctuating. 


more than 2 
stand. dev. 


less than 1 
stand. dev. 


more than 2 
stand. dev. 


In comparison to the ‘‘modified 
t distribution.” 


2 stand. dev. 








negative D values. The continuous line on the diagram 
D versus o corresponds to the dependence predicted by 
the two-center model for nucleon-nucleon collisions. 
Since any asymmetry in the number of charged particles 
emitted from both centers diminishes the D value, the 
observed distribution can be considered as being in 
rather good agreement with the prediction of the two- 
center model, especially for events having a small num- 
ber of evaporation tracks, V,$5, and a small number 


(a) 


of shower tracks, n,<20—full dots in Fig. 7(a). The 
increase of D with decreasing multiplicity m, is seen in 
Fig. 7(c). The mean D value for events having N,S5 
and n,>20 is +0.03, while for events with N,S5 and 
n;,= 20 it is +0.15. 

Having in mind the last effect, it would be important 
to have some information about the angular distribution 
of events characterized by a very low number of shower 
particles (n,<6). 





Fic. 7. (a) D vs o distribu- 
tion for experimental events. 
e—events with N,S5 and 
n,S20. o—events with N,S5 
and n,>20. A—events with 
5<NMiS8. X—events with 





Ni>8. (b) D vs o distribution 





for “‘Monte Carlo events.” (c) 
D vs n, distribution for experi- 
mental events. 
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Fic. 8. Angular distributions in 





the x coordinate (laboratory sys 
tem) for 7 events with low multi- 











plicity (#,<6) and the composite 
distribution in the laboratory sys 








tem (2). The points marked by X 
on the lower part of the figure 











mark the positions of the centers of 





the two maxima, as predicted by 
the two-center model for the multi- 
plicity m,=5. Energies and in- 


log tan ®, elasticities K are marked in the 
BNern bey tone J 





(b) Low Multiplicity Events 


All events having a multiplicity <6 had been rejected 
from the present analysis because of very large uncer- 
tainties in the parameters y,., ¢, and D characterizing 
the event. However, it is possible to draw some con- 
clusions from the angular distributions of these low- 
multiplicity events. This is possible because of very 
characteristic features of the angular distributions in the 
laboratory system predicted by the two-center model 
for such events. Let us write the principle of energy 
conservation applied to the two-center model [see 
Ciok ef al., Eq. (8)"*}: 

1.52,Es¥=2Ky-, (4) 
where n,= multiplicity, E,=the mean total energy (in 
units of nucleon mass) of a particle in the rest system 
of the center from which it is emitted, 7=the Lorentz 
factor of the center in the c.m. system, K= the inelas- 
ticity coefficient, and y.=the Lorentz factor of the 
c.m, system. , 

Starting from this formula and assuming n,=5 and 
E,=0.5 Bev (from the well-known value of 300 Mev/c 
for the transverse momentum), we can derive the rela- 
tion y. versus ¥ for a given value of K taken as a 
parameter. We can also easily find the relation 7, versus 
5, where 26 is the separation between two maxima of the 
distribution in the x=log,9 tan@ coordinate [see Ciok 
et al., Eq. (16)'°]. 

In the lower part of Fig. 8 we see the results of this 
calculation shown for three values of the inelasticity 
coefficient. The two very characteristic features of this 
picture are the energy independence of the position of 
the diffuse cone in the laboratory system, and a mini- 


10 P, Ciok, T. Coghen, J. Gierula, R. Hotyfiski, A. Jurak, M. 
Miesowicz, T. Saniewska, and J. Pernegr, Nuovo cimento 10, 
741, (1958). 


figure. The shadowed part should 
show the smallest density of tracks 
and may be compared with the 


log tan ©, composite distribution 2. 


mum of the density of tracks in the region of x from 
about —2 to —1. The position of this region is also 
energy independent for energies 2 10" ev. 

Looking for the experimental evidence for this, we 
have collected all low-multiplicity (m,<6) and low- 
evaporation (V,S$5) events having high energy. Four 
such events were found in this laboratory by tracing 
back high-energy electromagnetic cascades and another 
three were taken from the published materials of the 
Bristol laboratory."' The angular distributions for indi- 
vidual events as well as the sum of these distributions in 
the laboratory system are given in the upper part of 
Fig. 8. The agreement with the predictions of the two- 
center model is evident from the figure. The striking 
asymmetry in the number of particles may be caused by 
the method of finding these events by scanning for 
cascades. An unbiased sample of such collisions can be 
obtained from the work of Lohrmann, Teucher, and 
Schein” on nuclear interactions of protons and neutrons 
of average energy about 250 Bev. These events were 
obtained by a systematic scanning in the core of high- 
energy fragmentations of heavy nuclei. 

This sample of jets has two advantages. The scanning 
is unbiased, along the track scanning for the # inter- 
actions, and the primary energy is known from scatter- 
ing measurements, So we can add the individual angular 
distributions in the c.m. system, assuming that the 
collision was a nucleon-nucleon collision. The individual 
angular distributions in the c.m. system of 7 such events 
as well as the composite distribution of all the tracks are 
shown in Fig. 9. It is worthwhile to stress the following 
features of the composite distribution: 


1 C. F. Powell, P. H. Fowler, and D. H. Perkins, The Study of 
Elementary Particles by the Photographic Method (Pergamon Press, 
New York, 1959), p. 550, Fig. 15-12 

12 FE. Lohrmann, M. Teucher, and M 
Rev. 122, 672 (1961) ]. 
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ANGULAR DISTRIBUTIONS 


Fic. 9. Angular distributions in 
the c.m. system of low-multiplicity 
events (#,<6) in the energy region 
around 300 Bev and the cor- 
responding composite distribution 
(2). The “constant area’’ histo- 
gram of the composite distribution 
is drawn for comparison with the 
distribution expected by the two- 
center model (continuous line). 


OF SECONDARY PARTICLES 


log % tan® 
* 42 


one track 


Cased 


|_ m@ Ii eae BPs) 





1. There is symmetry in the number of particles in 
both cones (14 and 13 tracks in the narrow and diffuse 
cone, respectively) suggesting that the explanation of 
the asymmetry in the high-energy events by scanning 
bias was right. 

2. The two-maximum shape of the distribution is in 
rather good agreement with the shape predicted by the 
two-center model for the same dispersion o. Another 
more quantitative formulation of this fact would be the 
following. The measured dispersion of the composite 
distribution is ¢=0.73; the corresponding D value pre- 
dicted by the two-center model is D= +0.30, while the 
measured D= +0.26, 

3. The 7 low-multiplicity events correspond to the 
high-o tail of the o distribution of all the 250-Bev inter- 
actions found in the systematic scan, The mean ¢ value 
for the whole sample is 0.57." 

4. The inelasticity coefficient found from Eq. (4) 
assuming 7,=4, E,=0.5 Bev, and a value of 7 corre- 
sponding to ¢=0.73 is K~0.3, which should be com- 
pared with the mean value K=0.19, which can be 
obtained for these 8 events from Fig. 5 in the work of 
Lohrmann, Teucher, and Schein.” 


Concluding, we can say that there is a rather good 
agreement between the predictions of the two-center 
model and the experimental material for low-multi- 
plicity collisions in the primary energy region of 250 Bev 
as well as over 1 Tev. 


(c) Isotropy in Individual Cones 


The experimental material concerning the evidence 
of the isotropic emission of particles from individual 
centers collected up to now is rather small The largest 
material was presented by Ciok e¢ al."° and it includes 
7 events with a total number of ~70 tracks As can be 
seen from Fig. 1 only the events with ¢20.9 can be 
used for this investigation In these events, the separa- 
tion of both cones is large enough that we can be rather 


sure that there is no, or only very small, mixing of 
tracks belonging to different cones. 

In choosing the events for this investigation we have 
introduced the additional criterion D>0. Of course, we 
have not used jets with V,>8 to eliminate the collisions 
with heavy nuclei for which the two-center model does 
not give any clearcut predictions as yet. We have 8 jets 
satisfying these criteria. They are marked in the Table I. 
The total number of tracks in these events is 140, The 
composite integral angular distributions in individual 
cones for these events are presented in Fig. 10 for both 
cones separately in Duller-Walker" coordinates. For 
comparison, the straight lines corresponding to the iso- 
tropic distributions are also drawn. There is a good 
agreement with isotropy. This agreement can also be 
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Fic. 10. Integral angular distributions in individual cones for 
events having N,S5, ¢>0.9, and D>O: (a) forward cones, (b) 
backward cones. Straight lines correspond to isotropic distribution 
and are given for comparison. 


"3 N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
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Fic. 11. Histograms of 
composite angular distribu- 
tion for 24 events having 
Nx3S1. The total number of 
tracks is 373. (Concerning 
coordinates, see caption for 
Fig. 3.) 
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seen when comparing the dispersions of both distribu- 
tions with the dispersion for isotropic distribution: 
o (isotropic) =0.39, « (narrow cone)=0.40, and o (dif- 
fuse cone) = 0.43, 


4. COMPARISON AND COMPILATION OF RESULTS 


There is good agreement of the results reached in this 
investigation with the ones in the paper of GMZ. This 
is best seen when comparing the Tables II of both 
papers, including the levels of significance for the devia- 
tions from the normal distribution in several groups of 
jets. Very significant and comparable deviations towards 
the two-maximum shape of the angular distribution 
have been observed for the whole sample of jets and for 
the groups with V,S5, n,S20, o>0.6. No significant 
deviations or deviations not in the direction predicted 
by the two-center model were observed in the group 
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having V,S5, n,>20, o>0.6. Also both the distribu- 
tions in the groups of jets with V,>8 show a very sig- 
nificant two-maximum structure, but this evidence 
seems to be very much stronger in the GMZ collection 
than in ours. In view of this general agreement of the 
results reached on independent samples of events, it 
seems justified to combine both groups of experimental 
materials, 

Two important questions 
the observations of angular 
maxima. 


arise in connection with 
distributions having two 


1. What is the experimental evidence that the two- 
maximum shape of the angular distribution is attached 
to nucleon-nucleon collisions? 

2. How can the two-maximum structure of angular 
distributions in collisions with heavy nuclei be explained ? 


Concerning the first question, we can say that there 
are no very efficient criteria for deciding if a high-energy 
collision is a collision with single nucleon or not. We can 
only obtain a sample of events enriched in nucleon- 
nucleon collisions rejecting, for instance, al! events with 
N,>1. In the joint experimental materials of GMZ and 
the present work, there are 24 jets which satisfy this 
condition and have o>0.6. The composite angular dis- 
tribution of this group of events is presented in Fig. 11. 
It has a typical two-maximum shape which deviates 
from the normal distribution by more than 2 standard 
deviations. 

In GMZ and in the present investigation, the cri- 
terion N,S5 and n,S20 was used. The additional 
condition limiting m, seems to be justified by the results 
reached by Lohrmann, Teucher, and Schein™ in the 
investigation of collisions in the energy region of 250 
Bev. The histogram showing the composite angular dis- 
tribution for these events (having ¢>0.6) based on the 


I'1c. 12. Histograms of the com- 
bined angular distributions for 
events characterized by o>0.6 and 
Niass5, m.S20; (b) NaS5, n.>20; 
(c) Na>8, m 40; (d) Na>8, 
n,> 40. Dashed line corresponds to 
the subgroup of events with no 
visible double-maximum structure. 
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joint material is presented in Fig. 12(a). It shows again 
the typical two-maximum shape deviating by more than 
3 standard deviations from the normal distribution. 

Both results seem to give a rather strong support to 
connecting the two-maximum shape of the angular dis- 
tribution with nucleon-nucleon collisions. 

In connection with the second question, we present 3 
other histograms based on the joint materials. These are 
the angular distributions for groups of events obeying 
the following conditions: V,<5 and n,> 20 (Fig. 12(b) ], 
N,>8 and n,<40 [Fig. 12(c)], and N,>8 and n,>40 
[ Fig. 12(d) ]. In addition, there is a common condition 
for all groups: ¢>0.6. Four additional events from our 
laboratory were added to the last group to increase 
statistics. The characteristics of these events are given 
at the end of Table I and the distributions are presented 
in Fig. 13. Some parameters corresponding to the four 
groups of events presented in Fig. 12 are given in 
Table III. 

The following conclusions can be drawn from Fig. 12 
and the data included in Table III. In all groups the 
distributions show the deviation from the normal shape 
towards the two-maximum shape. The rather small 
deviation in the group with V,S5, m,> 20 in comparison 
with the mean dispersion ¢ is in disagreement with the 
prediction of the simple two-center model for nucleon- 
nucleon collisions. There is a striking similarity in the 


shape of angular distributions between the group with 
NiaS5, n.S20, and both groups corresponding to colli- 
sions with heavy nuclei (V,>8). 

Events in the last group have so high a number of 
tracks that some characteristics of the shape of the 
angular distribution can be easily seen in single events. 
By comparing these shapes, large differences between 
individual events have been found. To have some idea 
about the significance of these differences, all jets in 
this group were divided into two subgroups with clear 
two-maximum structure and without such structure. 
The dashed line in Fig. 12(d) corresponds to events 
without visible double structure. This distribution does 
not deviate from the normal one, while the distribution 
corresponding to the jets with visible two maxima de- 
viates very strongly. Both distributions deviate from 
each other by more than 2 standard deviations. There 
is a correlation between the shape and the dispersion of 
the distribution. The mean dispersion in the group 
having the normal shape is 0.76, while in the group 
having two maxima, the dispersion is 1.0. 

A similar correlation was observed by G MZ for colli- 
sions characterized by V,<5 and n,S 20 for lower dis- 
persions. On the basis of similar observations, Bartke 
et al.4 and GMZ suggest that there may be some rela- 
tionship in physical processes for nucleon-nucleon, and 
nucleon-nucleus collisions. 


TABLE III. Combined results of this paper and reference 1. 








Jo. of events 


Jo. of tracks 


1.74+0.23 


12.9 


Deviation from the >3 st. dev. 


normal distribution 


0.85 
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309 610 


300 310 
13.2+1.0 19.9+1.4 


18.8+2.0 20.8+1.7 


55.5 


60.0 51.7 


>3 st. dev. 
<1 st. dev. >3 st. dev. 
0.76 1.01 
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4 J. Bartke, P. Ciok, J. Gierula, R. Holyfski, M. Miesowicz, and T. 





Saniewska, Nuovo cimento 15, 18 (1960). 
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5. CONCLUSIONS 


The compilation of the results reached in this investi- 
gation with results presented by GMZ contains 128 
collisions of singly charged or neutral particles of 
primary energy in the region from 1 to about 100 Tev. 
The angular distributions of these events show in the 
average a significant deviation from the shape of a 
normal distribution predicted by hydrodynamical 
theory.’ The two-center model of multiple meson pro- 
duction seems to be a better working hypothesis for 
explaining the general shape of the angular distribution. 
In addition, the following observations are in agreement 
with the predictions of this model. 


1. The relation between the shape of the angular 
distribution and its dispersion o for collisions character- 
ized by low evaporation (V,S5) and not a very high 
number of shower particles (m,S 20). 

2. The relation between the shape of the angular 
distribution and the number of shower particles for the 
same type of collisions as in 1, if the inelasticity is 
assumed not to depend strongly on m, (see reference 12). 

3. The relation between the inelasticity and the angu- 
lar distribution for collisions in the 300-Bev energy 
region characterized by a small number of shower 
particles (m,S5). 

4. The angular distribution of shower particles in the 
rest system of individual centers (“‘fireballs’’) for events 
characterized by N,S5 and high enough dispersion 
(o>0.9) is roughly isotropic. 
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However, one observation is in disagreement with the 
two-center model for nucleon-nucleon collisions. The 
highly anisotropic angular distributions for events 
having low evaporation (V,S5) and high multiplicity 
(n.> 20) do not show the shape of angular distribution 
predicted by the two-center model for this degree of 
anisotropy. 

The general shape of the angular distributions for 
collisions with heavy nuclei of the photographic emul- 
sion is very similar to the shape observed in collisions 
which are probably nucleon-nucleon collisions. How- 
ever, in collisions producing a very large number of 
secondaries (~60) large differences in the individual 
shapes are observed. The two-center model in its present 
form is not applicable to this type of collision. 
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An investigation at sea level of cosmic-ray showers with sizes 
from 5X 105 to over 10° particles is described. The core locations, 
arrival directions, and particle density distributions of several 
thousand showers whose cores landed within an area of 10° m? 
were determined by the techniques of fast-timing and density 
sampling. The most important results are as follows: (1) The 
existence of primary particles with energies greater than 10'* ev 
is established by the observation of one shower with more than 10° 
particles. (2) The function f(r) =0.45(N/Re*)r-7(1+-7r)**, where 
r=R/Ry and Ro=79m, describes the lateral distribution of 
particles at distances in the range 50m<R<400m and for 
showers with sizes in the range 5X 105<N <108. (3) At distances 
greater than 50m from the core the density fluctuations in 


individual showers have a Poisson distribution. (4) The size and 
zenith angle distribution can be represented by the formula 
s(N,x) =59(10°/N)'* exp[—(x—-2)/A], where x=xosecd, x9 
=1040 g cm™, so=(6.6+1.0)X10-* cm sec sterad, I 
=1.9+0.1, A=(1134%9) g cm™, x<x<1.3%, and 7X10°<N 
<7X 108. (5). No evidence is found of anisotropy in the arrival 
directions or of a break in the energy spectrum of the primaries up 
to the largest energies observed. (6) Assuming a specific model for 
shower development and taking into account fluctuations in the 
depth of the first interaction, the integral energy spectrum of the 
primaries is J (EZ) =Jo(10"5/£)7, where Jo= (8.143.1) X10- cm 
sec™ sterad™, y=2.17+0.1, and 3X10" ev <E<10" ev. 





I. INTRODUCTION 


HIS paper is a part of the final report' on an 

experimental investigation of air showers with 
sizes in the range from 5105 to 10° particles at sea 
level. The work was carried out between 1954 and 1957 
at the Agassiz Station of the Harvard College Observa- 
tory, and preliminary reports on the results have been 
given previously.?~* 

The primary purpose of the experiment was to study 
the energy spectrum and arrival directions of ultra- 
high-energy primary cosmic rays for the sake of the 
information which these data give about the origin of 
cosmic rays. The secondary purpose was to obtain new 
and more accurate data on the structure of air showers 
themselves in order to provide criteria for judging the 
validity of shower theories based on models of ultra- 
high-energy interactions. 

We strove to obtain as complete information as we 
could about each shower detected. We were able to 
determine rather accurately the size, core location, 
arrival direction and lateral particle distribution of each 
of many individual showers whose cores landed within 
a large array of detectors. This can be called a “high- 
resolution” approach, in contrast to others that yield 
only average values for showers with a broad range of 
characteristics. Investigation of the shower size spec- 
trum by measurement of the density spectrum, a typical 
“low-resolution” technique, has the disadvantage that 
a sudden cutoff in the size spectrum would cause only 
gradual increase in the slope of the density spectrum 
over a range of a factor of 10 or more in densities. 

* This work was supported in part by the U. S. Atomic Energy 
Commission, the Office of Naval Research, and in part, also, by a 
grant from the National Science Foundation. 

1 The results of a study of the u mesons associated with air 
showers will be published separately. 

2G. Clark, J. Earl, W. Kraushaar, J. Linsley, B. Rossi, and 
I. Scherb, Nature 180, 353 (1957). 

3G. Clark, J. Earl, W. Kraushaar, J. Linsley, B. Rossi, and 


F. Scherb, Nuovo cimento Suppl. 8, Ser. 10, 623 (1958). 
4B. Rossi, Proc. Cosmic Ray Conf. IUPAP, Moscow, 1959. 


Our experimental method was a combination of the 
techniques of fast-timing® and density sampling® which 
had been developed separately in previous air shower 
experiments in this laboratory. The first of these is 
based on the fact that the particles in a shower are 
concentrated in a thin disk normal to the axis, traveling 
along the axis with nearly the speed of light. Thus one 
can determine the direction of the axis from the relative 
arrival times of the shower particles at several widely 
separated detectors. The second is based on the fact that 
the particle density in a shower is circularly symmetric 
and decreases monotonically with distance from the axis. 
As we shall show, this permits one to determine the core 
location, lateral distribution, and shower size by 
analyzing the pattern of particle densities registered 
by the same detectors used for timing. 


Il. METHOD 


The method underwent considerable evolution during 
the experiment. Only the final version will be described, 
since most of the final results were obtained with it. 


A. Equipment 


Large-area plastic scintillation detectors served the 
dual purpose of measuring particle densities and arrival 
times. The inset in Fig. 1 shows the construction of a 
detector. A plastic scintillator disk 42 in. in diameter 
and 3 in. thick’ and a 5-in. Dumont type 6364 photo- 
multiplier were enclosed in a cylindrical galvanized steel 
can painted white inside. Scintillation light could reach 
the photocathode only by reflection from the walls of the 
can. The light gathering efficiency of this arrangement 
showed a radial variation of a factor less than two 
between the center and edge of the scintillator. Figure 1 
shows the response of a typical detector both to the sea 

5 P. Bassi, G. Clark, and B. Rossi, Phys. Rev. 92, 441 (1953). 

®R. W. Williams, Phys. Rev. 74, 1689 (1948). 


7G. W. Clark, F. Scherb, and W. Smith, Rev. Sci. Instr. 28, 
433 (1957). 
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Pulse Height (arbitrory scale) 


Fic. 1. Differential distributions in size for pulses from a 
42-in. detector, with (curve ‘‘A+B’’) and without (curve ‘‘A’’) 
coincident pulses from another small detector under 6 in. of lead. 
The inset is a schematic diagram of the 42-in. detector and the 
coincidence arrangement whereby pulses due to single penetrating 
particles were selected to obtain curve ‘‘A+B.” The vertical line 
labeled h marks the standard calibration pulse height defined so 
that the rate for pulses of height greater than h produced by 
uncollimated particles is 70 sec™!. The vertical line labeled hp 
marks the median height of pulses due to single penetrating nearly 
vertical particles. 


level flux of cosmic rays and to collimated vertical 
penetrating particles. 

In arranging the detectors to form an array there 
are conflicting requirements. For large showers low 
intensity is the problem; detectors must enclose a 
large sensitive area but may be placed rather far apart. 


For small showers counters must be spaced more 
closely, but the sensitive area need not be as great. 
During most of our experiment there were 11 detectors 
arranged in two concentric rings (M and D) with one 


M- ring 








100 m 


Fic. 2. Schematic diagram of the detector array. The four 
detectors in the C ring were used only during a small part of the 
running time in order to extend the results to showers as small as 
5X 105 particles. 
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at the center, as shown in Fig. 2. With this design» 
relatively few detectors served to cover a wide range 
of shower sizes and a very wide range of intensities. 
For a short period four additional detectors in a small 
ring (C) were used to extend the survey to showers 
smaller than we could study with the normal 
arrangement. 

Figure 3 is a block diagram of the electronic system 
used for selecting showers and recording data. The 
equalizer delay lines compensated for differences 
between the lengths of the transmission lines that 
connected the detectors to the central station. They 
were trimmed so that simultaneous pulses from the 
detectors would arrive simultaneously at the central 
station. The transmission lines were doubly shielded 
coaxial cable (RG71A/U). They also served to dis- 
tribute high-voltage power to the photomultipliers. 

One of the problems in determining shower size by 
density sampling is that the electronic equipment must 
have a very wide dynamic range in order to record 
particle densities both close to and far from shower 
cores. In the system shown this is achieved by providing 
four ranges for amplitude, which represents density. 
The signal from each detector goes to a separate 
channel consisting of amplifiers, delay lines, and 
attenuators. There are four different electrical paths 
through each channel, and each path has a different 
over-all amplification and delay. A single input pulse 
emerges at the output as four successively more 
amplified and more delayed pulses. A very large input 
pulse, which without attenuation would saturate the 
amplifiers, appears at the output in a prompt but 
greatly attenuated version before the later distorted 
versions appear. On the other hand, a very small input 
pulse is seen in its most amplified and most delayed 
version. In our system the variously delayed paths 
differed from one another in over-all gain by successive 
factors of five, and the useful dynamic range for each 
path was about 1:20. Thus the over-all dynamic range 
was about 1: 2500. 

The output of each channel, with its four versions of 
the scintillation pulse, was displayed on a separate 
cathode-ray tube. The cathode-ray tubes were driven 
by common sweep and intensifier signals. Fiducial 
marks separated by 5 usec were placed near the start 
and finish of each sweep by blanking small portions of 
the trace. The first mark was the reference for measure- 
ments of relative arrival times; the second permitted 
comparisons of sweep speed between channels. A 
tracing of the projected photographic record of one 
event is shown in Fig. 4. The sweep speed of a dummy 
cathode-ray tube labeled ‘‘monitor” was measured for 
each event so that small time variations in sweep 
speed could be taken into account. 

The triggering requirement was that sufficiently 
large signals be received almost simultaneously from at 
least three detectors. Most of the time the pulse size 
requirement corresponded to 10 particles m~*. An 
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Fic. 3. Block diagram of the pulse recording system. Components within the dashed line were located at the detector sites. 


anticoincidence circuit was used to reduce the number 
of false triggers produced by electrical storms. Its 
antenna was a coaxial cable strung out in the woods for 
several hundred meters. 

A continuous cycle of calibrations was carried out 
automatically by a device consisting of a variable 
discriminator, a counting-rate meter, and a moving- 
chart pen recorder. The discriminator bias potentiometer 
was driven mechanically by the chart motor. Each 
detector channel was connected in turn to the dis- 
criminator by a stepping relay while its bias curve was 
recorded on the chart. In this way we obtained an 
integral cosmic-ray pulse height distribution for each 
detector three times daily. These pulse-height distri- 
butions were the basis for our shower density calibration 
and also were a means for detecting incipient faults. In 
addition we monitored the mounting rate of each pulse 
size discriminator using a multiple-pen recorder. 


B. Calibration 


To a good approximation the expected size of the 
pulse from a scintillation detector struck by a shower 
is proportional to the local density of shower particles 
and independent of the arrival direction of the shower. 
The proportionality comes from the fact that most 
shower particles are minimum ionizing so that the 
total output of scintillation light is proportional to the 


total track length. The scintillators were thin and 
composed of light elements equivalent to air so that 
there would be no significant transition effect. The 
density of particles within the plastic was therefore 
essentially the same as the density of incident particles. 
Pulse heights give a direct measure of shower density 


Fic. 4. Tracing of the photographic record for event number 
58042, which was the largest shower recorded during the experi- 
ment. Above each oscilloscope trace is the number of the corre- 
sponding detector. 
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regardless of shower inclination because the decrease 
in projected target area for inclined showers is exactly 
compensated by the increased track length for each 
incident particle. 

The calibration involved two steps: the first, to 
measure routinely the relative response of the detectors 
and their recording system to a standard scintillation 
event; the second, to relate the standard event to 
density of shower particles. The routine procedure 
made use of the automatically recorded bias curves 
mentioned above. The standard pulse height, called 
h, corresponded to the bias level at which the counting 
rate for uncollimated cosmic rays was 70 sec~. Its 
position in the typical differential pulse-height distri- 
butions of collimated and uncollimated particles is 
shown in Fig. 1. The reference pulse size thus defined 
is not an ideal standard since the intensity of sea level 
cosmic rays is not perfectly constant. However, the 
real changes in sensitivity of our detectors were much 
larger than the apparent changes (amounting to 1 or 
2%) that would be produced by normal variations in 
cosmic-ray intensity. The real changes in sensitivity 
were chiefly temperature effects. Direct measurements 
of the temperature coefficient of A for various detectors 
gave values in the range —0.3 to —1% per °C. Typical 
day-night temperature excursions at the Agassiz site 
were 10°C. The effect of the resulting 3 to 10% diurnal 
variation in detector sensitivity on our study of arrival 
directions was insignificant compared to statistical 
errors. 

Two approaches were used in relating the working 
pulse-height standard to particle density. The first 
was to compare h with the median size h» of pulses 
produced by nearly vertical penetrating particles 
traversing the detector at positions distributed 
randomly over its area. As Fig. 1 shows, h is larger 
than hm by the factor h/Am=1.25-+-0.05 where the error 
reflects the estimated error in that particular measure- 
ment of h. 

The second approach was to compare nominal 
particle densities measured with the plastic scintillation 
detectors to densities measured by standard Geiger 
tube techniques. By “nominal” densities we mean 
densities measured in units of our h. To make this 
comparison we installed a hodoscoped tray of 96 
unshielded Geiger tubes near a scintillation detector 
of the C ring and recorded Geiger tube discharges in 
coincidence with showers detected by our normal 
method. For each shower in this run we found the 
expected nominal density g at the position of the Geiger 
tray from the arrival direction, core location, and 
nominal size, calculated by the procedure we will later 
describe. In effect, g was an interpolated density 
obtained by fitting an assumed lateral distribution 
function to the nominal densities measured at the 
various points of the array. We selected 23 showers 
whose cores landed between 20 and 100 m from the test 
position and whose axes were within 20° of vertical. 
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The number of Geiger counters expected to be dis- 
charged by the ith shower is 96[1—exp(—g,a) ], 
where a is the area of each Geiger tube (0.0300 m?*) and 
k is the ratio of the “Geiger tube density” to 
the nominal density g; The total number of 
Geiger tubes expected to be discharged is therefore 
> m1” 96[1—exp(kg.a) |. Equating this to the observed 
number and solving for k we obtained the value k 
= 1.30+0.10. Most of the error arises from uncertainty 
in the g; values. A statistical analysis of the hodoscope 
record indicated there was no correlation between the 
discharge of adjacent tubes. The value of & is the same 
as the ratio h/hm within the experimental errors. 

Among our results only absolute shower intensities 
depend significantly on distinguishing between nominal 
shower size and Geiger tube size. It will be convenient 
for us to carry through most of our discussion in terms 
of nominal densities and sizes. The terms density and 
size should be understood to mean nominal density and 
size unless there is an explicit statement to the contrary. 
When we deal with the size spectrum we will make the 
distinction. 


C. Reduction of Data 


We projected the photographic record of each event 
onto a sheet of graph paper and measured the height 
and horizontal position of the most suitable version of 
each pulse. These data, together with the time of day, 
the day of the year, calibration data, and various 
instrumental and astronomical constants, were pro- 
cessed by automatic electronic computation. The basic 
idea was to find a set of shower parameters that 
described the circularly symmetric shower disk and 
that fitted the observed data according to the method 
of least squares. 

The direction of the shower was found from the data 
on the relative arrival times. The computer determined 
algebraically the values of /, m, and ¢) that minimized 
the function 


= (¢—-3)2 Dd (ct: 4+lyit-ms;— clo)’, (1) 


where ¢; is the relative arrival time at the ith detector, 
whose rectangular coordinates are y; and z;;/ and m are 
the direction cosines of the shower axis; fo is the mean 
arrival time; g is the number of detectors from which 


TTT 


Relative Frequency 
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Fic. 5. Distributions in y* (density fit) and x (timing fit) for 
200 showers analyzed with the trial function NKA 1.4. 
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TABLE I. Specifications of artificial showers used 








Zenith 
(particles) angle 


Test of Size 


Sample showers Azimuth Core location 





1 20 5 X10" o° Random within circle 
of radius 180 m. 
Random within annu- 
lar ring with radii 
100 m and 180 m. 
Random within annu- 
lar ring with radii 180 
m and 200 m, 


20 5 x107 30° Random 


20 5 x108 30° Random 





timing information was obtained; and c is the speed 
of light. The zenith angle, right ascension, and de- 
clination were then computed from / and m. 

The core location and size were determined from the 
density data, taking into account the inclination of the 
shower. A core position with rectangular coordinates 
Y, Z, and a size N were found that approximately 
minimized the function 


P= (p-3)7 2 (Ai’—g,)W,, (2) 


where A,’ is the calculated density for the ith detector, 
g; is the observed density, W; is the weighting factor, 
and p is the number of detectors from which density 
information was obtained. The calculated densities were 
related to the size and core position by the equation 


A =(N/R&)F (rd), (3) 


where F is a trial lateral distribution function, Ro is the 
Moliére unit of length (79 m at sea level), and r;= Ri/ Ro. 
R; is the perpendicular distance from the shower axis 
to the ith detector. The trial function has the usual 
normalization s%*F(r)2rrdr=1 so that N represents 
the total number of particles. The weighting factor W; 
is defined by the equation 


Wi=((E4i’)?+- (47/47 (4) 


where A’ is the projected area of the detector and ¢ is 
the fractional experimental error in an_ individual 
density measurement, estimated to be 0.15. The 
weighting factor was constructed to take proper account 
of both the Poisson fluctuations in the numbers of 
particles that traverse the detectors and the random 
instrumental errors. 

Equation (2) defines a hypersurface which has a 
minimum for some set of values of Y, Z, and NV. The 
calculation of this set of values was carried out by a 
series of successive approximations that began with 
rough initial estimates and terminated when certain 
numerical tests indicated that ¥* had been approxi- 
mately minimized. 

At various stages in our analysis we employed several 
different trial functions which we refer to as EXP, 
NKA 1.4, and NKGs.® These functions are defined as 


8’ EXP, NKA 1.4, NKGs stand for “‘exponential,” ‘‘Nishimura- 
Kamata, approximate,” and ‘‘Nishimura-Kamata;, Greisen 
approximation,” respectively. 
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follows: 
EXP(r)=exp(—1)/2er, 
NKA 1.4(r)= 1.959 (r+-2)-? , 
NKGs(r) = C(s)r*? (r+ 1)*-+5, 


(Sa) 
(Sb) 
(Sc) 


An approximate formula for the normalization factor 
C(s) is C(s)=0.443s?(1.90—s). The function NKGs has 
been used by Greisen® to represent results of theoretical 
calculations by Nishimura and Kamata for purely 
electronic cascades. 


D. Evaluation of the Data Reduction Procedure 


The distributions of x and y¥” for 200 showers analyzed 
with the trial function NKA 1.4 are shown in Fig. 5. 

We tested the effect of fluctuations and errors in the 
data on computed direction and size by analyzing test 
samples of artificial shower data made up as indicated 
in Table I. Azimuths and core locations were chosen 
with the aid of a table of random numbers. Expected 
particle densities and arrival times were then calculated 
for each of the detector positions. To the expected 
densities we added random Poisson fluctuations, and 
then superimposed random Gaussian fluctuations with 
a standard deviation of 15% to take into account 
instrumental errors. To the arrival times we added 
Gaussian fluctuations with a standard deviation of 
0.05 usec, the value found for real showers by analysis 
of the distribution in x. The artificial data were then 
analyzed in the usual way and the calculated shower 
parameters compared with those originally assumed. 

Figure 6 is a target pattern for test samples 2 and 3 














(A¢) x sin © 


Fic. 6. Scatter of calculated arrival directions with respect to 
specified arrival directions for artificial showers with zenith 
angles equal to 30° and azimuth angles chosen at random (test 
samples 2 and 3). The components of each point represent the 
errors in the calculated values of @ and ¢. 


°K. Greisen, Progress in Cosmic Ray Physics, edited by J. G. 
Wilson (North-Holland Publishing Company, Amsterdam, 1956), 
Vol. III, Chap. 1. 
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Fic. 7. Errors in calculated core positions for artificial showers. 
The dots represent the calculated core positions and the line 
segments the displacements from specified to calculated position. 
Open and solid dots are for sizes 5X 107 and 5X 105, respectively. 


in which calculated arrival directions are represented by 
points displaced from the origin by distances propor- 
tional to the angular error. The average angular error 
is less than 5°. A similar result was obtained for the 
vertical artificial showers. 

The errors in core location are shown in Fig. 7. For 
each shower we have drawn a line from the specified 
location to a dot representing the calculated location. 
The error displacements are random in direction. Their 
average magnitude is 6 m within the M ring and 11 m 
between the M and D rings. Additional tests on artificial 
showers with specified core locations outside the D ring 
of detectors revealed a tendency for the error in calcu- 
lated position to be an inward displacement. To avoid 
systematic errors due to this effect we generally ignored 
showers whose calculated core positions were further 
than 190 m from the center. However, in view of the 
relatively large sensitive area lying on the fringes of 
the array it was to be expected that the cores of the 
largest and most rarely detected showers would fall 
in the fringe region where special attention had to be 
given in order to salvage the important information 
they furnish. 

Figure 8 shows the distribution of errors in size. No 
significant systematic error is evident, and there is only 
a small deterioration in accuracy for core locations near 
the outer ring of detectors. The standard deviations of 
the calculated from the specified sizes are 9, 11, and 
14% for test samples 1, 2, and 3, respectively. 

In summary, the results on artificial showers indicate 
that the fluctuations in the timing and density data 
for real showers propagated through the analysis 
procedure can be expected to introduce the following 
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random errors in the calculated shower parameters: 
(a) an average error in arrival direction less than 5°. (b) 
an average error in core location of about 10 m. (c) a 
standard deviation in size determination of about 10%. 
In addition to these errors one may anticipate syste- 
matic errors caused by any difference that may exist 
between the trial lateral distribution function and the 
true average lateral distribution function of the showers. 
Such errors will be discussed in relation to the experi- 
mental results on the lateral distribution. 


Ill. EXPERIMENTAL RESULTS 


When we began this experiment, the available 
theoretical and experimental information on the lateral 
density distribution of particles in extensive air showers 
was relatively crude. With our experimental method 
the problem of determining the core locations, the 
sizes, and the lateral density distributions are closely 
interrelated. Therefore, we had to proc eed by SUuCC essive 
approximations. We first carried out a preliminary 
analysis of the data using the trial function EXP as a 
crude approximation to the structure function. On the 
basis of the preliminary analysis we selected a better 
trial function, NKA 1.4, that we final 
analysis from which all of the results on showers with 
sizes greater than 4X 10° particles were obtained. Most 
of the results on smaller showers were obtained, how- 
ever, using only the EXP trial function. 


used in the 


A. Average Lateral Distribution 


The average density A of particles at a perpendicular 
distance R from the axis of a shower of size V will be 
expressed by the relation 


A=(N/Re 


f(r), 
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| (Ncarc /Nspec) =.98 
O=.14 
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(Nearc /Nspec) *!.01 
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Fic. 8. Distributions of errors in shower size for the three 
test samples of artificial showers. 
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where r=R/Ro, Ro is the Moliére unit of length (79 m 
at sea level) and f(r) is the so-called structure function. 

In principle, the lateral distribution at a given 
elevation may depend on shower size and inclination. 
For our final determinations we selected samples of 
events according to the criteria listed in Table II. 
Sample 1, consisting of small showers with large zenith 
angles, represents the oldest showers we could study. 
The showers of sample 2 are again inclined but have 
been chosen somewhat larger so that better accuracy 
could be obtained for r>1. Sample 4 represents the 
largest showers available to us for this type of analysis. 
The inclinations are not very great. Sample 3 resembles 
sample 4 except that the showers are somewhat smaller. 
More showers were available in that size range. 

The procedure for evaluating the average structure 
functions for a given sample made use of the following 
data printed out by the computer for each detector 
in each shower event: (1) the measured density g, (2) 
the calculated perpendicular distance r from the axis, 
and (3) the calculated density A’ expected according 
to the calculated shower parameters and the assumed 
trial structure function F. Each event yielded 11 
(samples 2, 3, and 4) or 15 (sample 1) measured and 
expected densities at distances generally ranging from 
a few meters to over 300 m from the shower axis. Thus 
we had available in each sample many pairs (g,A’) of 
measured and calculated densities. We divided r into 
several equal logarithmic intervals, each one of which 
covered a range of a factor of 1.5. We put each pair of 
densities into one of several groups corresponding to 
the logarithmic interval into which the calculated 
distance r fell. We then found the ratio (g/A’), of the 
average measured density g to the average expected 
density A’ for the mth interval. Presumably, if the trial 
function F were a good representation of the true 
structure function f, then the expected value of this 
ratio would be unity for all distance intervals. In fact, 
for both trial function EXP and NKA 1.4 we found 
small systematic deviations of this ratio from unity. 

In Fig. 9 we have plotted these results for the various 
samples as points, each one of which has an abscissa 
equal to the arithmetic midpoint 7, of the interval of r, 
and an ordinate equal to the corresponding value of the 
quantity (9/A’),»ral (rn). The resulting sets of points 
indicate the shapes of the average structure functions. 
The smooth curve drawn in each figure represents the 
normalized function NKG 1.3 multiplied by an adjust- 


TABLE IT. Specifications of the samples of real showers used in the 
determinations of the lateral distribution function. 





Trial 
function 


used in 
analysis 


Distance 
from center 
to core 
location 


Zenith 
angle 
interval 


Number 
of 


Nominal size 
Sample events interval 


3 X10§<N <6 X108 
3 X10®<N <8 X10° 
3 X107 <<N <108 

10° <N <3 X108 





<70m 
<100 m 
<190 m 
<190 m 
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Fic. 9. Average lateral distributions for four samples of showers 
with widely different ranges of size and zenith angle. The curves 
all represent the function NKG 1.3 multiplied by factors so as to 
fit the data. 


ing factor which gives a good fit to the data points. 
The fact that the fitting factor is 1.00 for samples 2 and 
3 indicates that the calculated sizes of showers in these 
samples are, on the average, correct. On the other hand, 
the fitting factors for samples 1 and 4 are not unity 
and are, in fact, the factors by which the calculated 
sizes of showers in these samples must be multiplied 
in order to correct, on the average, for systematic errors. 

Information on the lateral distribution at distances 
small compared to the least separation between 
detectors is given only by showers that strike quite near 
some detector, so the number of available density 
measurements for small distances was not very great. 
Thus, for points very near the axis it was not possible 
to demonstrate that the measured lateral distribution 
was free from bias by the choice of trial function. Also, 
at such small distances random errors in core location 
became important. These considerations limit the range 
of our lateral distribution determinations to distances 
greater than 50 m. For the smallest showers, which 
were measured using the additional closely-spaced C 
detectors, the limit is about 20 m. 

A potential source of systematic errors in the determi- 
nation of the average structure function is the depend- 
ence of the calculated core location on the trial function. 
About 80 events were analyzed both with the EXP 
and with the NKA 1.4 trial functions. Within the M 
ring the displacements between the corresponding 
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calculated core positions are negligible. Near the D ring 
there is an obvious systematic displacement indicating 
that the EXP trial function tends to draw the core 
locations inward. The reason for this is that the EXP 
function falls considerably below the true structure 
function for r>3.0, so that the minimization routine 
tends to reduce the contributions to the deviation func- 
tion from detectors at large distances by moving the 
calculated core location towards the center. On the 
other hand, the trial function NKA 1.4 is a better 
approximation to the true structure function than EXP, 
although its values at large distances are somewhat 
too large. In the analysis of the average structure 
function we minimized errors due to the uncertainties 
in core location by selecting showers as close to the 
center as possible. The small showers which were 
analyzed with the EXP trial function were used only 
if their cores struck within the M ring. 

We tested the sensitivity of the above procedure to 
the choice of trial function by applying it to a sample 
of the showers which were analyzed with both the EXP 
and the NKA 1.4 trial functions. The sample consisted 
of those which fell within the M ring. The ratios of the 
calculated quantities (g/A’)»r.F (rn) for corresponding 
radial intervals obtained from the two analyses turned 
out to be nearly constant. Furthermore, neither set of 
quantities fitted the corresponding trial function well, 
whereas with appropriate fitting factors, they both 
fitted the function NKG1.3. From these facts we 
conclude that the shape of the experimentally deter- 
mined structure function is not seriously affected by 
the choice of trial function. 

The errors in Fig. 9 include random instrumental 
errors and fluctuations in the numbers of particles that 
traversed the detectors, on the assumption that they 
have a Poisson distribution, calculated by the formula 


1 (0.15)? }! 
relative error= + Fe —_—+—— 


(d° Ag)n 


—I, (7) 
P. 


where A is the area of a detector, (> Ag), is the total 
number of detector traversals for the mth distance 
interval, P, is the total number of density measurements 
in the interval, and 0.15 is the estimated instrumental 
error of a single density measurement. 

We conclude that the function NKG1.3 fits the 
average lateral distribution for showers ranging from 
size 5X105, inclination >30°, to size 10%, inclination 
<25°. The agreement applies to distances 20 <r <250 m 
for the smaller showers, and for the larger showers, to 
distances 50<R<400 m. 


B. Fluctuations from the Average 
Lateral Distribution 


In all of the preceding analysis it has been assumed 
that the fluctuations in the number of particles that 
traverse a detector have a Poisson distribution. This 
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may not be so. It is conceivable that fluctuations in the 
development of a shower could give rise to local off-axis 
concentrations of particles which might, in extreme 
cases, constitute secondary cores. However, the ap- 
parent success of our data reduction method, in which 
number fluctuations are assumed to be Poisson, is 
indirect evidence for the correctness of that assumption. 
The fact that the data points of Fig. 9 lie on smooth 
curves within the errors shown indicates that the 
number fluctuations are not much worse than Poisson, 
since Poisson fluctuations were assumed in evaluating 
the errors. Other indirect evidence is given by the 
experimental y¥* distribution shown in Fig. 5. The 
average value of y is 1.3, only slightly greater than the 
theoretical value of unity, which implies that the actual 
dispersion of the density measurements corresponds to 
the assumptions made in assigning the weights W;,. 
Direct evidence is given by Fig. 10 in which the in- 
dividual calculated densities are based on NKG 1.3. 
The dashed lines on either side of the 45° line bound 
the region of one-standard-deviation fluctuations, where 
the standard deviation is based on Poisson density 
fluctuations plus 15% instrumental error. The fraction 
of points falling within the dashed lines is consistent 
with the assumption that the density fluctuations in 
air showers follow the Poisson distribution. 

About one shower event in every 100 gave a very 
bad density fit (¥2>4). Investigation showed that some 
were very large showers (V>10*) whose cores struck 
far outside the D ring. In such a case the machine 
computation would fail to converge in a reasonable 
number of steps. In other cases there was an anoma- 
lously large pulse from one detector. When the analysis 
was repeated omitting the anomalous datum the new 
fit was markedly improved. The most plausible explana- 
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Fic. 10. Comparison between observed and calculated densities 
for 10 showers from sample 3. The dashed lines indicate one 
standard deviation of the Poisson distribution plus a 15% instru- 
mental error. 
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TABLE IIT. Observed and calculated data on the largest shower 
observed. ‘The large array is a tabulation of the observed arrival 
times and densities of the shower at each of the eleven detectors 
together with the corresponding expected values calculated from 
the parameter s, the size, and the core location which gave the 
minimum value of ¥ (indicated by an asterisk in the lower right- 
hand tabulation). Serial number 58042; date= March 1, 1957; 
time = 20:24 EST. 


cXob- ¢Xcalcu- 
served lated 

arrival arrival 
time time 


Distance 
from 
axis 


Calcu- 
lated 
density* 


Observed 
density 
(m7) 
852 856 128 
839 872 5450 
839 837 2320 
801 800 160 
791 809 76 
887 843 445 
867 850 3080 
844 837 2350 
9 803 821 396 
10 823 826 250 
11 844 852 672 


Detector 


number (m) (m) 


CONTA US Whe 








Timing analysis Density analysis 


y 


Zenith angle = 11° 
Azimuth= 15° 
Rt. ascen. = 112° 
Decl. = 53° 
x=19m 








tion of such events appears to be the occurrence of a 
nuclear interaction in the detector that gave the 
anomalous pulse. No significant indication of widely 
separated secondary cores was found. 


C. Largest Shower 


The largest shower recorded during the experiment 
was the one whose observed and calculated data are 
given in Table III. The core struck outside the D ring 
of detectors, so the core location cannot be as well 
determined as for the showers we normally accepted. 
Uncertainty in the core position is reflected in corre- 
sponding uncertainty regarding the shower size. Also, 
there is a question whether the lateral distribution of 
such a large shower is the same as for the smaller 
showers discussed previously, and the value obtained 
for the shower size depends rather sensitively on the 
choice of lateral distribution function. 

The degree of uncertainty in the size can be estimated 
using ¥°=2 as a confidence limit. Referring to Fig. 5, 
about 90% of the events have ¥7<2. Analyses of the 
shower in question using the NKGs function for 
various s values gave the results summarized in Table 
III. The best fit was obtained for s=1.1, and the 
corresponding value of N is 3.5X10°. However, a 
satisfactory fit was also obtained for s=1.3, in which 
case the value of N is 1.8 10°. 
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In view of this large uncertainty in JV it is appropriate 
to take into account the greater a priori probability 
of detecting smaller showers. To do this requires 
extrapolating the size spectrum to the region of interest 
in this case. The maximum likelihood size value, 
considering s values from 1.3 to 1.1 equally probable 
but smaller N values more probable than large, is 
210°, corresponding to s=1.25. 

Figure 11 is a contour map of the ¥* hypersurface 
calculated for NKG 1.1. Also shown are the successions 
of core location approximations made by the computer 
during two minimizations of ¥ carried out by slightly 
different procedures. It is evident that for s=1.1 the 
core location could be displaced about 40 m towards the 
center of the array without causing the value of ¥” to 
exceed 2. The size value corresponding to such a core 
location would again be about 210°. For larger s 
values the ¥?<2 criterion permits less freedom in 
locating the core, so the combined effect of changing 
the core location and varying the value of s is not 
significantly different from that of changing s alone. 
Consequently, we adopt as our best value for the 
nominal size of shower number 58042 the figure 2X 10° 
particles. The corresponding value for the “Geiger 
tube size” is 2.6 10° particles. The true value could be 
considerably larger but is unlikely to be appreciably 
smaller. 
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Fic. 11. (a) Contour map of the ¥* hypersurface calculated for 
shower number 58042 using trial function NKG 1.1. Successive 
core locations are shown for two stepwise minimizations of y*. For 
the two analyses, A and B, the same trial function NKG 1.1 and 
the same initial estimates were used, but sizes of the initial steps 
were different. (b) Successive values of N and y for analyses A 
and B. Final values are given in the inset table. 
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1. Selection Criteria and Acceptance Areas 


The shower events we used in determining the size 
and zenith angle distributions constituted three groups 
corresponding to three size ranges. Showers recorded 
while the C detectors were in operation formed the 
first group. The second consisted of all showers selected 
electronically during a small portion of the period of 
operation with no C detectors. The third consisted of 
all the larger showers recorded during the balance of 
the period of operation. As we mentioned earlier, the 
electronic selection criterion, which we call C), required 
that three or more detectors register densities greater 
than a set value. Showers of the third group were 
selected by imposing a similar but stricter criterion C, 
while scanning the photographic records. Inclined 
showers of actual size V were more likely to be accepted 
by C, and C, than vertical showers because of the 
reduction in the separation between detectors when 
the array is projected onto the shower plane. We made 
the final selection for each group by accepting only 
those showers whose calculated sizes and core locations 
were such that their a priori probabilities for passing 
C; and Cy, were nearly unity. Thus the over-all experi- 
mental bias was determined essentially by the final 
selection criterion which we call C3. Table IV summar- 
izes the criteria and Fig. 13 summarizes the observed 
data. In these figures each event is represented by a 
point whose ordinate is the observed nominal size and 
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1.0 R/R 10.0 TABLE IV. Summary of criteria for selecting samples of showers used 
a in determining the distributions in size and zenith angle. 





Fic. 12. Lateral distribution of the largest shower observed 
in this experiment. The smooth curves represent NKG 1.1 and a ; 
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Fic. 13. Individual values of size and zenith angle for showers 
used in determination of the size spectrum. The three samples 
were selected according to the criteria listed in Table IV. The 
acceptance area A (N) for each sample is plotted on the right-hand 
side. 


whose abscissa is the atmospheric depth x=.» sec#, 
where @ is the zenith angle. 

The final selection criterion C; was, specifically, that 
the calculated core location of a recorded shower of 
given calculated size had to lie in such a position that 
the expected density at three or more detectors for a 
vertical shower of the same size and core location would 
be at least 2.0 standard deviations more than the 
minimum densities required by C; and C2. In addition, 
the calculated core location had to lie within a certain 
fixed distance of the center detector so that only showers 
with well determined core locations and sizes were 
accepted. To each size N there corresponded a certain 
area A (N), called the acceptance area within which any 
shower of calculated size N was accepted, and within 
which the a priori probability for a shower of actual 
size N to pass C; and C, was nearly unity. With this 
procedure, the effective horizontal area for the detection 
of showers of actual size NV and any inclination was very 
nearly A(N). 

In practice, A(N) was calculated as a function of NV 
in two steps. We first calculated an acceptance radius 
r(N) which we call the perpendicular distance from the 
axis of a shower of size N at which the particle density 
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according to the trial function equals the minimum 
density required by C;. For a given size N we drew 
circles with radii equal to r() centered on each of the 
detectors included in the specification of C3, and directly 
measured A(N) which is equal to the area enclosed 
within any three circles and within the specified outer 
boundary. We determined the acceptability according 
to C; of a given shower of size N by drawing a circle 
of radius r()) around the calculated core location. If 
the required number of detectors was included within 
the circle, the shower was accepted. 

We can now construct an expression which relates 
the expected experimental results to the basic distri- 
bution function s in terms of the acceptance area A. 
We call 6(N,x)dNdx the expected number of accepted 
showers that have sizes between N and N+dN and 
zenith angles corresponding to atmospheric thicknesses 
between x and «+dx. We then have the relation 


©(N ,x)dNdx=TA (N)s(N,x)(2rxe/x*)dxdN, (8) 


where T is the time of observation. We note that the 
quantity (a /x)A(\V) is the projected acceptance area 
on a plane perpendicular to the shower axis, and the 
quantity (2mx9/x*)dx is the solid angle contained within 
the corresponding differential interval of zenith angle. 


2. Zenith Angle Distribution. Dependence of s(N,x) on x 


The general form of the dependence of s(N,x) on x 
can be seen in the plots shown in Fig. 14. These plots 
were prepared for each of the three groups of showers 
as follows. We designated four equal intervals of x over 
the range from x=2% to x=1.287x» (corresponding to 
the range of zenith angles 0< @<39°) and assigned each 
event with x in this range to one of four subgroups, 
depending on which interval the calculated value of x 
fell into. For each subgroup we then found the sum of 
the values of («/xo)*, and plotted the logarithm of this 
sum as ordinate vs the value of the interval as abscissa. 
The expectation value of this sum at the midpoint for 
a given depth interval Ax is proportional to the average 
intensity in the interval averaged over a range of sizes 
determined by the function A(N). To see this we 
multiply both sides of Eq. (8) by («/xo)® and integrate 
with respect to V and x to obtain the relation 
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2 /x f w(W)4N Jo 


= (24T/xo) f | [ acscvenan jw. (9) 


The left-hand term of Eq. (9) is the expectation value of 
the experimentally determined sum. The expression 
A(N)s(N,x’)dN may be thought of as the intensity of 
showers at depth x’ as seen through a “filter” repre- 
sented by the response function A (NV) which determines 
the distribution in size of the recorded showers. In the 
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Fic. 14. Variation of shower intensity with atmospheric depth. 
The straight lines represent exponential variation. Their slopes 
were calculated by the method of maximum likelihood. 


limit as the number of data increases and as Ax — 0, 
this procedure would yield an experimental quantity 
that is proportional to the intensity of showers at the 
depth x averaged over the sizes transmitted by the filter. 
In practice, it is necessary to take large intervals of x 
in order to obtain statistically significant results, and 
we chose intervals of x equal to 75 g cm~*. The three 
plots in Fig. 14 show a similar exponential form in spite 
of the fact that the showers in the three groups have 
very different average sizes, namely about 6105, 
5X 10*, and 5X10’. This observation is consistent with 
the assumption that dependence of s(N,x) on x can 
be represented approximately by 
relation 


the exponential 


s(N,x)~exp[l— (a—20)/A], (10) 
with A constant from V=5X10* to about 5X10’. To 
verify this, we substitute this expression for s(V,x) in 
the right-hand side of Eq. (9) which then becomes 
proportional to exp[—(x—.»)/A]sink(Ax/2A), where 
x=x+Azx/2. Since Ax is the same for the four intervals 
of x, it follows that the expectation values of the sums 
of («/xo)* depend exponentially on the mean values of 
« for the intervals. The slopes of these semi-logarithmic 


os @t. 


plots are therefore direct measures of the characteristic 
attenuation length A of the shower intensity. 

The maximum likelihood value of A for each group 
was calculated on the assumption that the dependence 
of s on x can, indeed, be expressed by Eq. (10), and 
that A is a constant for each group. The values we 
obtain are indicated by the slopes of the lines drawn 
on the plots in Fig. 14. From the combined data we 
conclude that the zenith angle distribution of showers 
with nominal sizes in the range from 510° to 510’ 
can be represented by Eq. (16) with A=11349 g cm™. 
The error indicates both the systematic uncertainties 
and the statistical error. 


3. Size Distribution. Dependence of s(N,x) on N 


We have established that the dependence of s(N,x) 
on x can be separated from its dependence on N within 
the accuracy of our data over the range of nominal 
sizes from 5 X 10° to about 5X 10’. For the determination 
of the size distribution up to 5X10’ particles, we shall 
therefore lump together all events without regard to 
their zenith angles. 

The expected number of showers with nominal sizes 
between NV and N+dN that would be recorded with 
our apparatus during a given time T can be expressed 
by the relation 


x 


f eavnanar TA(N)Qetes (N x0) dN, (1] 


where Qhe¢r, which we call the effective solid angle, is 
defined by the equation 


Oay=2e f (x9?/2x*) exp|_— | vo) /A Idx. 1? 


To find s(N,x) we proceed as follows. To each event 
we assign a statistical weight equal to the quantity 
[TQeeA (N)}", and we find the sum of the statistical 
weights of the events in each of several size intervals. 
The expectation value of this sum divided by the size 
interval is equal to the average value of the size distri- 
bution in this interval as can be seen by rearranging 
Eq. (11) and integrating over NV to obtain the relation 


N+AN L 
(av) f JCB (4) f b(N' x)de }dN" 
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N+AN 


s(N’,x9)dN’. (13) 


In the limit as the number of data increases and as 
AN — 0, this procedure would, in principle, yield an 
experimental value of the differential spectrum for the 
size NV. In practice, it is necessary to take large intervals 
of N in order to obtain statistically significant results. 
We have, correspondingly, chosen intervals of V which 





COSMIC-RAY 


AIR SHOWERS AT SEA 


LEVEL 


TABLE V. Summary of the experimental results on the absolute intensity of showers with 
nominal sizes between 5X 105 and 5X 108 particles. 








Nominal 
size 
range 


(X 10°) 


Sample 1 
T =4.37X 10° sec 


Sample 2 
T = 2.28 X 10° sec 


Interval 


No. 


(2; Aj) /MerTAN (cm sec sterad—) 


2; @;7/ (TAN) 
(cm sec sterad) 
Sample 3 (VES) 
T=1.69X10" sec N(X10°) 


Sample 3 
T=1.69X 10? sec 


(cm sec 
sterad™) 





1.2610!" (83) 
1.90X10—* (62) 
1.28K10- (9)  1.1410-" (45) 
3.25X10- (60) 
4.32107 (36) 
5.1610 (11) 


SND U Se Whe 


9 
10 256-512 


5.45X10-*! (81) 
4.68X10-" (62) 
5.25X10-" (17) 
9.25X10-* (6) 
2.35X10-* = (3) 


9.30X10-* (9) 
2.0710" (4) 


(1.30.3) X10-" 
(1.90.4) X 1078 
(1.20.3) X10-" 
(3.30.7) X 10-™ 
(5.10.9) X 10-7! 
(4.7+0.9) X 10-" 
(5.31.5) X 10-% 
(9.33.4) X 10-* 
(2.1+1.0) X 10-* 


5.15 10-5 (2) (5.2+3.9) X10-* 








cover factors of 2; i.e., for each interval AV=N. We 
list the experimental results in Table V in the columns 
labeled samples 1, 2, and 3. These results are derived 
from the data on accepted showers which are summar- 
ized in Fig. 13. The quantities in parentheses indicate 
the numbers of accepted showers on which each quoted 
value is based. 

The next step in the analysis of the size distribution 
is to plot the logarithm of the tabulated intensities vs 
the number labeling the corresponding size interval. 
The points in this plot fall close to a straight line with a 
slope of 2.90. Since the size intervals are equal loga- 
rithmic intervals, this result is consistent with the 
assumption that the dependence of s(N,x) on N can be 
represented approximately by the power law relation 


s(N x) « N-@H), (14) 
with T= 1.90. 

Showers with more than 5X10’ particles were not 
recorded in sufficient numbers to permit us to determine 
whether or not their zenith angle and size dependences 
can be separated from one another, as could those of 
showers with sizes from 5X 10® to 5X10’. A change in 
A with shower size, and therefore a change in the 
effective solid angle Q.1 could be caused by a change in 
either the absorption characteristics of showers or by a 
change in the primary energy spectrum. Since we 
wished particularly to explore the primary spectrum 
for very high energies, it was desirable to avoid an 
analysis based on the untested assumption that A 
remained constant. One way to have avoided this 
difficulty would have been to confine our attention to 
events with arrival directions so near the vertical that 
a knowledge of the form of the zenith angle dependence 
would not have been important in determining the 
effective solid angle. Unfortunately, the scarcity of very 
large events precluded such an approach. Instead, we 
extended the size spectrum beyond 5X 10’ by a method 
based only on the plausible assumption that the 
atmospheric attenuation of showers does not change 
drastically in the size range from 5X10’ to 5X 108. 

For this analysis we define the “vertical equivalent 





size” by the equation 
N,=N exp[(x—2)/A]. (15) 


It follows from Eqs. (10), (14) and (15) that in their 
region of validity 


5(N,xo)dN,=s(N,x)dN. (16) 


We note that there exists between s, N, and x the 
identity relation 


(1/N) (AN /dx), 


= —[(1/s)(As/dx)n/(N/s)(0s/ON)2]. (17) 


According to the experimental results expressed by Eqs. 
(10) and (14), the right-hand term of Eq. (17) has a 
constant value of —(1/I'A) over the range of N up to 
5107. In the absence of fluctuations the left-hand 
term would be the reciprocal logarithmic slope of the 
curve representing the number of particles in a given 
shower as a function of depth, and it would, therefore, 
be independent of the primary spectrum. This con- 
clusion is still valid to a fair approximation, even in the 
presence of fluctuations. We therefore use for \ in Eq. 
(15) the value of TA determined for N<5X10’, 
namely TA=214 g cm™. 

We now assume that the above value of d is valid for 
N>5 X10". For each shower we calculate the value of 
N, according to Eq. (15). In order to reduce un- 
certainties due to errors in x and A, we consider only 
showers with zenith angles less than 30°. From Eqs. (8) 
and (15) we find that the expected number of showers 
with JN, in the interval dN, is 


J 


where we define @(V,) by the equation 


Zo secd 


&(N, exp[ — (x—2x)/TA], x)dxdN, 
=TQ(N,)s(No,x0)dN,p, 
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z9 sec8 
@(N.)= f A(N, exp[— (x—a0)/TA) 
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X 2m (x0? /x*) dx. 
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It turns out that @(,) is constant for the observed 
showers with V>6.4X 10’ particles. We assign to each 
event with V,>6.4X10’ a statistical weight equal to 
[T@(N,)}", and find the sum of the statistical weights 
of the events in each size interval divided by the size 
interval. The expectation value of this quantity is 


N+4N 
(AN) {craw)) ' 


N 


xf 


ro sec? 


©(N, exp[ — (x—x0)/TA ], x)dx lan, 


N+4N 


= (AN) f s(N,,x0)dN,, (20) 
N 


and it approaches s(.V,%9) as the size interval is 
narrowed. Consequently, the calculated sums are 
entirely analogous to those previously listed, and they 
are listed in Table V in the column labeled sample 
3 (VES). 

Before the data in Table V can be plotted as a size 
spectrum, it is necessary to find for each interval the 
value of NV for which the intensity would be equal to 
the average intensity for the interval. This value, which 


we call N, is given by the equation 


N-+) = (AN) f 
N 


NitAN 


N-@+HOdN, 





$(N, Xe) =(4,0 t 0,6) x10"! (2° ig 


cm~ sec”! sterad*! 
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Fic. 15. Variation of the absolute differential shower intensity 
with nominal size. The intensity for a given Geiger tube size is 
larger than for the same nominal size by the factor 1.65. 
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For our case, with AV=N,, and ['=1.90, we have 
N=1.39,. 

Figure 15 is a plot of s vs N. The indicated fractional 
errors have been set equal to (1/n+0.15*)!, where n is 
the number of events on which the value of s is based, 
and 0.15 is a rough estimate of the error due to experi- 
mental uncertainties.'"° The straight line in Fig. 15 
indicates the power law that best fits the data. 

Up to this point the size values dealt with in calcu- 
lating intensities have been the nominal sizes given by 
our routine calibration procedure. In order to simplify 
comparisons between this and other work it is useful to 
express intensities in terms of shower sizes as they 
would be measured by standard Geiger tube techniques. 
Our measurement described in Sec. II-B indicates that 
the “Geiger tube size” of a shower, which we will 
denote by N’, is larger than our nominal size by a factor 
of 1.3. Therefore the intensity for a given Geiger tube 
size spectrin can be represented by the same power law 
multiplied by the factor (1.3)'*= 1.65. 

In summary, we find that the dependence of the 
differential shower intensity on Geiger tube size and 
atmospheric depth is described by the following 
formula, which is valid for NV’ in the range 7X 10° to 
7X 108 and x in the range 1040 g cm™ to 1340 g cm™: 


s(N’,x) = 59(108/N’)"+! exp[— (x—20)/A ], (22) 


where so=(6.6+1.0)X10-* cm se sterad, A 
= (11349) g cm”, and ['=1.90+0.10. If we call 
S(N’,xo) the vertical intensity of showers with Geiger 
tube sizes greater than N’ at sea level, we find from 
Eq. (22) that 

S(10®/N’)', 


S(N’,x0) (23) 


where So= (3.540.5) x 10 2 cm set sterad (or, 
approximately, So= 1m year 

As mentioned earlier, the largest shower that we 
recorded during the total period of operation (1.69 107 
sec) had an estimated nominal size of 2 10° particles. 
The core location lay outside the largest acceptance 
area so that it was not included in the data from which 
the above size spectrum was derived. However, we 
made an estimate of the expected number of events 
with V’> 10° that would have passed criteria C; and C, 
of sample 3 during the entire time of operation on the 
assumption that the spectrum is valid for all sizes. Any 
such event would have been conspicuous either by 
virtue of its large calculated size or, in case the core 
location lay far outside the array, by failure of the 
computation routine to reach an acceptably small value 
of ¥*. The area within which events with V’> 10° would 
certainly have been detected was about 10" cm’. 


! sterad—'). 


10 A part of this uncertainty is due to the finite size resolution, 
which may lead to systematic errors in the determination of 
intensities in those ranges of size where the frequency of accepted 
showers varies rapidly. In our case, the frequency of accepted 
showers increased with size in some intervals and decreased in 
others so that the evaluation of this error is difficult. A reasonable 
upper limit for this error appears to be +15%. Because of its small- 
ness we have merely included it in the over-all estimate of error. 
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According to our extrapolation of Eq. (23), the expected 
number of such events would be about 0.7. The fact 
that we observed one such event and that its size was 
actually twice 10° is evidence against any sizable 
steepening of the spectrum in the 
5X10°<N’<2K 10. 


size region 


E. Celestial Arrival Directions 


Figure 16(a) shows the distribution of arrival direc- 
tions for the showers accepted by C; and C, of 
sample 3 (but not necessarily by C3). The average size 
of these showers is 1.8 10’. The time of observation was 
the same to within 10% for any set of equal sidereal 
time intervals. Thus, in the absence of any anisotropy 
the expected density of points along any line of 
constant declination should be a constant. We there- 
fore performed a chi-square test on the observed 
numbers of events in each 10°X10° region along a 
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Fic. 16. Distributions of arrival 

directions for the largest showers. 

The average size of the showers 

plotted in (a) was 1.8X107. Only 

showers with V,>108 are plotted 

in (b). The largest shower (number 

58042) is indicated by the star. 
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declination band and found that the results were 
consistent with the hypothesis of isotropy. We also 
compared the observed numbers of events from special 
regions in the sky with the numbers that would be 
expected if the distribution were isotropic. The regions 
tested were: (1) a 20° band centered on the galactic 
plane; (2) a 20° band centered on the plane perpen- 
dicular to the local spiral arm of the galaxy; (3) a 40° 
40° region centered on the direction along the spiral 
arm near a= 300°, = +35°. The expected and observed 
numbers of events are listed in Table VI. No significant 
anisotropy is evident. 

In order to study the arrival directions of the most 
energetic showers, we computed the vertical equivalent 
size of all large showers in the same group as above. 
Figure 16(b) is a plot of the arrival directions of the 
showers with N,>10%. Again, we consider that no 
significant anisotropy is evident. 
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TasLe VI. Summary of the observed numbers of events with 
an average size of 1.8107 from several special regions of the sky 
together with the numbers expected according to the hypothesis 
that the directions of the primaries are isotropically distributed. 





Number of events 


Region examined Observed 


Galactic plane 128 135 

Plane perpendicular to 117 126 
spiral arm 

Direction along spiral arm, 57 49 
a=300°, §=35° 


Expected 


IV. INTERPRETATION OF THE RESULTS 
A. Energy Spectrum of the Primary Particles 


We shall determine an approximate expression for 
the high-energy spectrum of the primary particles from 
our results on the size spectrum. We call J(£) the 
intensity of primary particles with energy greater than 
E. If fluctuations in the development of showers were 
negligible, then every primary of energy E would give 
rise to a shower of unique size \V (Z,x) at depth x in the 
atmosphere. The relation between J and S would then 
be simply 

J(E)=S(N(E,x),x ]. (24) 
However, fluctuations are not negligible and the most 
important ones are probably those that occur in the 
early stages of development, particularly fluctuations 
in the atmospheric depth of the first interactions of 
the primary particles. We therefore carry out an 
approximate evaluation of the primary spectrum taking 
into account only the latter source of fluctuations and 
using theoretical results on the average development of 
showers. 

Since we neglect all fluctuations except those in the 
depth of the first interaction, we may define a quantity 
n(E,u) to be the exact number of particles in a shower 
initiated by a primary particle of energy E whose first 
interaction occurs at a height « (measured in g cm™*) 
above the point of observation. Calculations, which have 
been carried out for various models of high-energy 
nuclear interactions, yield the average number N (E,x) 
of particles in a shower at the depth x below the top of 
the atmosphere generated by a primary particle of 
energy E. N and m are related by the equation 


N(E,x)=[(1-—exp(—x/)]) }° 


x f n(E,u) expl—(x—u)/1]du/l, (25) 


where / is the collision mean free path of the primary 
particles, and [1—exp(—x//) }" exp[— (#—)/l]du/1 is 
the probability that the first interaction takes place 
at the height between « and u+du above the point of 
observation. Differentiation of Eq. (25) with respect 
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to x gives the relation 


ra] 
n(E,x) (1 +] ) NV (E,x), 
Ox, 


where the term exp(—<//) has been ignored since it is 
negligibly small compared to unity at sea level. 

The integral intensity of showers with sizes greater 
than n at depth x which are initiated by primaries that 
interact in a layer of thickness du at a height # above the 
point of observation is J/(E(n,u)) expl—(«—u)/I]du/I, 
where E(n,u) in the inverse function of n(E,u) and 
represents the energy of the primary of a shower that 
has exactly m particles at a depth u below the first 
interaction. Thus, the integral intensity of all showers 
with sizes greater than n is 


(26) 


S(n,x)= J(E(n,u)) expl[— (x—u)/l]du/l. (27) 


“0 


Differentiation of Eq. (27) with respect to x gives the 
relation 
0 


1(E)= (141 


sen E,x),x). 


Ix 


Equation (28) together with Eq. (26) specifies the 
transformation by which the observed size spectrum S$ 
is related to the primary energy spectrum. The quanti- 
ties S and 0S/d«x are directly available from our experi- 
mental results, whereas /, NV, and 0N/dx must be 
inferred from this and other experiments, and from 
theoretical considerations. 

Most theoretical models of shower development share 
the general property that for showers with sizes less 
than 10§ particles at sea level the logarithmic derivative 
of N with respect to x is slowly varying with « and E£. 
It is convenient therefore to characterize the dependence 
of N on x by the quantity \ which we define by the 
equation 

1/A= — (1/N)(0N/dx), (29) 
where in general d is a function of £ and x. Our experi- 
mental results indicate that over the range of sizes from 
10* to 108 particles the logarithmic derivative of S$ with 
respect to x is approximately constant. We therefore 
have the relation 

1/A= — (1/S)(0S/dx). 


(30) 
Combining Eqs. (26), (28), (29), and (30), we obtain 


J(E)= (1—1/A)S[(1—1/A)N (Ex), #). 


(31) 


Two features of the relation between J and S are of 
particular interest. One of these is that it is very 
sensitive to the value of / since //A is not much less 
than one. Indeed, if it were found that A=/ for sizes 
greater than some value NV, then one would conclude 
that J(E.)=0 where E, is the primary energy corre- 
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sponding to showers with an average size of N.. The 
other feature is that its sensitivity to A and \ can be 
reduced by making observation where these quantities 
are large; i.e., at altitudes where the observed showers 
are near their maxima. In the limiting case where 
A= and \=~«, the relation between J and S would 
be Eq. (24). 

We now apply Eq. (31) to the interpretation of our 
size spectrum using the theoretical results of Olbert" 
on the development of showers according to a model 
of high-energy nuclear interactions which he designates 
as Landau-model A with 50% elasticity and a collision 
mean free path of 70 g cm~. For this model he finds at 
sea level 


N=1.7X 105(E/10"5)1-14, (32) 


where £ is expressed in ev. The range of Geiger tube 
sizes well covered by our data is from 7X 10° particles 
so that the corresponding energy range is 3X10"* to 
10'* ev. At sea level the theoretical value of \ for this 
model varies from about 170 to 280 g cm™ over this 
range of energy. In fact, this variation is so slow that it 
can be neglected without introducing errors larger than 
the experimental uncertainties. We shall therefore as- 
sume for \ a constant value TA where I and A have the 
values found previously. Taking /= 70 g cm~, A= 113 g 
cm™~, and A= 214 g cm”, we find 


J (E)=J0(10'5/E)” cm~ sec sr“, (33) 


with Jo=(8.2+3.1)K10-" cm-? sec sterad-, and 
y=2.17+40.1. This expression is valid in the energy 
range from 3X 10" ev to 10! ev. 

The fact that we detected a shower with a Geiger 
tube size of 2.6 10° indicates that the above spectrum 
may be valid for energies above 10'8 ev. According to 
Eq. (32) the energy of the primary particle that 
produced this shower was 4.7 X 10!8 ev. The correspond- 
ing figure for a purely electromagnetic cascade (photon- 
induced) would be 3.6X 10'* ev, according to the calcu- 
lation of Snyder.” Olbert’s calculations place a lower 
limit of 2.8X10'* ev on the primary energy for any 
reasonable assumed model of high-energy nuclear 
interactions. One reason for the close agreement of 
widely different models is that all models agree in 
predicting that a vertical shower of this size is near 
maximum development at sea level. 

At the present time the most plausible explanation 
of the production of ultra-high-energy cosmic rays is 
that they acquire their energy through a process of 
gradual acceleration in regions of hydromagnetic 
turbulence as first suggested by Fermi.’* During their 
acceleration the particles diffuse over a space whose 
linear dimensions are large compared to the radii of 
curvature of the particles. According to this picture, 
the existence of particles of a given energy sets a 


11 §. Olbert (private communication). 
12H, S. Snyder, Phys. Rev. 76, 1563 (1949). 
13 E, Fermi, Phys. Rev. 75, 1169 (1949). 


SHOWERS AT 


SEA LEVEL 653 
corresponding lower limit on the dimensions of the 
space within which the particles acquire their energy. 
A plausible value for the average strength of the galactic 
magnetic field is 3X 10~® gauss. If the shower referred 
to above was initiated by a proton, and if we use the 
figure 4.7 X 10'8 ev as the most likely value of its energy, 
then its average radius of curvature in the galactic 
magnetic field was about 5000 light years (l.y.). The 
diameter of even the galactic halo is not very large 
compared to this figure so that an extra-galactic origin 
may be indicated for the most energetic cosmic rays. 
Of course, if the primary in this case was a heavy 
nucleus, then the radius of curvature would be reduced 
by a factor of Z, and this would reduce the strength of 
the evidence given by such events for the presence of 
cosmic-ray ‘particles in space far from the narrow disk 
of the galaxy. 


B. Isotropy of the Primary Flux 


The absence of any significant anisotropy in the flux 
of high-energy primaries also places restrictions on 
possible models of cosmic-ray origin. If primaries of a 
given energy arrive isotropically, then the region of 
space around the earth which contains a uniform 
density of such particles must extend to distances which 
are large compared to the radius of curvature of the 
particles in the local magnetic field. Primaries that 
initiate showers with more than 10® particles have 
energies exceeding 2 10" ev. If they are protons, and 
if the local galactic field has a strength of 3X 10~® gauss, 
their radius of curvature is 200 ly. The observed 
isotropy of such particles indicates therefore that the 
region around the earth which contains a uniform 
intensity of such particles must extend considerably 
beyond 200 Ly. in all directions. 


C. Important Role of the Nucleonic Cascade in the 
Development of Air Showers 


Direct observations of nuclear interactions above 
10 ev in photographic emulsions, as well as detailed 
investigations of nuclear active particles in air showers, 
support the general view that high-energy nucleonic 
cascades penetrates great thicknesses of matter. We 
have presented our finding that a single function, 
NKG 1.3, describes the average lateral distribution for 
showers with widely different sizes and zenith angles. 
The NKG functions were derived theoretically to 
describe purely electromagnetic cascades, and the 
function NKG1.3 specifically describes the lateral 
distribution for such cascade showers when they are 
“old,” that is, when they are well past their maximum 
development. 


VY. L. Ginsburg, Progress in Elementary Particle and Cosmic 
Ray Physics, edited by J. G. Wilson and S. A. Wouthuysen 
(North-Holland Publishing Company, Amsterdam, 1956), Vol. IV, 
Chap. 5. 
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It has been pointed out frequently that the persistence 
of energetic nucleonic cascades provides an explanation 
for the fact that the lateral distribution of electrons 
in air showers is independent of size and zenith angle. 
The suggested interpretation is that an air shower at 
sea level is a composite of many old electromagnetic 
showers initiated by relatively low-energy y rays. The 
y rays arise from the decay of x° mesons which are 
produced along the axis of the shower in a high-energy 
nucleonic cascade that persists even to sea level. The 
shower of electrons is constantly replenished from the 
central core, and the total number of electrons at a 
given depth reflects the state of development of the 
dominant nucleonic somewhat 
depths. 


cascade at smaller 


V. SUMMARY OF EXPERIMENTAL RESULTS 


The following is a summary of our principal experi- 
mental results. 


1. The existence of primary particles with energies 
greater than 10'* ev is established by the observation of 
one shower with more than 10° particles. 

2. The function f(r)=0.45(N/R?)r-°7(1+1r)3?, 
where r=R/Ry and Ry=79 m describes the average 
lateral distribution of shower particles at distances in 
the range 50 m<R<400 m for showers with sizes in the 
range 5X 10°< NV < 108, 

3. Over the same ranges in size and distance the 
density fluctuations in individual showers have a 
Poisson distribution. 


4. The dependence of the absolute intensity of 
showers on V’ and @, the Geiger tube size and zenith 
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angle, can be represented by the formula 


s(N’,x) = 59(10°/N")"+! exp[— (x— 20) /A ], 


(6.6+ 1.0) 108 
(11349) g cm™, 


where x= 2X» sec@, x» = 1040 ¢g cm™, sp 
cm~ sec sterad—, [= 1.90-+0.10, A 
xo <¥<1.3x, and 7X 105<N’<7X 105, 

5. No evidence is found of anisotropy in the arrival 
directions or of a break in the energy spectrum of the 
primaries up to the largest energies observed. 

6. Assuming a specific model for shower development 
and taking into account fluctuations in the depth of 
the first interaction, the integral energy spectrum of the 
primaries is 


J (E)=J,9(10"/E)7, 


where Jo=(8.143.1)K10™' cm 
y= 2.17+0.1, and 3X10" ev< E<10' ev. 
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Elastic Scattering of Negative Pions by Protons at 230, 290, 370, and 427 Mev* 
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The elastic differential cross section for the scattering of negative pions by hydrogen was measured at 
laboratory-system pion kinetic energies of 230, 290, 370, and 427 Mev. The elastically scattered pions 
were detected by a counter telescope which discriminated against recoil protons and inelastic pions on the 
basis of range. Differential cross sections were obtained at nine angles for each energy and were fitted by 
a least-squares program to a series of Legendre polynomials. At the three higher energies, D waves are 
required to give satisfactory fits to the data. The real parts of the forward-scattering amplitudes calculated 
from this experiment are in agreement with the predictions of dispersion theory. The results of this experi- 
ment, in conjunction with data from other pion-nucleon scattering experiments, support the hypothesis of 


charge independence at these higher energies. 


I. INTRODUCTION 


HE scattering of pions by nucleons has hitherto 

been extensively investigated from very low 
energies up to 300 Mev. In this energy region, domi- 
nated by the well-known (3,3) resonance, the experi- 
mental information is quite consistent and in good 
agreement with theory.! 

Above 300 Mev, the data on pion scattering are less 
complete than at lower energies. There are a few good 
measurements with high resolution and good statistics 
up to 330 Mev.? Above this energy, much of the 
published data are qualitative rather than quantitative.® 

In the experiment described here, the differential 
elastic-scattering cross section for negative pions on 
protons has been measured at 230, 290, 370, and 427 
Mev (lab) for the incident pion. Also, the differential 
cross sections for various combinations of the inelastic 
processes listed below have been measured. 

In addition to the elastic-scattering interaction, 


(1) 


other competing interactions for r~ incident on protons 
are the elastic charge exchange, 


a +p— a°-+n, 


+p +p, 


(2) 


and the inelastic interactions (~170-Mev threshold) 


\ 


leading to two-pion final states, 


+p >a +at+n, 
2 +2 +p, 
and 
— x-+2°-+ 0. 


The inelastic cross sections for three-pion final states 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Present address: Aeronutronic, Ford Road, Newport Beach, 
California. 

1H. Bethe and F. de Hoffmann, Mesons and Fields (Row 
Peterson and Company, Evanston, Illinois, 1955), Vol. II. 

2B. Pontecorvo, in Proc. Ninth Intern. Conf. High Energy 
Phys., Kiev, U.S.S.R., 1959 (unpublished). 

3R. R. Crittenden,-J. H. Scandrett, W. D. Shephard, W. D. 
Walker, and J. Ballam, Phys. Rev. Letters 2, 121 (1959). 


with a threshold at 345 Mev are negligibly small at 
the highest energy measured in this experiment (427 
Mev). 

From these experiments on elastic scattering, infor- 
mation is obtained concerning the amplitudes of the 
various angular-momentum states in the pion-nucleon 
interaction at several energies. The rapid increase of 
one of these waves is consistent with the tentative 
interpretation that the second resonance in the pion- 
proton interaction, occurring at 600 Mev,‘ is a Dy 
resonance.*® 

Comparisons of these experiments with dispersion 
theory are made in which the D and higher waves in 
the data analysis are checked with dispersion pre- 
dictions. The parameters f? (pion-nucleon coupling 
constant) and the zero-energy scattering lengths were 
given, values which are required for good agreement 
with lower-energy data.’ 

From the combined data for *~— p elastic scattering, 
for charge exchange, and for r+— > elastic scattering, 
all at the same energy, one can (as pointed out by 
Stanghellini’) infer a quantitative limit on the validity 
of the charge-independence hypothesis at these higher 
energies. 

The most complete interpretation of pion-nucleon 
experiments is based on an analysis in terms of scat- 
tering amplitudes and phase shifts. This approach is 
desirable at the higher energies also, and may be 
carried out consistently when the higher energy data 
become adequate. The main complication introduced at 
higher energies is that additional phase shifts are 
required and also that they become complex quantities 
because of the appearance of inelastic channels. For a 
satisfactory determination of the phase shifts, the 
possible differential and total inelastic reactions must 


‘T. J. Devlin, B. C. Barish, W. N. Hess, V. Perez-Mendez, and 
J. Solomon, Phys. Rev. Letters 4, 242 (1960). 

5J. C. Brisson, J. Detoef, P. Falk-Vairant, L. van Rossum, 
G. Valladas, and L. C. L. Yuan, Phys. Rev. Letters 3, 561 (1959). 

*W. D. Walker, J. Davis, and W. D. Shephard, Phys. Rev. 
118, 1612 (1960). 

7H. J. Schnitzer and G. Salzman, Phys. Rev. 112, 1802 (1958). 

8 A. Stanghellini, Nuovo cimento 10, 398 (1958). 
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Fic. 1. Diagram of first-run experimental arrangement. 


be known to an accuracy comparable to that for the 
elastic data. A tentative set of phase shifts up to 600 
Mev has been proposed by Walker, based on the 
existing elastic and inelastic data.* This set can be 
significantly improved when missing or uncertain data 
are determined as accurately as the elastic-scattering 
data in this and similar experiments.® 


Il, EXPERIMENTAL METHOD 
A. Experimental Arrangement 
1. Magnets and Collimators 


A diagram of the experimental arrangement at the 
Berkeley synchrocyclotron is shown in Fig. 1. The 
730-Mev proton beam produced x- mesons in the 
beryllium internal target which was 2 in. thick in the 
direction of the beam. The negative pions were deflected 
out of the cyclotrcn by its magnetic field, through a 
thin aluminum window in the vacuum tank, focused 
by a quadrupole magnet, and then passed through an 
iron collimator 8 ft long. 

The pion beam was momentum-analyzed and focused 
by passing through a conventional horizontal magnet 
system,” after which the beam passed through a 
collimating hole in a 2-ft-thick lead wall. At each 
energy, the pion flux at the position of the hydrogen 
target was in excess of 10* pions/sec in a 2-in. diameter 
beam. 


2. Pion Beams 


The energies of the four pion beams are listed in 
Table I with their energy spreads and contaminations. 
The average energy, the energy spread, and the 
fractional muon contamination of each pion beam were 
determined from range measurements in copper. 

The electron contaminations were measured directly 
at the two lower energies by using a gas Cerenkov 
counter set to count particles of 8>0.99." At the two 
higher energies, upper limits to the number of electrons 
in the beam were estimated. 


9J. C. Caris, R. W. Kenney, V. 
Perkins, Phys. Rev. 121, 893 (1961). 

1 W..G. Cross, Rev. Sci. Instr. 22, 717 (1951). 

1 J. H. Atkinson and V. Perez-Mendez, Rev. Sci. Instr. 30, 865 
(1959), 
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Energies and contamination 


ABLE I 


Pion beam 
energy, lab { 
(Mev) 


230+6 
290+7 
370+9 
427+ 10 
120+ / 


Muon 
mination contamination 
beam % %) 


1IS+1 
8+1 
4+1 
4+2 
343 
3843 
1342 
5+1 
4+1 


Electron 
s¢ ol 





Data run 
Data run 
Data run 
Data run 
‘alibration 
155+5 Calibration 
192+7 Calibration 
294+6 Calibration 
37849 Calibration 


5+1 
i+] 
1+1 
1+1 


Horizontal and vertical beam profiles were measured 
at the position of the liquid hydrogen target with a 
3-in. square counter placed in coincidence with the two 
beam-monitor counters. 


3. Counters 


All the counters, with the exception of the gas 
Cerenkov counters, were plastic scintillators viewed 
through Lucite light pipes by RCA 6810A photo- 
multiplier tubes. The sizes of the scintillators shown in 
Fig. 1 are listed in Table IT. 

During the data runs, counters 1 and 2 were used as 
monitors, and counters 3, 4, and 5 were combined into 
a counter telescope to detect elastically scattered pions. 
These counters were placed as shown in Fig. 2. The 
details of the counter-telescope design are discussed 
below. 

1. Electronics 

A block diagram of the electronics is shown in Fig. 3. 
The high counting rates, up to 10° counts/sec, required 
high-speed electronic circuits."* The correction for 

/ 
/ 


Fa Pb collimator 


/ 


/ 


/ 
O.0Gin.Al cylinder 


vacuum chamber 
Pion beam 
wA 
a 
aif of 


Cu absorber. 





my end window 
Heat shield 
Liquid hydrogen contelner \ 

with 0.02-in. Mylar wall 


LZLLLANLLLL 143 





Fic. 2. Diagram showing the details of the hydrogen 
target and counter arrangement. 


2D. F. Swift and V. Perez-Mendez, Rev. Sci. Instr. 30, 865 
(1959). 





ELASTIC SCATTERING OF 


TaB_e IT. Dimensions of scintillation counters (in.). 





Thickness 


0.25 
0.25 
0.50 
0.50 
0.50 


Counter Width Height 


3.00 


Diameter 





1 
2 
3 3. 4.00 
4 
5 





multiple counts in one fine-structure pulse is discussed 
under Corrections. 

Both fourfold coincidences, 1234, and fivefold coinci- 
dences, 12345, were recorded in addition to the monitor 
doubles, 12. During measurements at forward angles, 
a }-in.-thick anticoincidence counter with a 2-in.-diam 
hole was used to define the incident beam more accu- 
rately. It was placed just before the target to reduce 
direct beam spray into the telescope. 


5. Target 


The liquid hydrogen target consisted of a small 
container with vertical side walls 5 in. high made of 
0.02-in.-thick Mylar (Fig. 2). Copper top and bottom 
plates (4 in. wide and 8 in. long with 2-in. radius ends) 
supported the Mylar walls, which were bonded to 
these plates with a Versamid epoxy mixture. The 
container was thermally insulated by a vacuum. 

A correction for bulging of the Mylar walls in the 
vacuum, due to the 1-atm pressure inside the target, 
was included in determining the target thickness. 


B. Counter Telescope 
1. Design 


The counter telescope consisted of scintillation 
counters 3, 4, and 5, as shown in Fig. 2. It pivoted as 
a unit in the horizontal plane about the center of the 
hydrogen target. The distance from this pivot axis to 
the telescope was variable so that the solid angle 
subtended could be adjusted. 
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Fic. 3. Block diagram of electronics for monitor and counter 
telescope. A =amplifier; D= discriminator (see reference 12). 
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Fic. 4. Counter-telescope efficiency for the ideal amount of 
Cu absorber as a function of the energy of the elastically scattered 
pions. 


In order to distinguish the elastically scattered pions 
[interaction (1)] from their recoil protons and the 
other charged particles produced [interactions (3) ], 
copper absorbers were placed between counters 3 and 5 
in the telescope. The elastically scattered pions have 
greater range than any of the other secondary particles 
at a given laboratory-system angle; hence the absorber 
thickness was chosen to allow only the elastically 
scattered pions to reach counter 5 

Two-body kinematic equations were used to find the 
maximum energy of pions from interactions (3) by 
taking as the mass of one of the outgoing particles the 
sum of a pion mass and a nucleon mass, 

The minimum amount of copper absorber needed in 
the counter telescope was approximately the same for a 
given kinetic energy of elastically scattered pions 
independent of the energy of the incident pion beam. 
It was found that the thickness of copper needed was 
less than that given by the simple linear equation 


;= (T—100)/2, (4) 


where C; (in g/cm?) is the ideal amount of absorber and 
T is the kinetic energy (lab) (in Mev) of the elastically 
scattered pions. Consequently, the amount of absorber 
determined from Eq. (4) was used throughout the 
experiment. 

Counters 4 and 5 were large enough that losses from 
multiple Coulomb scattering in the absorbers were less 
than 0.5%. 
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2. Calibration 


For the highest-energy scattered pions, the required 
amount of copper absorber in the telescope transmitted 
only about 4 of the pions. Consequently, it was of 
great importance to measure accurately the efficiency 
of the counter telescope throughout its range of use. 

The absolute calibration of the counter telescope was 
carried out with essentially the same beam setup as 
shown in Fig. 1 by placing the telescope directly in the 
main pion beam just after the monitor counters and 
varying the ~ beam energy from 100 to 430 Mev. 

On the assumption-that the muons are counted with 
100% efficiency, the counter efficiency £ is related to 
the measured fraction transmitted, F, and the fractional] 
beam contamination, K, by 


E=(F-—K)/(1-—K). (5) 


The results of the measurements for establishing the 
curves used to calibrate the counter efficiency are given 
in Table I and Fig. 4. The unusually high muon 
contamination at 155 Mev reflected the physical 
impossibility of properly adjusting the position of the 
internal beryllium target at this energy. 


C. Experimental Procedure 
1. Accidentals and Background 


The only important accidentals counting rate in this 
experiment is due to more than one particle passing 
through the monitor during a single cyclotron rf fine- 
structure pulse. This rate was measured by appropriate 
electronic delay procedures and taken into account in 
the data reduction. 

The background counts during the run were measured 
by cycling with the target empty and full at each 
different laboratory-system angle. This was done for 
both regular and accidentals runs. 


2. Counting Rates 


The counting rate for scattered pions was of the 
order of 10 counts/min. Singles counting rates were 
regulated with regard for the observed accidentals 
rates. 


D. Related Measurements 
1. Simultaneous Experiments 


While this experiment was being carried out on one 
side of the hydrogen target, other experiments were 
performed on the other side. 

During the data run at 230 and 290 Mev, the charge- 
exchange process given in interaction (2) was measured.® 
During the data run at 370 and 427 Mev, the zt 
production processes given in interactions (3) were 
measured." 
3W. A. Perkins, J. C. Caris, R. W. Kenney, and V. Perez- 
Mendez, Phys. Rev. 118, 1364 (1960). 
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TABLE III. x7 elastic-scattering differential cross sections. 





da /dQ* C.m. 
+Ada/dn* angle, 6* 
(mb/sterad) (deg) 


da /dQr 
+Ada/dQr 
(mb/sterad) 


Beam Lab. 
energy angle, 6 
(Mev) (deg) 


~ 230 


TatAl 
(X< 10°) 
14.75+1.36 4 
24.90+1.24 4 
) 
1 


15.0 
22.4 
38.0 
54.6 
72.7 
92.7 
114.8 
139.5 
159.4 


20.1 
30.0 
50.0 
70.0 
90.0 
110.0 
130.0 
150.0 
165.0 


70+0.43 
58+0.23 
16.01+0.73 6+0.13 
24.00+0.85 64+0.06 
13.18+0.47 0.84+0.03 
16.18+0.64 0 t-0.03 
20.98+-0.78 0 +-0.03 
28.02+0.84 +-0.03 
12.29+0.49 0.04 


15.0 
21.8 
36.9 
53.2 
70.9 
90.8 
113.2 
138.3 
158.8 


8.28+1.71 
15.97+1.02 
10.58+0.66 
18.65+0.97 
11.67+0.58 
8.03+0.39 
9.89-+0.45 
14.87+0.75 
8.03+0.45 


+ 0.62 
5+0.21 
5+0.13 

+-0.08 

-0.04 
§+(0.02 

+-().O2 
5+0.03 

+-().04 


20.8 
30.0 
50.0 
70.0 
90.0 
110.0 
130.0 
150.0 
165 0 


2.23+0.56 8+0.67 
10.27+0.53 8+0.14 
20.08+1.13 +0.12 
16.02+0.74 +0.07 
9.20+0.45 5+0.04 
5.56+0.26 +-0.02 

83+0.30 +0.02 
7.49+0.41 +0.02 
3.56+0.27 +0.03 


15.0 
30.0 
50.0 
70.0 
90.0 
110.0 
130.0 
150.0 
165.0 


w 
i) 


wn 
= = 60 60 = Uy 


> bed mt 
Ww OD 


~ 
o 


4.24+0.66 
1.16+1.47 


7+0.78 
+0.42 
95+0.18 
+0.09 
7+0.05 
+0.02 
+0:02 
+0.03 
47+0.03 


15.0 
1 30.0 
25.81+1.60 5 
17.31+0.89 

9.64+0.52 
4.74+0.27 
6.02+0.33 
9.58+0.47 
3.86+0.24 


+-0.06 
7+0.07 


In order to avoid a possible change in background 
level, data cycles were completed during periods when 
no changes were made in these other experiments. 


2. Total Cross Section 


Also in conjunction with this experiment, the total 
cross section was measured. This was done by using 
the same pion beam arrangement and magnet setting 
as in measurements of the differential cross section. 
The hydrogen target was replaced by a long (4 ft) 
hydrogen target.“ This measurement is described 
elsewhere.'® The importance of the measurements to 
this experiment is that the beams for which total cross 
sections were obtained were identical to those for which 
the elastic-scattering cross section was measured. These 
two results are then compared by using the dispersion 
relation (15), and the comparison is sharpened by being 


4D. D. Newhart, V. Perez-Mendez, and W. L. Pope, Uni 
versity of California Radiation Laboratory Report UCRL-8857 
(unpublished). 

16 J. C. Caris, L. K. Goodwin, R. W. Kenney, V 
and W. A. Perkins, Phys. Rev. 122, 262 (1961). 


Perez-Mendez, 





ELASTIC SCATTERING OF 
independent of pion beam characteristics. Independent 
of the uncertainties in determining these energies, 


dispersion relations are discussed. 


Ill. RESULTS 
A. Differential Cross Section 


The average numbers of scattered particles per 
monitor count, 74, at each energy and angle are listed 
in Table ITT. 

The laboratory-system differential cross section, 
da/dQ, is related to the average scattered counts per 
monitor count, J4, by 


do/dQ=I4/EQK, (7) 


where E is the efficiency, Q is the solid angle subtended 
by the counter telescope, and K, the target constant, 
is the number of scattering centers per unit area normal 
to the beam direction. For hydrogen, it is given by 


K=WNopul, (8) 


where No is Avogadro’s number, px is the density of 
the liquid hydrogen in the target, and L is the average 
thickness of the target parallel to the beam direction. 

The target pressure was about 1 atm at all times. 
The density, po=69.3+0.8 g/liter, used in Eq. (8) 
was actually taken as the difference between the 
densities of boiling liquid hydrogen!* and the hydrogen 
vapor present when the target was empty. 

The effective thickness L of the target was deter- 
mined by averaging the measured target thickness at 
25°K with weights determined from the beam-profile 
measurements. The average thickness L was 4.230 in. 
The resultant value for the target constant, K, deter- 
mined from Eq. (8) is (4.48-++-0.05) X 105 cm=~. 
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B. Corrections 
1. Finite Target Telescope 


The total cross section is determined from Eq. (7) 
for a point target and telescope. 

To correct for finite target and counter sizes, the 
product of efficiency and solid angle, EQ, that appears 
in Eq. (7) was replaced by an appropriate average 
value, (EQ) ay. 

The results obtained for the total scattered-pion 
differential cross sections in the laboratory system, 
dc/dQr, are listed in Table IV. These values were 
obtained from Eq. (7) after EQ was replaced by (EQ)ay. 


2. Beam Contamination and Attenuation 


The muon and electron contamination of the incom- 
ing pion beam, the decay of pions into muons between 
the monitor and target, and the attenuation of both 
incident and scattered pions by the target material 
required that a negative correction be applied to the 
monitor counting rate, where the monitor is to be 
regarded as counting only those pions that enter into 
the scattering experiments. This correction does not 
change the form of the angular distribution, only its 
normalization. 

The fractional beam contaminations were deter- 
mined from range measurements, and the values 
obtained are listed in Table I. 


3. Coulomb Scattering 


At the energies and angles (lab) measured in this 
experiment, interference between nuclear and Coulomb 


TABLE IV. Pion-production differential-cross-section data. 





Lab 
angle, 0 
(deg) 


Beam 
energy 
(Mev) 


230 


do, /dQ 
Tg’ +All,’ +Ada,/dQ 


(x 108) 


22.6341.29 
22.06+1.34 
114. 23.38+1.08 
139.! 24.85+1.01 
159. 11.99+0.92 





0.930.05 
0.93-+0.06 
1.00-+0.05 
1.05+0.04 
1.18+0.09 


70.9 
90.8 
113.2 
138.3 
158.8 


23.5341.86 
15.95+1.09 
13.32+0.84 
18.75+1.21 

8.48+1.35 


0.99+0.08 
0.66+0.05 
0.56+0.04 
0.80+0.05 
0.84+0.14 


88.4 
111.0 
136.7 


157.9 


18.77+0.70 
14.02+0.66 
12.52+0.73 

6.78+0.97 


0.77+0.03 
0.60+0.03 
0.5340.03 
0.67+0.10 


87.0 
109.7 
135.8 
157.4 


22.11+1.02 
18.87+1.07 
19.01+1.06 

6.67+0.92 


0.89+0.04 
0.80-+0.05 
0.81+0.05 
0.660.09 


(mb/sterad) 





d(201+¢2)/dQ 
+Ad(2e,;+02)/dQ 
(mb/sterad) 


f.d(201+02)/d2Q 
+Ad(20,:+02)/dQ] 
(mb/sterad) 
0.09+0.06 0.38+0.17 
0.13+0.07 0.11+0.15 
0.10+-0.06 0 
0.01+0.05 0 
0.15+0.10 0 


~f 
fraction 





0.24+0.19 
1.18+1.72 


0.19+0.09 
0.18+0.06 
0.060.05 
0.15+0.06 
0.07+0.15 


0.79+0.08 
0.69+0.12 
0.52+0.15 
0.3340.18 
0.21+0.17 


0.24+0.12 
0.26+0.10 
0.12+0.11 
0.45+0.31 
0.3340.76 


0.44+0.06 
0.24+0.06 
0.19+0.06 
0.43+0.20 


0.380.04 
0.19-+0.04 
0.14+0.04 
0.27+0.11 


0.87+0.05 
0.80+0.08 
0.72+0.10 
0.63+0.13 


0.54+0.05 
0.39+0.06 
0.27+0.06 
0.19+0.10 


0.92+0.03 
0.88+0.05 
0.81+0.07 
0.77+0.09 


0.59+0.06 
0.44+0.07 
0.3340.08 
0.25+0.14 











16D. B. Chelton and D. B. Mann, University of California Radiation Laboratory Report UCRL-3421 (unpublished). 
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Fic. 5. Differential cross sections of elastically scattered pions 
for various incident beam energies. Dashed curve is least-squares 
fit with S and P waves only. Solid curve is best fit. 


scattering is negligible,'’!* and the nuclear contribution 
can be determined by subtracting the Coulomb cross 
sections” from the measured cross sections. 


4. Charge-Exchange Correction 


The counter telescope is 1% efficient in detecting 
the reaction »+p—n+7°—n+2y. The data are 
corrected for this background by subtracting 1% of 
the charge-exchange cross section at the same energy. 

The final barycentric differential cross section, do/dQ*, 
and the corresponding center-of-mass angle of scatter- 
ing, 6*, are listed in Table ITI. 


C. Errors 
1. Counting Statistics 


The statistical (standard-deviation) errors in the 
counting data were set equal to the square root of the 
corresponding number of counts. These errors were 
propagated to give values of the standard-deviation 
error AJ4, on the average quantities 74, which are 
listed in Table IV. 


2. Other Sources of Errors 


The errors in the measured efficiency E, obtained 
from Eq. (5), depend largely upon the uncertainty AK 
in the beam contamination, since the statistical error 
in F, the fraction transmitted, is negligible. The error 
AE in the efficiency E is thus given by 


AE=[(1—F)/(1—K)* JAK. (10) 


17 G. F. Chew and H. P. Noyes, Phys. Rev. 109, 566 (1958). 
‘8H. P. Noyes, Phys. Rev. 111, 944 (1958). 
'° B. Rossi, High Energy Particles (Prentice Hall, Inc., Engle- 
wood Cliffs, New Jersey, 1952), p. 64. 
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This formula has been written down explicitly to show 
the important fact that the uncertainty in the efficiency 
is smaller than the uncertainty in the beam-contamina- 
tion fraction by a factor of about (1—F) for the small 
values of K observed. Thus the error in the measured 
efficiency is ys the beam contamination for efficiencies 
greater than 90%, for example. As a result, even the 
uncertainty in the electron contamination of the 
calibration beam, which was estimated and included as 
a random-error addition to AK, did not give efficiency 
errors in excess of 4% at any point. At most points, 
they were less than 2%. 

The uncertainty given in the target constant K of 
Eq. (7) arose primarily from the uncertainty in the 
temperature of the hydrogen gas in the target when it 
was not full of liquid hydrogen. 

The error in the solid-angle determination 
negligible. Small errors arising from the Coulomb and 
charge-exchange corrections were included. 

Both the muon and electron contaminations were 
evaluated for the pion beams used in the data runs 
(Table I). The errors in these contaminations appear 
directly as errors in the correction factor multiplying 
the total angular distribution. Since they did not 
exceed 2%, however, they were included for convenience 
as additional random errors in the individual values of 
differential cross sections because their contribution is 
small. 

The combined results of all of these errors are listed 
as standard-deviation errors, Ado/dQ*, on the final 
differential cross-section points, do/dQ*, in Table ITi. 
A plot of these differential cross sections is shown in 
Fig. 5. 


was 


D. Pion-Production Cross Sections 


Though this experiment was not primarily intended 
to measure cross sections for any of the pion-production 
processes given in interactions (3), some information 
about them is available from quadruple-coincidence 
(1234) data. No copper absorber was placed between 
counters 3 and 4 at angles greater than 60 deg (lab). 
Thus, all charged particles from reactions (1) and (3) 
were counted that had an energy above some threshold 
energy (approximately 25 Mev) necessary to penetrate 
the target walls as well as counters 3 and 4. No recoil 
protons can appear at angles greater than 90 deg (lab). 
Consequently, back of 90 deg (lab) and even at the 
smaller lab angles, where recoil protons have energies 
below the detection threshold, only charged pions from 
interactions (1) and (3) are counted by counters 3 and 4. 

Thus if at a lab angle @ the elastic differential cross 
section is do/dQry, and the differential cross section for 
the first of interactions (3) is do,/dQ and for the second 
is do,/dQ, then the measured quantity obtained from 
the quadruple-coincidence data, do,/dQ, is given, to a 
first approximation, by 


(11) 


doy/dQ=da/dQy+ f (2da;/dQ+da2/dQ), 
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where f is the fraction of pions from interactions (3) 
that have an energy above the threshold energy for 
detection. 

Since de/dQr has been determined in this experiment 
(Table III), and data concerning do,/dQ were obtained 
elsewhere," information about do2/dQ was estimated. 

Consequently, the quadruples data 1234 were 
analyzed in the same way as the quintuples data to get 
values for J4’+AJ4’ for the quadruples data. These 
values are listed in Table IV. These quantities in turn 
were used to find do4/dQ+ Ado,/dQ from Eq. (7) in the 
same way as do/dQr+Ado/dQy was obtained for the 
quadruples data, except that the efficiency was assumed 
to be 100% since there was no absorber between 
counters 3 and 4. The results are listed in Table IV for 
meaningful angles. From the results listed in Table III, 
values for the quantity {(2do,/dQ+do2/dQ) were then 
calculated by means of Eq. (11). These values are 
listed in Table IV. 

It is necessary to evaluate the fraction f(@) appearing 
in Eq. (11). Because of the large statistical errors in all 
these data, for simplicity the laboratory-system energy 
spectrum at all angles was assumed to have the approxi- 
mate form sin(2rT/Tnax), where T, the kinetic energy 
of the pion at that angle, has a maximum value Tyna. 
Thus, the fraction detected, /(@), is given by 


f(8) as [cos( 2nrT h/ T mex) + 1/2, 


where 7 tn, the energy threshold for detection, is taken 
as 2545 Mev. The values of f obtained from Ec. 
(12) are listed in Table IV. 

By using Eqs. (11) and (12) values for the quantity 
d(2¢;+02)/dQ were obtained, and are listed in Table IV. 
A plot of these points is shown in Fig. 6. 


(12) 


IV. CONCLUSIONS 
A. Partial Waves 


To determine which angular-momentum states are 
present in the elastic-scattering interaction at these 
energies, a Legendre polynomial series of the form 


do 2d 
—(6*)=>° A,P,(cosé*), (13) 
l=0 


dQ* 


was fitted by the method of least squares to the meas- 
ured differential cross sections, do/dQ* (Table III) at 
each beam energy. This form is equivalent to the expan- 
sion in Eq. (16) and is simpler. The magnitude of n 
necessary for an adequate fit to the data points at each 
energy was determined on the basis of a x? test and 
supporting Fisher test. The values of coefficients A; ob- 
tained for various values of n at each energy are listed in 
Table V. Also listed in this table are the degrees of 
freedom k; the values of x? obtained; the probability p 
that x? would exceed the value found ina random sample, 
and the Fisher probability F that A, should be zero. 
The first adequate and best fits determined on the 
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Fic. 6. Combined inelastic differential cross sections, d(201 
+o2)/dQ, for various incident beam energies. Solid curves repre- 
sent least-squares fits to a Legendre polynomial series. 


basis of these statistical criteria are indicated by super- 
scripts a and 6 in Table V. For the best fits, the error 
matrices, C;;, are given in Table VI. The theoretical 
curves obtained from Eq. (13) for S and P waves alone 
(n= 2) and for the best fits are shown in Fig. 5. 

At 290 Mev and above, it can be seen that the 
probability that the data are consistent with fits based 
on S and P waves alone is less than 1%. In fact, the 
most probable values of m obtained include an F-wave 
interference term (7=5) at 370 Mev and an F-wave 
term (n=6) at 427 Mev. Thus the conclusion can be 
drawn that at 230 Mev only S and P waves are needed, 
but at the higher energies D waves are present and 
above 290 Mev F waves may be present, especially at 
427 Mev. 

The total elastic cross section, oz, obtained by 
integrating the best-fit curve for the differential cross 





GOODWIN, KENNEY, 


AND PEREZ-MENDEZ 


TABLE V. Results of least-squares Legendre-polynomial fits to elastic r~— p data. 





Beam Order 
energy of fit 
(Mev) 


Ag A, 


A; 


1.40-+0.06 
1.38-40.07 


230+6 +0.06 


1.65+0.03 ( 
( +0.06 


1.66+0.03 


).55 
).53 —0.01+0.08 
290+7 1.09+0.02 
1.10+0.02 


0.44+0.05 
0.45+0.05 


0.70+0.05 
0.75+0.06 


—0.34+0.05 
—0.28+0.07 
37049 0.86+0.02 
0.86+0.02 


0.45+0.03 
0.45+0.03 


0.32+0.04 
0.33+0.04 


—0.32+0.05 
—0.26+0.06 
427+10 0.63+0.07 
0.62+0.07 


—0.36+0.10 
—0.39+0.10 


v 
1.04+0.03 
1.04-+0.03 


0.58+0.08 
0.57+0.09 


* First adequate fit. 
> Best fit. 


section is given by 


4rAo, (14) 


OF 


where Ao is the coefficient of the constant term 
(Po(cosé*)= 1). The total elastic cross sections obtained 
by Eq. (14) are listed in Table VII. The differential 
cross sections at zero degrees, da/d2*(0), obtained from 
Eq. (13) by setting 6=0 and propagating errors using 
the error matrix, are also listed in Table VII. 


B. Dispersion Relations 


Dispersion theory relates the differential forward- 
scattering cross section, do/dQ*(0), to the total cross 


TABLE VI. Best-fit 


Beam 
energy 
(Mev) 


230 


0 1 2 


0.00099 
0.00388 


0.00086 


0.0005 
0.0017 


0.00072 
0.00218 


0.00049 


0.00029 0.00033 


0.00108 


Ukr WhNre 


~, 


0.00093 0.00161 


0.00456 


Aun whe 


0.00107 
0.00286 
0.00556 


7 
5 


0.00386 


0.00019 
0.00060 
0.00186 


0.00148 
0.00421 
0.00723 


Fitted coefficients 


A, As Ag 


(mb/sterad) 


—0.15+0.09 


0.11-+0.06 


—0.16+0.05 
—0.10+0.07 0.11+0.06 

0.01+0.10 
—0.06+0.11 


0.24+0.08 


0.15+0.11 0.12 


section, o7, at the same energy by the dispersion relation 


do /dQ* (0) = D?+[(k/4r)or FP, (15) 


where & is the momentum of the incident pion in the 
barycentric system and D is the real part of the forward- 
scattering amplitude for which values are predicted by 
the dispersion theory.” The units employed in Eq. (15) 
are those with #=c=M,=1. 

Equation (15) may be used to determine values for 
the real part of the forward-scattering amplitude, D, 
from measured values of the forward differential cross 

ction and the total cross section. Measured values of 
the forward differential cross section were taken from 
Table VII, and the total-cross-section values measured 


error matrices, Cj. 


J 

3 4 
0.00062 
0.00190 
0.00356 
0.00702 


—().00012 
0.00127 
0.00250 
0.00339 
0.00763 


0.00011 
0.00052 
0.00187 
0.00237 
0.00399 


0.00009 
0.00135 
0.00296 
0.00434 


0.00012 
0.00023 
0.00052 
0.00195 
0.00219 
0.00358 


—0.00001 
0.00020 
0.00123 
0.00261 
0.00423 


—0.00004 
0.00047 
0.00155 
0.00358 


0.00029 
0.00070 
0.00199 
0.00520 
0.00882 
0.01208 


0.00008 
0.00051 
0.00050 
0.00213 
0.00537 
0.00741 
0.01001 


0.00077 
0.00313 
0.00629 
0.00981 


0.00035 
0.00175 
0.00430 
0.00802 
0.01206 





2” James W. Cronin, Phys. Rev. 118, 824 (1960). 
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at the same energies'® were used and are also listed in 
Table VII. The calculated values of !D_ are plotted in 
Fig. 7. Recent theoretical values” of D_ obtained by 
using the latest values of the r—p total cross sections 
at higher energies‘ in the dispersion integrals are also 
shown in Fig. 7 for comparison. Within statistics, no 
disagreement with these values, and to this extent no 
disagreement with dispersion theory, is found. 


C. Charge Independence 


A test for charge independence, given by Stang- 
hellini,* consists of relating various scattering ampli- 
tudes for x—? interactions. In his notation, the right- 
hand side of his equation, ar, and the left-hand side, 
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Fic. 7. The real part of the forward-scattering amplitude. 
Solid curve represents the theoretical values.” 


az, are evaluated from experimental results and com- 
pared. By use of the values for x+—p scattering cross 
sections at 360 Mev” in conjunction with -— p charge- 
exchange data at 371 Mev,® the following values were 
calculated for az and a, from the »-— elastic data 
obtained in this experiment: ag=0.27+0.09 and az, 
=(0.39+-0.02. His comparison quantity A then has the 
value A= 24%. This can be interpreted to mean that 
the equation is valid within 24%, which is more accurate 
than the 33% error in its right-hand side, ar. Thus no 
disagreement with charge independence is found at 
370 Mev. Data available at 427 Mev are not sufficient 
for this test. 


%1N. S. Mitin and E. L. Grigor’ev, Soviet Physics—JETP 5, 
378 (1957). 
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TaBLe VII. Total elastic and forward differential cross section 
from best least-squares fits and total cross sections. 








da do 
Beam — (0)+A4—(0)* 
energy optAcg dn* dn* 


(Mev) (mb) 
230 20.8-+0.4 
290 13.840.3 
370 10.940.2 
427 13.040.4 


ortAcr” 
(mb) 


58+9 
3342 
2742 
2742 


(mb/sr) 


3.40+0.25 
2.12+0.20 
1.41+0.20 
1.81+0.43 











* This experiment. 
b Caris ef al.'§ 


D. Phase Shifts 


If we assume charge independence to be valid, the 
general formula for pion-nucleon scattering can be 
written” 


i L 
do /dQ*¥= {| °C, dO [+1 ajay"? 
=o 


r=} 
' L 
+laj_14"" ]P?(cos6*) |?-+| Ce Oo C(ajmisy"? 
— ia 


— djar-4"" |P7'(cosd*)|?}, (16) 
where the amplitude a is given in terms of its phase 
shift 6 by 

(17) 


and where X is the wavelength of the pion (A=%/k), 
r is the total isotopic spin, C, is an appropriate product 
of Clebsch-Gordan coefficients for the particular inter- 
action considered, Z is the maximum-order angular- 
momentum state that enters, and the P’s are Legendre 
polynomials. The values of C, for various pion-nucleon 
interactions are given in Table VIII. 

In Eq. (16) there are present 42+2 phase shifts. 
Elastic -— p data alone can be fitted with only 2Z+1 
parameters. Consequently, m-— p charge exchange or 
x+— p scattering data are also needed for determination 
of all the phase shifts. At the higher energies, at which 
pion inelastic processes enter, these phase shifts also 
have nonzero imaginary parts. Pion-production data 
must then be included to evaluate these imaginary 
components. More than one acceptable set of solutions 
may be found as a rule, and polarization data are then 
needed to resolve these ambiguities. Tracking is 
necessary, i.e., phase shifts must vary continuously 


a= (e*'—1)/2i=e* sind, 


TABLE VIII. Clebsch-Gordan product coefficients, C,. 





Interaction Cy Cy 


Be. + 
v2/3 
rt+p—>at+p 0 1 











2 FE. M. Henley, M. A. Ruderman, and J. Steinberger, Ann, 
Rev. Nuclear Sci. 3, 12 (1953). 
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from established values as energy increases. Before one 
can use available data for the different interactions 
measured at slightly different energies, they must be 
properly extrapolated to corresponding energies. The 
paucity of accurate data, especially on inelastic reac- 
tions,” currently available above 300 Mev leads to 
large uncertainties in the derived phase shifts. 

However, this problem has been undertaken by 
Walker ef al.* in the energy region from 300 to 600 Mev. 
The 370- to 427-Mev results of this experiment already 
reported® have been used in conjunction with data 
taken by Crittenden ef al.’ and by others to obtain one 
set of phase shifts tracked from lower-energy solutions. 
Of particular interest here is the approximate equiva- 
lence within statistics of the two D-wave phase shifts, 
5,5 and 635, obtained through 430 Mev. This equivalence 
supports the possibility that an accidental cancellation 
may be the reason why no evidence for D waves was 
found in the charge-exchange results through 371 Mev® 
by partial-wave analysis, although definite evidence 
has been found here for their presence in the elastic 
scattering at 290 Mev and above. This may be seen as 
follows. 

If the D-wave phase shifts, 6, are assumed to be 
small, then Eq. (17) may be approximated for D waves 
by 
(18) 


ap=> é. 


If all phase shifts higher than D waves are then assumed 
to be zero, the A, coefficient in Eq. (13) is given from 
Eq. (16) for charge exchange and using Eq. (18) by 


A4g= (4/7)® (8i5—535)[4 (613—535) + (615—535) ]. (19) 
Equation (19) shows that when 45 equals 435, the 
coefficient A, is zero. Consequently the absence of a 
pure D-wave term in the charge-exchange partial wave 
results does not imply the absence of D waves even 
though its presence does indicate that D waves exist. 
Thus there is probably no basic conflict between the 
elastic and charge-exchange results through 371 Mev. 

Theoretical values for the D-wave phase shifts have 
been predicted by Chew et al. on the basis of dispersion 
theory.“ These values do not agree with those found 
by Walker et al. However, one could not expect good 
agreement of these theoretical phase shifts because the 
effects of possible pion-pion interactions were neglected. 
Recent results indicate the importance of such inter- 
actions at these energies,"* and the disagreement found 
can be attributed to them. 


%1. K. Goodwin, R. W. Kenney, 
Rev. Letters 3, 522 (1959). 

4G. F. Chew, M. L. Goldberger, F. 
Phys. Rev. 106, 1337 (1957), 


and V. Perez-Mendez, Phys. 


E,. Low, and Y. Nambu, 


AND PEREZ 


MENDEZ 


TaBLe IX. Pion-production total cross section. 





Beam , ‘ 
energy otal cross sections (mb) 


(Mev) : ~O4 1 
290 0.4 +0.2 2.4+0.8 
370 1.93-+0.37 3.1+0.8 
427 3.36+0.74 3.7+1.0 


oi+e2 a2 


2040.9 
1.2410 
0.44+1.6 


E. Pion-Production Processes 


Measured values of the combined pion-production 
differential cross sections d(20;+02)/dQ, are listed in 
Table IV and shown in Fig. 6. Because of the compli- 
cations introduced by the three-body pion-production 
kinematics, no attempt was made here to separate the 
two differential cross sections or convert them to the 
barycentric system by using previously measured 
values of do,/dQ*. Rather, a Legendre polynomial 
series of the form 


d(20,+02), dQ= A’ Po(cos6)+A,'Pi(cos@) (20) 


was fitted to the combined laboratory-system differ- 
ential cross section [see Eq. (3) ], where the cross sec- 
tions 01, o2, 73 apply to the first, second, and third 
reactions, respectively, and an excellent fit resulted at 
all three energies as determined by a x? test. The total 
cross section, 20;+¢2, was then obtained from Eq. 
(14), and the results are listed in Table IX. 

In Table IX are also given the values of o; previously 
reported.” By subtracting these values from 20;+ 02, 
the charged-inelastic-pion cross section, o;+02, was 
obtained, and the results are listed in Table IX. These 
results are in statistical agreement with other published 
values.’ 

By again subtracting o, from o;+ 02, values for o2 
were obtained, and are listed in Table IX. The errors 
on ¢2 are so large that little can be learned quantita- 
tively. However, qualitatively it appears that a2 may 
be decreasing with energy, and at the higher energies 
it is significantly smaller than o;. 
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Expressions for the angular distributions and polarizations of pion photoproduction with polarized 
photon beams are derived from phenomenological production matrix. The experiments necessary for the 
complete determination of the multipole amplitudes are discussed in general, and in particular for the case 
in which only contributions up to p waves in the final state are important. Complete determination requires 
circularly polarized beams. But if only s and p waves contribute, experiments with linearly polarized beams 
completely determine the production matrix. The knowledge of these amplitudes would allow the determi- 
nation of the unknown p-wave scattering phase shifts (a11, a13, and a1) up to energies of about 300 Mev. 

Invariance properties of the angular distributions and polarizations are found and tables are given. 


AKING into account invariance under reflection, 
gauge invariance, and the pseudoscalar nature of 

the r mesons, it is seen that the most general expression 
for the nonrelativistic production matrix in the reactions 


ytn— n+", 
ytn— ptr 


y+p— ptr, 
y+p— nt+r*, 


is given by 


M=gl+i(h-o), (1) 


where g=a(kXq-2)=a(f-e) sind and h=be+c(e-g)k 
+d(e-@)q.' is the polarization vector of the incident 
photon, k and @ are unit vectors in the directions of 
the momenta of the incident photon and the emerging 
pion, # is the unit vector along the normal to the 
production plane kxX@/|kX4|, and a, b, c, d are 
complex functions of the energy and the cosine of the 
angle @ between & and @. All the quantities are taken 
in the center-of-mass system. 

The angular dependence may be made explicit 
through a multipole expansion involving Legendre 
polynomials and its derivatives (x=cos@).! 


a=—D[(+1)My+lM_]Py (x), 


b= (Mn — Me JC-+1)Pu(x)—aPi'(2)] 

2 +[Eq-y4+t+Eayn-JPi'(x)}, 
c= ¥(—[My— MIP (a) +2PY"@)] 

be +[Eq-y4+Euyn-]Pi"(x)} 
d=> [My —Mi-—En—Ev]Pi'(2). 


l=] 


Here the notation is as shown in Table I. As a, 8, c, d 
are complex functions, we need seven independent 


* This work supported by the U. S. Atomic Energy Commission. 

1 R, F. Peierls, thesis, Cornell University (unpublished) ; G. F. 
Chew, Encyclopedia of Physics (to be published), Vol. 43. We 
have written our formulas in a slightly different form more 
convenient for calculations. 


TABLE I. Orbital angular momenta, total angular momentum, 
and parity corresponding to the different multipole amplitudes. 





1+} 
1-4 
1+4 
l-} 


equations linking them in order to determine their 
absolute values and relative phases. Our purpose now 
is to discuss the experiments that are necessary for 
their complete determination. 

The angular distribution is given by 


da/dQ=%4 TrMtM = gg*+h- h* 
= aa* sin*6| (f- 2) |?+ (bb*+-cc*+ bd* 
+b*d) | (e-4)|?+ (cd*+c*d) | (e-@)|*(k-@), (3) 


Defining the angle ¢ as in Fig. 1, we have for linearly 
polarized photons 


da/dQ= | a|? sin*#+ | b|?+-[|c|*+ |d|2+2 Re(bd*) 
+2 Re(cd*) cos@—|a|*]sin*@sin?g. (4) 


Since this equation has one part independent of ¢ and 
another dependent on ¢, measurements of the angular 
distributions will give two independent equations for 
the determination of the four complex functions. We 
could measure, for example, do/d2 for g=O° and 
¢=90°. Unpolarized photons will give no new infor- 
mation since the angular distribution in that case is 
the average of the angular distributions for g=0° and 
y= 90°. 


Fic. 1. Definition of angles. 
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The polarization P is given by 


Pdo/dQ=} Tr(MtoM) = 2 Im(gh*)+ihX h*=2 Im{sin0(A-e)[ab*(e*-#)A+ab*(e*- AX k) (AX k) 
+ ac*(e*- @)k-+ad*(e*- 4) (g-k)k+ad*(e*- 4)(g-AXk) (AX k)]+dc*(e*- 6 (e-AXxk)n 


— bc*(e2*- G)(e-f) (AX k)+bd* (e*- G)(e-f)(g-AX k)k+bd*(e*- 4) (e-AXk)(G-h)A 


— bd*(e-A)(G-k)(e*- 4G) (AX k)—cd*| (e-9)|? sindA}. (5) 


For linearly polarized photons, we get the following expressions for the components of the polarization along 


k, fi, and #Xk in terms of the angles 6 and ¢: 


P(k)do/dQ= —sin2¢ sin’? Im (ac*+ad* cosé+ bd*), 
P(fi)do/dQ=2 sind Im[ab* cos? + (bc*+bd* cosé—cd* sin’) sin’¢ }, 
P(AX k)do/dQ= —sin2¢ sind Im(ab*+ad* sin’?@—bc*—bd* cos). 


We see that the measurements of the polarization 
along the direction of the incident photon gives only 
one equation (any angle ¢ can be used but the best 
one is 45°). Measurements along the normal to the 
production plane give two equations (we could use 
g=0° and g=90°), and measurements along the 
direction normal to these two give one more equation 
(again the best angle is 45°). Thus, we get only four 
equations. 

In order to get one more relationship, we have to use 
circularly polarized photons. Evidently measurements 
of the angular distribution will not give us any new 
information since the angular distribution for circularly 
polarized photons is equal to that for unpolarized 
photons. The same happens with the component of 
the polarization along the normal to the production 
plane. But we still have the other two components of 
the polarization of the recoil nucleon at our disposal. 
For circularly polarized photons 


t,1=[—fAt(AxXk)i |/v2, 
where the upper sign refers to right-circularly polarized 


(r) and the lower sign to left-circularly polarized (1). 
Substitution in (5) gives 


[P(k)do/dQ)],,.= +sin*@ Re(ac*+ad* cosd+bd*), 
[P(AX k)do/d2),.1 
=-+sin@ Re(ab*+ ad* sin*@—bc*— bd* cosé). 


So, we get one more equation than we need. 

Measurements of angular distributions and polar- 
izations with linearly polarized photons are being 
carried out at the present time at Stanford, but we 
cannot expect at present experiments using circularly 
polarized photons. 

Nevertheless, it is possible to get the needed infor- 
mation in the low-energy region where only s and p 
wave contributions in the final state are important. 
This is due to the fact that for 1}<2, d=0, so we have 
only three unknown parameters. 

The equations for the angular distribution and 
polarization using linearly polarized photons then 


reduce to 
da/dQ= | a\? sin?é+ |b}? 


+(|c}?—|a@|*) sin’é sin?¢, 


P(k)do/dQ- 


P(fi)do/dQ=2 siné Im(ab* cos? y+ bc* sin*y), 


P(#X k)do/dQ= —sin2¢ sind Im(ab*—bc*). 


—sin2¢ sin’@ Im(ac*), 


Thus we can obtain from experiment the value of 
the following combinations of the parameters as a 
function of the angle @ and the energy: 

a|* sin?@+- |b} ?, 

Im(ac*)= | a| |c| sin(a—y 

Im(ab*)= | a! | 
Im(bc*) = 


Im (ab* — bc* 


sin(a—B . 


|| |c| sin(@—y) 


We notice that the sixth expression is a linear combi- 
nation of the fourth and the fifth, so the measurement 
of P(AXk) is not necessary. We have five equations 
for the determination of five unknowns, but there will 
be a certain ambiguity in the phase-differences due to 
the fact that there are only sines appearing in our 
formulas. We notice that if (a—y)=A, (a—8)=B, and 
(8—y)=C satisfy the equations and the condition 
(a—y)— (a—8)— (8—y)=0, then also 180—A, 180—B, 
C and 180—A, B, 180—C will satisfy them. 

If we were able to make measurements using circu- 
larly polarized photons, we would get 


Re(ac*)=|a||c| cos(a—y), 


Re(ab* —bc*) = | a| |b| cos(a—£) 
—|d\ Ic 


(10) 
cos(8—+¥ ), 
and that ambiguity would disappear.? Nevertheless, 
we will see presently that there is another way of 
getting rid of it. 
Making the expansions only up to p waves in the 


? We note that the first equation still leaves an ambiguity, so 
we need the second one specifically. 
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final state, we have 
a= —-2M,,-—M,, 
b = Eu.t (M14 —M;, +3E1,) cosd, 
c= —M1,4+-M,4+3Ei,4. 
Thus knowing g, 6, and ¢ as functions of cos@ for a 
certain energy, we can determine the four multipole 
amplitudes Eo,, £14, M14, and M,_ for that particular 
energy. 

The determination of these amplitudes for both 
reactions y+P— 2rt++n, y+p—2°+p would make 
it possible to find the three p-wave scattering phase- 
shifts that are not well determined (aj3, a3;, and ay) 
since the phase shifts and the multipole amplitudes 


are related.* On the other hand, the previous knowledge 
of the two s-wave phase shifts ai, a3, and the p-wave 


do 1 
a ae 
dQ ¢g=0" 4k? 
do 1 
[Pw | =—2 > | 
dQ4, 0 4k? 
do 
(;;). 90° 


do 
E fi) 
dQ 


(11) 


m 


mn,m>n 


4k? 


m 


; = 
= —-2 : os | 
g=90° 4k? mn,m>n 


1 
+- 7 = | Rn 
4h? mn 


m<n 
cp =>" 


=— —. | 
' 


4k? mn,m>n 


lp 


do 


| Poax) - 


dQ 


The Myn,’s are functions of cos@ and are given in 
Tables II, III, IV, and V for dipole and quadrupole 
contributions.® 

We notice that certain invariance properties hold in 


1 
te ZL 
4k? mn,mon 
. do 
P(AXk)— 


dQ 





4k? mn,m>n 


Ip 


3See M. Gell-Mann and K. M. Watson, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, California, 
1954), Vol. 4, p. 219, for formulas relating multipole amplitudes 
with phase shifts. 

4 There will still be an ambiguity of x in the absolute phases. 
We can absorb the sign into the real amplitudes which have then 
positive or negative values. See S. Hayakawa, M. Kawaguchi, 
and S. Minami, Suppl. Progr. Theoret. Phys. (Kyoto) 1, 41 (1958). 

5 The retardation term gives higher / states than p at lower 
energies but we know its contribution. 


WITH 


‘3 | Rm|?M mm +2 


| 


1 
—{>0 | Rm |?M mnt! +2 


|R,| 
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phase shift a33 will allow us to discriminate among the 
three possible sets of solutions for the multipole 
amplitudes and to fix their absolute phases.‘ 

At energies above 300 Mev, d-wave contributions 
become important and we can no longer set d=0.° 
We need then to perform experiments using circularly 
polarized photons for the determination of the multipole 
amplitudes that contribute. The system of equations 
involved becomes more complicated. 

If we redefine the multipole amplitudes R,,= | Rn |e 
in such a way that we have for the total cross section 
for unpolarized photons the expression 


o=(r 2k*)>(2J+1)| Rm 7, 


we can express the angular distributions and polar- 
izations in the following way: 


> 


mn,m n 


Rm||Rn| cos(6m—8n)M mn}, 


Rm| | Ral sin(6m—65n)M mn! sind, 


) 2 


mn,mon 


|Rm| |-Rn| COS(5m—5n)M mn 


Rm| | Ral sin(6m—6n)M im," sind, 


—6,)Mm,!"! sin’6, 


COS(Om 


m| | Ral sin(6m—6n)M mnt! sin’6 sin2¢, 


|Rm||Rn| coS(6m—5n)M mn? sind, 


> [Rm] | Ral sin(6mn—6n)Mmn!Y sind sin2¢. 


the parameters a, 6, c, d. 

(+1)My9 IM, 
bandc: Myo —-M_, 
d: 


a: 
Ew 14. <> E41) 
We can exchange any two among 

Mi, —-M., —En, —Ev. 


®We do not give tables for the angular distributions and 
polarizations using unpolarized photons since they have been 
given previously by other authors. See Hayakawa et al., reference 
4, and R. F. Peierls, Phys. Rev. 118, 325 (1960). There are 
several incorrect terms though in the latter, and only contributions 
up to J=} are given in the former. The reader interested in 
knowing our results can easily take the average for g¢=0° and 
¥ = 90 2 
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TABLE II. Angular distributions and polarizations along the direction normal to the producti 





Mi, “2 Ei, My 
x v3x v3 (1 — 222) 
2—3x2 : —v3x2 v3x 
4—3x2 x vV3x2 v3 (5x— 6x3) 
2 1 v3x v3 (1 — 2x?) 
2v3x 0 3x? 3 (x — 2x3) 
2v3 (1 — 3.x?) —2v3x — 6x? 3 
V3 (—2-+-2?) —3v3x —9x 
2v3x 0 


Mo, 


Vi 
-3 v3 
6x 2v3. 
3x —VvV3x 
— 6x —3x —3 4v3 (—1+3.°) 
v3 . —3v3 v —Y9x 
—2v3x 2v3 (—1+-62°) x 3 
—3v3. v3 (2432) —15x2 
v3 (1 — 102?) 5 6(3x— 102%) 








AXk direction for linearly and circularly polarized photons (M 





Es E14 M 


i 3x -v3 —3V3x -2V33 v3 (—1 +522) 
—X 1 —3x? -V3x v3 ( —1+6x*) J V3 (2x +5x3 
—x 5 —3x? —2V3x v3 (1 —3x2) V3 (8x 5x3) 
—~3+3x? 3x v3 (—1+322) 6V3 (x —2x4) V3 (4x —3x3 V3 (—1+8x2) 
4v3x v3 (1 +322) —3x —3(1+x?) 3(1 —4x?) 
—V3x v3 (—1+2x?) v3 (1 —5x2) 4V3 (2x —3x%) 3(1 +x?) 3( —x +423) 3(2x —3xt 
—4vV3x v3 (1 +322) —v3 V3 (2x —3x3) 3(1 —6x2) 15x3 3(x+x9 
V3(1—Sx2) 2V3(—3x+5x*) V3(—6x+5x%) v3 (1 —2x2) —15x3 3(1—16x2+20x4) 3(—-1—4x2+5 3(—x +5x3) 


3( —2x +52) 
-1 +14x? —20x*) 
3 (1 +6x? —5x*) 








From this we see that the following invariance proper- 
ties hold in the angular distributions and polarizations 
along f for g=0° and g=90°. For g=0° we have an 
invariance under the transformation 


Ea 1)+ * > Foy 


Eq-1+ and Eqy41)— are both electric 2/ pole amplitudes 
[parity (—1)'] but the first one corresponds to a total 


angular momentum /—} while the second corresponds 
to J=1+}. 


For g=90° the invariance that holds is under the 
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transformation 


Mu —M,_ 


Mi, and M, correspond both to magnetic 2/ pole 
radiation [parity (—1)] but the total angular 
momentum is /+} for M,, and l—} for M,. These 
invariance properties can be checked in the tables. 
We also notice that under the transformation 
My —Ewyy-, Mie Ewns, 

the angular distribution for g=0° goes over into the 
angular distribution for g¢=90° and vice versa. This 
does not occur with the polarization. As a consequence, 
the angular distribution, but not the polarization for 
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unpolarized photons, is invariant under this transfor- 
mation. This is the well-known Minami invariance.’ 
The relevance of this ambiguity to high-energy photo- 
production experiments has been emphasized by 
Sakurai® and Moravesik.® 
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between the sign of /,_ in this article and in ours is due to a 
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8 J. J. Sakurai, Phys. Rev. Letters 1, 258 (1958). 

®M. J. Moravesik, Phys. Rev. Letters 2, 171 (1959). 


NUMBER 2 


Range of Proton-Antiproton Annihilation Near 1.0 Bev 


Osamu Hara* 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received December 9, 1960) 


The range of the proton-antiproton annihilation was calculated for antiproton with energy near 1 Bev. The 
point is to get the range of pure annihilation interaction, separating the effect of pion production. It was 
found that the root mean square of this range is given by (1.19+0.07) X10~* cm almost independently of 


the energy. 


HE range of proton-antiproton annihilation is of 
special interest in connection with the problem 
of nucleon structure, since it gives in some sense direct 
information about the core size. Lévy estimated this 
to be 1.43 10-* cm.' His result is, however, subject to 
an ambiguity, since in his calculation the effect of pion 
production is not separated. Recently, the pion produc- 
tion cross section in p-j collision was found to be 
(5+1) mb at 940 Mev. It seems possible to use this 
new information to eliminate to some extent the 
ambiguity in Lévy’s calculation. 

If we denote the phase shift due to pure annihilation 
as m;, and the correction to ; due to pion production as 
m:, the total inelastic cross section and the scattering 
amplitude are given by 


Tinelk = OA >, (21+1)(1—et rw), (1) 
and 


f(O)=FiK D (2-1) (1-H) P,(cosd), (2) 


respectively, where 4 is the wavelength of the incident 
particle in the c.m. system, and the spins of both 
particles were neglected. »; and dm; are assumed to be 
imaginary. 

* On leave of absence from Nihon University, Tokyo, Japan. 

1M. Lévy, Phys. Rev. Letters 5, 377 (1960). 

20. Chamberlain, Proceedings of the Tenth Annual International 


Rochester Conference on High-Energy Physics, 1960 (Interscience 
Publishers, New York, 1960). 


Equation (1) can be written as 


Tinel= TA{ , (2/+-1) (1—e**"2) 
+ (etn) © (214+-1)(1—e#*")}, (3) 


where (e*’”) is the average value of e*': over the range 
of / in which 6; is appreciably different from zero, The 
first term on the right-hand side of (3) is the pure 
annihilation cross section. To relate the second term to 
observed quantities, we assume first that the phase 
shifts due to annihilation and pion production can be 
defined separately and are additive, and second that the 
mechanism of pion production is essentially the same 
for p-p and p-p collisions. Then 6; can be identified 
with the phase shift for p-p collision with the same 
energy, and (3) can be written as 


Jinel = Tan - (8 ooro (pp), 


where ¢pro(pp) is the pion production cross section for 
p-p collision with the same energy. The second term in 
the right-hand side of (3) is the pion production cross 
section in p-p collision, and from this we see that 
(e*") can be expressed as 


(e*") = Tpro (pp)/opr0 (pp), (4) 


where ¢pro(pp) is the pion production cross section in 
p-p collision. 
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In the same way, (2) can be transformed into 


f(O)=3iX{ & (2/+1) (1—e*"") P, (cos) 
+(e") S (21+-1) (1—e*") P,(cosé)}, (5) 


where (e*'") is the average value of e*'" taken in the same 
way as in (e*"), The first term on the right-hand side 
of (5) is the amplitude for the diffraction scattering due 
to annihilation, and the second term is, with the assump- 
tion that 5n; is equal to the phase shift for p-p collision 
with the same energy, equal to the amplitude for the 
diffraction scattering for p-p collision except for the 
factor (e**").8 Writing these amplitudes as /,,(@) and 
Sore (pp,0), respectively, we get 


f(0)= fan (8) +(e?) foro (pp, 9). (6) 


To express f,,(@) in terms of observed quantities only, 
it is necessary to assume further that 


(etn) = ((e4)), (7) 
Then, we get from (6) 
)| 


? : dow(pp)\?* Opro(Pp) \ 3 
fut) il (- . ~) -(* —) ( 
dus Opro( Pp) de) 
(8) 


where doe) (pp)/dw and do.i(pp)/dw are differential cross 
sections for the elastic parts in p-p and p-p collisions, 
and we have used a well-known relation 


da/dw f(@)/? 


The assumptions made to obtain (8) are: (i) Phase 
shifts due to annihilation and pion production can be 
defined separately, and they are additive; (ii) 5m are 
equal to the phase shift for p-p collision with the same 
energy; (iii) (e?*")= ((e*))*; (iv) the real part of the 
phase shift can be neglected. If we describe annihilation 
and pion production by some imaginary potentials, (i) 
is correct in the Born approximation, but it can not be 
proved rigorously. (ii) would be reasonable if (i) is 
correct, and moreover the wave function of the incident 
antiproton in the pion production region is not so much 
altered by the annihilation process, since the pion 
cloud would be the same for proton and antiproton. 
The validity of (iii) can be checked to some extent by 
using the value of the parameters determined in the 
following. (iv) should be reasonable in the high-energy 
region (~1 Bev) which is considered here. So the 
validity of (8) rests mainly upon whether the annihi- 
lation and pion production interaction is regarded as 
weak or not. Unfortunately, we can not expect that this 
condition is well satisfied, and in this sense our analysis 
is also not completely free from difficulty. It is expected, 
however, that /{(@) is not so sensitive to the small 
variations of the phase shifts with small / because of the 
factor (2/+-1) and also because e¢?' or e?*" itself is 
small for small /. For large /, our assumptions should be 


3 For simplicity, we assume that (e”*) is independent of @. 
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pretty good, since impact parameter is large there. Thus, 
it may be hoped that this way of analysis can be used 
at least as the first approximation. 

If the effect of the pion production is subtracted, we 
can determine the annihilation range assuming a 
formula given by Belenkii‘: 


a,= 1—e?""=a exp(—PA*/R?), (9) 


Substituting (9) for 7; and replacing the sum over / by 
an integral, we get, neglecting terms of order (A/R), 


4 
Can= jra’R( -— t), 
a 


aR? 
fan (0) =— exp(—@R*/4X?), 
2h 


a/ 


(10) 


(11) 


(12) 


respectively, where cq is the diffraction cross section due 
to annihilation. 

From (10)-(12), the annihilation can be 
determined in two different ways. The first way is to 
use the total cross sections. From (10) and (11 ) we get 


range 


a=4(e4 ot), (1; 
and 

R= (c,/2ra)}, (14) 
integrating 
(8), and oan=o 


where o:=¢ant+ou. oa is obtained by 
numerically | fan(@)|? given by 
—pro(pp). The second way is to use 
distributions, From (12) we get 


inel 


the angular 


In ( fan (@)/A) = In (aR?/2X?) — 2 R2/ 4X2, (15) 
In [¥,,(01/x] 


I 
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Fic. 1. Plot of Inf fan(@)/A] versus @ at 1.25 Bey 


*S. Belenkii, J. Exptl. Theoret. Phys. (U. S. S. R.) 30, 983 
(1956) (translation: Soviet Phys.-JETP 3, 813 (1956) ]. 
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TABLE I. Determination of R and a. 


R (in 10-" cm) a 
From total From total 
cross cross 
sections sections 





From 
angular 
distribution 


0.89+0.08 
0.94+0.11 
0.88+0.13 
0.84+0.10 


From 
angular 
distribution 


1.12+0.03 
1.15+0.06 
1.12+0.06 
1.16+0.06 


Energy 
(in Bev) 





0.95 
1.00 
1.07 
1.25 


1.13+0.13 0.92+0.15 


1.11+0.13 0.85+0.14 





Therefore, if In(fan(@)/A) is plotted against 6, it should 
be linear, and its slope gives (R?/4X”) and the inter- 
section with the vertical axis gives In(aR?/2X?), 

The calculation was made at 0.95 Bev, 1.00 Bev, 
1.07 Bev, and 1.25 Bev, where the necessary data are 
available now.®® For op:0(pp) we used Chamberlain’s 
value at 0.94 Bev, and for opo(pp) and do. (pp)/dw 
we use the values at 1.0 Bev of Smith et al. and Duke 
et al.’ As an example, the plot of In(fan(@)/A) versus # 
at 1.25 Bev is given in Fig. 1. It shows a remarkable 
linearity as expected. At 0.95 Bev and 1.07 Bev, the 
measured distribution is not so accurate as to allow 
the numerical integration of | fan(@)|?, and only the 
determination from the plot of In(fan(@)/A) versus # was 
possible. At 1,00 Bev and 1.25 Bev where both methods 
are applicable, the agreement between two determi- 
nations was satisfactory. The results are given in 
Table I. 

From Table I we see that R and @ are given by 


R= (1.1340.06)X10-" cm, and a=0,89+0.10, 


almost independently of the energy at least near 1.0 Bev. 

Applying the same methods, we get R= (0.77+0.26) 
<10-" cm and a=0,93+0.14 from the 1.4-Bev pion- 
nucleon collision,’ and R= (0.70+0,24) X 10-8 cm, and 


5T. Elioff, University of California Radiation Laboratory 
Report UCRL-9288, 1960 (unpublished). 

®R. Armenteros, C. Coombes, B. Cork, G. Lambertson, and W. 
Wenzel, Phys. Rev. 119, 2068 (1960). 

7L. Smith, A. McReynolds, and G. Snow, Phys. Rev. 97, 1186 
(1955). P. Duke et al., Phil. Mag. 2, 204 (1957). 

8L. Eisberg, W. Fowler, R. Lea, W. Shephard, R. Shutt, A. 
Thorndike, and W. Whittemore, Phys. Rev. 97, 797 (1955). 
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a=1.07+0.20 from the 6.2-Bev p-p collisions.* Thus, 
the range of proton-antiproton annihilation is really 
large, even larger than the range of pion production. As 
emphasized by Lévy, this is rather a puzzling result, 
since following the familiar argument of pion physics, 
this range is expected to be of order of 2X (Compton 
wavelength of the nucleon)~0,.4X 10-" cm. 
The root mean squares of these ranges are given by* 


1—a/8 ; 
(r*) t= ( ) R 
1—a/4 
From this we get 


(ran?)av? = (1,190.07) X 10-8 cm, 


(16) 


This shows that, if we assume that Lévy’s value corre- 
sponds to our (fan?)av?, about 20% of his value should 
be due to pion production.” 


ADDED NOTE 


Recently, the total cross section for p-p collision 
was measured to about 30 Bev at CERN." At 12 Bev, 
the total inelastic cross section was found to be about 
37 mb. CERN workers ascribe 29 mb of this cross sec- 
tion to pion production process, assuming that the pion 
production cross section is the same for p-p and nucleon- 
nucleon collisions. It seems to the author that this as- 
sumption is not justified, because even if the mechanism 
of pion production is the same for p-p and nucleon- 
nucleon collisions, the pion production cross section in 
p-p collision should be reduced due to the fact that the 
incident antiproton flux in the pion production region 
is strongly damped by the annihilation process, This 
effect is expressed by the factor (e*'") in Eq. (3). 

9B. Cork, W. A. Wenzel, and C. W. Causey, Phys. Rev. 107, 
859 (1957). 

Using (16), we get (rprc®)av?= (0.814+0.27) X10-" from the 
1.4-Bev pion-nucleon collisions, = (0.74+0.25)X10-" cm from 
the 6.2-Bev p-p collisions, as the root mean square of the range 
of pion production. This agrees well with the results given by other 
authors [D. Blohincev, V. BaraSenkov, and V. GriSin, Nuovo 
cimento 9, 249 (1958) ]. 

11 A. M. Wetherell, Report on the Conference on Strong Interaction, 
Berkeley, December, 1960 [Bull. Am. Phys. Soc. 5, 516 (1960) ]. 





PHYSICAL REVIEW VOLUME 


2, NUMBER 2 APRIL 15, 1961 


Nuclear Interactions and Mean Free Paths of Protons, Neutrons, and 
Alpha Particles at Energies Around 250 Bev/Nucleon* 


E. LonrmMann, M. W. Trevucuer,f AND MArceEt Scuernt 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received November 2, 1960) 


Nuclear interactions of protons, neutrons, a particles, and 
heavier nuclei of average energy 250 Bev/nuc were studied in 
nuclear emulsion. The source of these particles were fragmenta- 
tions of heavy primary nuclei of the cosmic radiation. Their 
energy was determined from multiple scattering measurements. 
The interaction mean free path for protons is 41+10 cm, for a 
particles 27+7 cm. The mean free path shows no significant 
change compared with measurements at lower energies. The mean 
number of shower particles (n,) depends appreciably on the mass 
of the target nucleus. Our best estimate for nucleon-nucleon 
collisions at 250 Bev is (m,)=8.8+1.9. A detailed comparison of 
the estimate of the primary energy obtained from the angular 
distribution of shower particles with the true primary energy is 
carried out. The angular distribution of the shower particles will, 


in an individual case, give a quite unreliable value for the primary 
energy. In the average, the angular distribution method will over- 
estimate the true primary energy by a factor of 1.3 for interactions 
with a number of heavy prongs N,<5. If N,>5, the angular 
distribution will underestimate the true energy in the average by 
a factor of 1.8. The angular distributions can be transformed into 
a system in which they are symmetric. This is even true for 
collisions with heavy target nuclei (V,>5). The results for alpha 
particle and heavy nucleus collisions are quite similar. 

The inelasticity for the proton and neutron interactions shows 
large fluctuations for individual events. It depends weakly on 
the number of shower particles and on the mass of the target 
nucleus. Its mean value is 50%. The mean value for the alpha- 
particle collisions is 22%. 





1. INTRODUCTION 
T is, at present, impossible to investigate the inter- 
actions and the mean free paths of protons and 

neutrons in the 250-Bev range using artificially ac- 
celerated particles. Some knowledge of these phe- 
nomena seems to be highly desirable for theoretical as 
well as for experimental reasons, such as the proposed 
construction of new high-energy accelerators and the 
interpretation of high-energy cosmic-ray data. In this 
paper an attempt will be made to obtain such informa- 
tion in nuclear emulsions using protons and neutrons 
emerging from fragmentations of heavy nuclei in the 
primary cosmic radiation. This method does not de- 
pend on energy estimates based merely upon angular 
distributions of “jets.” In all events used in this paper 
the energy is determined by measurements of the rela- 
tive multiple Coulomb scattering between particles 
which is, in general, much more reliable than other 
methods. The fragmentations of energetic heavy nuclei 
have been widely investigated during the past decade.!* 

It is generally considered to be an evaporation process 
in the coordinate system of the moving primary heavy 
nucleus. In such a process the energies of the emitted 
protons, neutrons, deuterons, tritons, alpha particles, 
and heavier fragments (Z>2) are of the order of 10 
Mev/nucleon only. If the energy of the heavy nucleus 
in the laboratory system is sufficiently high, say >10 

* This work was supported by a joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research, 
and by the National Science Foundation. 

+Now at the Physikalisches Staatsinstitut, University of 
Hamburg, Hamburg, Germany. 

} This paper was completed after the death of Professor 
Marcel Schein. 

* M. F. Kaplon, B. Peters, H. L. Reynolds, and D. M. Ritson, 
Phys. Rev. 85, 295 (1952). 

* E. Lohrmann and M. Teucher, Phys. Rev. 115, 636 (1959). 
This paper contains a bibliography of the more recent literature. 

3C. J. Waddington, Progress in Nuclear Physics (Butterworths- 
Springer, London, 1960). 


Bev/nucleon, the evaporating particles are emitted in 
this system under very small angles and have approxi- 
mately the same energy/nucleon. In this paper all these 
particles will be called “fragments” of the primary 
nucleus. In many cases several alpha particles or heavier 
fragments are emitted. Kaplon e/ al.' and later Jain 
et al.4 used such events for their investigations of the 
energy spectrum of the heavy nuclei in the primary 
cosmic radiation at high energies (>7 Bev/nucleon). 
They measured the relative multiple Coulomb scatter- 
ing between alpha particles and fragments as well as 
the angular distribution of the alpha particles and 
fragments. In addition, Jain ef al.® studied the inter- 
actions, the meson production, and the mean free path 
of alpha particles ((E)=40 Bev/nucleon) emerging 
from such fragmentations. Thus, they were able to 
compare the energy estimates obtained from the angular 
distribution of the mesons produced in the interactions 
of the alpha particles with the energies determined by 
relative scattering measurements. 

In this paper such a comparison is extended to 
energies of the order of 250 Bev/nucleon. In addition, 
protons and neutrons emerging from fragmentations 
are included. 


2. EXPERIMENTAL PROCEDURE 


Most of the events included in this paper were found 
in a stack of Ilford G5 emulsion consisting of 200 
pellicles 3060 cm, 600 uw thick, flown for 13 hr at an 
altitude of 116000 ft over Texas. Each pellicle of this 
stack has been scanned around the edges and along cer- 
tain grid lines across the pellicle for electromagnetic 
cascades and for “parallel” alpha particles and heavy 


4P. L. Jain, E. Lohrmann, and M. Teucher, Phys. Rev. 115, 
654 (1959). 

*P. L. Jain, E. Lohrmann, and M. Teucher, Phys. Rev. 115, 
643 (1959). 
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TABLE I. Primary fragmentations. 


Charge of Ener 
primary am 
nucleus nucleon 


Number of 
event 


Number 
of protons 
scattered 


Number of inter- 
actions by 
protons neutrons 


Charge of 
fragments 





Guam 12 140_ 4*™ 

3 15 240+ 60 
15 22 180_¢0*'” 
17 22 80+ 25 
28 160+ 50 
30 320+ 80 
46 360+ 100 
48 70+ 20 
50 165+ 50 
51 76+ 16 
52 330_9*!” 
54 3 125+ 40 
58 y 100+ 25 
69 7 180+ 50 
74 800+300 
76 90+ 20 





0 
4 
3 
0 
0 
0 
0 
0 
0 
1 
0 
6 
0 
3 
2 
0 


~ 
~ 
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* In these cases following of individual tracks of minimum ionization was impossible. Therefore, only the volume scan for secondary interactions was done. 
rhe “proton” listed in brackets had to be rejected by the scattering measurements. 


fragments (Z>2). All cases in which the angular di- 
vergence between the “parallel” alpha particles or 
fragments was <2X10~* rad were traced backwards to 
the primary fragmentation, i.e., to the first nuclear 
interaction of a heavy nucleus entering the stack. All 
heavy fragments and alpha particles emerging from 
such a primary event were then followed along the 
track until they produced secondary interactions or 
until they left the stack. In cases where the primary 
heavy fragments caused secondary interactions, all 
emerging alpha particles and heavy fragments were 
treated the same way. In addition, all singly charged 
particles emerging from primary or subsequent frag- 
mentations were followed along the track, provided 
their angle 6; against the line of flight of the heavy 
nucleus was <2@max in the laboratory system. @mnax is 
the largest angle of any alpha particle or heavy frag- 
ment emerging from the fragmentation under considera- 
tion. This scan was carried out very carefully in order 
to obtain all interactions including those with zero 
heavy prongs and only very few particles of mii:mum 
ionization. 

In a number of cases of favorable geometry and of 
suitably high energy, the total volume of a cone of 
half-opening-angle 2@max around the line of flight of 
the heavy nucleus was scanned for secondary nuclear 
interactions. In cases of charged primaries it was 
usually very easy to determine if the interaction be- 
longed to the event or not. In cases of neutral primaries 
five or more minimum tracks were required to form a 
“jet” parallel to the line of flight of the heavy nucleus. 
By this procedure it is quite likely that neutrally in- 
duced secondary interactions of low m, and N, might 
have been overlooked or excluded by the selection 
criteria. 

The energy of all events was then determined by 
relative multiple Coulomb scattering measurements. 
These are described in full detail in Sec. 4. We intro- 


duced a low-energy cutoff at 70 Bev/nucleon and re- 
jected all heavy nuclei below that energy. The angular 
distribution of the shower particles in all interactions 
has been measured as carefully as possible. We did not 
attempt any comparison between the scattering meas- 
urements and the energy estimates obtained from the 
angular distribution of alpha particles and heavy frag- 
ments in the fragmentations. Our selection criteria at 
the “pickup” favor events where fragments are emitted 
under very small angles. Our sample of fragmentations, 
therefore, cannot be considered unbiased for a study 
of the angular distribution of the fragments. The same, 
of course, is true for several other aspects of the frag- 
mentation process. In our sample it is not meaningful 
to discuss average values of Ny, m., Naipna, etc. The 
details of our selected primary fragmentations are given 
in Table I. 


3. IDENTITY OF THE SINGLY CHARGED PARTICLES 


The main purpose of this paper is to obtain some in- 
formation about the behavior of protons at energies 
above 100 Bev. Certainly not all minimum-ionization 
tracks emerging from fragmentations within 20max are 
protons. We have to consider the possibility of mesons 
produced in the fragmentation. At a primary energy E 
(in Bev) the median angle of the produced mesons is 
of the order of 6;~1.4XE£~!, whereas the most prob- 
able value of the protons emerging from the frag- 
mentation of a heavy nucleus of energy E (in Bev/ 
nucleon) is of the order of (@)!~0.1XE~. Therefore, 
the number of mesons in the specified angular interval 
26 max 2(62)* can be expected to be small. In order 
to be safe, we measured the energy of all the minimum 
ionization tracks within 2@max by relative Coulomb 
scatteringfmeasurements against alpha particles and 
heavy fragments. This resulted in the rejection of 2 
tracks out of 40. 
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More difficult is the problem of deuterons and tritons 
among the minimum ionization tracks. It is well known 
that at low energies these particles constitute a very 
appreciable fraction of the singly charged particles 
emitted in nuclear evaporation processes. No detailed 
studies have been carried out for high-energy frag- 
mentation processes. We tried to obtain at least some 
very rough estimate of this fraction by the observation 
of the neutral secondary interactions in the “volume 
scan” described above. For this purpose we used events 
Nos. 15, 54, 69, 74, Guam, 3, 52. Within the same vol- 
ume we observed 22 secondary interactions caused by 
singly charged primaries and 18 caused by neutral 
primaries. From this we conclude that the fraction of 
deuterons and tritons among the interactions produced 
by singly charged particles is probably not more than 
30%. Much better statistics would be necessary to 
obtain more reliable results. 


4. ENERGY MEASUREMENTS OF THE 
PRIMARY FRAGMENTS 


Most of the interactions of the heavy primary 
nuclei considered by us have two or more fragments. 
Their energy/nucleon agrees with the energy/nucleon 
of the primary heavy nucleus within about 10%. It is 
therefore possible to determine the energy of the pri- 
mary nucleus by making relative multiple scattering 
measurements between the tracks of the fragments. 
Because this is a standard procedure, only some special 
questions connected with this work shall be discussed. 

The high energies which have to be measured require 
the use of a large cell length. The smallest cell length 
used in this requirement was 1 cm. In most cases longer 
cells are required, the longest being 8 cm. The total 
track length which is available in the stack is in general 
not sufficient to permit a statistically meaningful 
measurement on a single pair of particles. However, in 
all events more than two fragments were available (if 
protons and deuterons are included, which will be dis- 
cussed later). Then the scattering between combina- 
tions of fragments can be measured. The results of all 
statistically independent combinations can be combined, 
because the energy spread between the individual frag- 
ments is smaller than the error of the scattering 
measurement. 

The ordinary noise which is encountered in conven- 
tional scattering measurements with shorter cells can be 
neglected compared to the following three kinds of 
noise which existed in this experiment: (1) noise pro- 
duced by small random fluctuations of the cell length; 
(2) effects of large scale distortions; and (3) spurious 
scattering. 

The influence of (1) is small compared to (2) and (3), 
because the angle between the fragments is very small. 
(2) and (3) are mainly produced by the large separation 
between the tracks. Their influence was reduced as 
much as possible by avoiding combinations of tracks 
with large relative separations. The largest separation 
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which was allowed was about 1004. In addition, no 
measurements were made closer than 2 cm from the 
edge of the stack. 

Numerical values for the noise vary greatly, de- 
pending on the position in the stack and on the ge- 
ometry of the event. 

Two independent methods were applied for measur- 
ing and eliminating the noise. The first one is the 
standard method of using the different cell length de- 
pendence of noise and of multiple Coulomb scattering. 
The three contributions to noise mentioned above are 
expected to be independent of cell length. This is true 
for contribution (1) and (2) if the measuring errors of 
the cell length and the effects of distortion in two dif- 
ferent plates are not correlated. Contrary to ordinary 
scattering measurements, (3) is also independent of cell 
length, because it depends on the average separation 
between the tracks. This average separation is cell 
length independent, because the same total track length 
is always used for the measurements. 

Experimentally, measurements of the events having 
the highest energies with short (1-cm) cells showed that 
the noise depended only very slightly on the cell length. 
It was therefore possible to eliminate the noise by the 
standard method, using two times and four times the 
basic cell length. 

The second method of noise elimination can be used 
if more than two fragments are available. Then measure- 
ments on pairs of fragments with different separations 
can be compared. The contribution due to Coulomb 
scattering is independent of the separation. The con- 
tribution to the noise due to (1) and (3) is proportional 
to the separation. (2) is expected to increase also at 
least proportional to the separation, particularly with 
the separation in the direction normal to the plane of 
the emulsion. 

By comparing the results of measurements as a 
function of the separation, a reliable estimate of the 
Coulomb scattering is possible by extrapolating the 
measurements to zero separation. 

In many cases a check can be made by applying both 
methods of noise elimination. One gets then the same 
values for the primary energy. 

Special considerations are required for the singly 
charged particles, which are emitted under similar 
angles as the fragments. Most of these particles are 
expected to be protons or deuterons from the primary 
heavy nucleus. This is substantiated by our measure- 
ments. Relative scattering measurements were made on 
all of those singly charged particles which lay within 
the very small angle specified in Sec. 3 and which could 
be followed along the track. In some cases only a lower 
limit for the energy could be obtained. Forty-two singly 
charged particles were measured. This number of par- 
ticles is larger than the one following from Table I, 
because it includes particles originating under larger 
angles and coming from interactions of the fragments. 
On two tracks only a lower limit of about 30% of the 
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primary energy could be established. These two tracks 
were left off. 

Because the contamination of + mesons is so small, 
as is expected, scattering measurements made on singly 
charged particles can be used in the same way as the 
heavier fragments to obtain a better estimate of the 
primary energy. Only tracks emitted under very small 
angles (Sthe angles of the heavier fragments) were 
used for this purpose. In particular, this method was 
used for the two events (Guam and No. 52) in which 
only one heavier fragment was available. In evaluating 
the scattering data to find Eo, the singly charged par- 
ticles were assumed to be protons having the same 
energy/nucleon as the primary nucleus. A deuteron 
contamination would lead to a systematic overestimate 
of the primary energy. Our data indicate that about 
20% of singly charged fragments are deuterons. This 
would result in an overestimate of the average energy 
of our events by approximately 6%. Because this effect 
is small and the deuteron contamination is somewhat 
uncertain, this correction was not applied. 


Scattering Measurements on Shower Particles 


Scattering measurements were made on the shower 
particles emerging from the secondary proton and neu- 
tron collisions, if the geometry of the event was 
favorable. This was the case for 8 events. As the energy 
of these events is <1000 Bev, mainly particles in the 
backward cone could be measured. Noise elimination 
was carried out by measuring the scattering of tracks 
of known high energy very close to the interaction. 
Under the conditions of this experiment such tracks 
can always be found. The total amount of noise (in- 
cluding spurious scattering and effects of distortion) 
is found in this way. For all energy measurements a 
ratio signal/noise>2 was required, otherwise only a 
lower limit for the energy of the track was claimed. The 
results of these measurements will be discussed in 
another section. 


5. MEAN FREE PATHS 


A total of 38 tracks of minimum ionization which 
fulfilled the angular criterion and were not rejected 
by scattering measurements were followed through the 
stack. 16 nuclear interactions were found. The observed 
mean free path is 


MFP, = (41+10) cm, 


in nuclear emulsion. The average energy of the particles 
followed was 170 Bev. Our value is in agreement with 
results obtained with artificially accelerated protons at 
6.2 Bev.® 

There seems to be no indication that the mean free 
path for nuclear interactions of protons decreases at 
higher energies. One has always to keep in mind that 


6 W. Winzeler, B. Klaiber, W. Koch, M. Nikolic, and M. 
Schneeberger, Nuovo cimento 17, 8 (1960). 
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our method yields only a lower limit for the mean free 
path of protons as long as the fraction of deuterons and 
tritons among the singly charged particles is not known 
with sufficient accuracy. As we have shown in Sec. 3, 
this fraction is probably not higher than 30%. 

The sample of protons used in this work is unbiased 
for the measurement of the interaction mean free path, 
because in the selection of events at the pickup no 
minimum tracks between the alpha particles or frag- 
ments were required. 


Alpha Particles 


All alpha particles (or more accurately, all tracks of 
particles) of four times minimum ionization have been 
followed from primary or higher-order fragmentations 
through the stack. For the calculation of the mean free 
path only the track length “below the pickup” of the 
event could be used because only this track length 
leads to an unbiased estimate of the mean free path. 
In this way, 427 cm of “acceptable” track length were 
followed which yielded 16 interactions and a mean free 
path of 

MF Paipha= (2747) cm, 


in nuclear emulsion. This again is in agreement with 
results obtained at lower energies.? Reference 2 con- 
tains also a bibliography of other measurements. 

There is no indication of a drastic change of the 
mean free path with energy. The average energy of the 
alpha particles reported in this paper was 166 Bev/ 
nucleon. 

At present, we are not in a position to estimate the 
fraction of so-called. alpha particles which are not Het. 
But this fraction is generally considered to be small. 


6. INTERACTIONS PRODUCED BY 
PROTONS AND NEUTRONS 


General Remarks 


In this section 52 interactions produced by singly 
charged and neutral particles will be described, which 
lie within the angle specified in Sec. 3. Most of the 
singly charged particles are protons with an admixture 
of about 20% deuterons and tritons. The correction of 
our data for the deuteron contamination will be dis- 
cussed further below. In what follows, the singly 
charged particles will be denoted briefly as “protons.” 

By arguments very similar to those used for the 
singly charged particles, it is clear that most of the 
neutral interactions were produced by neutrons of 
approximately the same energy as the protons. 

Among the 32 proton interactions, 16 were found in 
an unbiased way, by following the protons along the 
track. The rest of the events were found by a volume 
scan. A comparison of the two groups of events will be 
given below. These are no significant differences. There- 
fore, no serious effects due to scanning bias should exist. 
This is furthermore substantiated by the fact that three 
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Taste II. Characteristics of proton and neutron collisions 


Protons 


No. of events 


0.49+0.12 0.47+0.14 


Neutrons 


Along the track Nix<5 Ni>S5 All n 
20 
13.6 +3.0 
10.0 +2.2 
12.6 +3.0 
275 Bev 
0.49+0.11 


10 10 
11.6 +3.7 15.6 +4.9 
3.0 +1.7 17.0 +5.4 
9.9 +2.9 10.6 +3.7 14.6 +49 


0.55+0.15 0.48+0.15 0.50+0.16 





* Nw: number of charged particles produced. 
7: inelasticity. 


of the events found in the area scan have no heavy 
prongs. 

The following abbreviations will be used : V,: number 
of grey and black prongs (ionization>1.4 minimum 
ionization) ; m,: number of shower particles (ionization 
<1.4 minimum ionization) ; 6;: angle of the ith shower 
particle with respect to the line of flight of the primary 
particle in the laboratory system. 


7. MULTIPLICITIES OF THE EVENTS 


All information regarding NV, and n, is contained in 
Fig. 1. Each point represents one event. Both proton- 
and neutron-induced interactions are included. The dis- 
tribution functions of V, and n, can easily be obtained 
from Fig. 1. For NV, and m,<20 the integral track num- 
ber distributions are approximately exponential. The 
positive correlation between NV, and n, is evident. It 
suggests a rather strong influence of the target nucleus 
on the multiplicity. 

For further analysis the interactions were divided 
into two groups according to N,. The first group with 
N,<5 includes the interactions with free protons, and 
with the light nuclei (C,N,O) in emulsion. Depending 
on the elementary nucleon-nucleon cross section, an 


Nh 
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Fic. 1. Distribution of N, and n, for proton and 
neutron induced events. 


estimated 30%-50% of the interactions of this group 
are produced on a heavy target nucleus. The second 
group (N,>5) contains predominantly interactions 
with the heavy elements (Ag and Br). The average 
multiplicities (m,) and (N,) are given in Table II. (n,) 
is seen to depend strongly on Vy. The exact dependence 
of (m,) on the mass of the target nucleus cannot easily 
be obtained from our data, since in the group with 
NiX<5 no clear-cut separation between the interactions 
on light and on heavy target nuclei seems possible. 

As will be pointed out in more detail, also the events 
with N,<5 show in the average a significantly different 
behavior from what can be expected for nucleon- 
nucleon collisions. Thus, the average multiplicity (n,) 
of this group is larger than for a nucleon-nucleon colli- 
sion. In order to estimate the number of charged mesons 
produced, the contribution to the number of shower 
particles due to nucleons was subtracted. This can only 
be done in an approximate way. In the average two 
tracks were subtracted for the proton collisions and one 
track for the neutron collisions. The average number of 
charged particles created (NV ,,) is shown in Table IT. 

The dependence of the average multiplicities (V,) 
and (m,) on the primary energy EZ» can be established 
by comparison with work done in nuclear emulsion at 
different energies.*~" These figures have been compiled 
in Table III. The average number of heavy prongs 
(Nx) does not depend on the primary energy between 
6 Bev and 4000 Bev within statistics. 

The dependence of (n,) on energy is shown in Fig. 2. 
Within the energy interval shown, an approximate fit 
to the experimental data of the form, 


oc ff0.87 (1) 


(Ns 

can be obtained. 
7L. F. Hansen and W. B. Fretter, Phys. Rev. 118, 812 (1960). 

*R. M. Kalbach, J. J. Lord, and C. H. Tsao, Phys. Rev. 113, 
325 (1959). 

9M. V. K. Appa Rao, R. R. Daniel, and K. A. Neelakantan, 
Proc. Indian Acad. Sci. A43, 181 (1956). 

1°V. S. Barashenkov, V. A. Beliakov, V. V. Glagolev, N. 
Dalkhazhav, Tao Tsyng Se, L. F. Kirillova, R. M. Lebedev, V. M. 
Maltsev, R. K. Markov, M. G. Shafranova, K. D. Tolstov, E. N. 
Tsyganov, and Wang Shou Feng, Nuclear Phys. 14, 522 (1960). 

'! A, Barkow, B. Chamany, D. M. Haskin, P. L. Jain, E. Lohr- 
mann, M. W. Teucher, and M. Schein, this issue [Phys. Rev. 
122, 617 (1961). 

"2N. A. Dobrotin and S. A. Slavatinsky, Proceedings of the 
Tenth Annual Rochester Conference on High-Energy Nuclear 
Physics, 1960 (to be published). 
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AROUND 250 Bev/nuc 


TABLE III. Average multiplicities in emulsion as a function of energy. 





\\Primary 
\energy 
(n,)\ (Bev) 6.2 9s 


1000> 35004 





2.8 +0.4*! 


p-p collisions 3.24+0.08 
Emulsion: 
Niax<5 
Ni>5 
Ni > 0 


3.0 +0.2 
3.5 +0.3 
2.650.165 3.2 +0.2 


8.9 40.465 


* See reference 10. 
* See reference 8. 


b See reference 7, calculated by us. 
! See reference 6. 


The best estimates available for the average number 
of shower particles (m,) in nucleon-nucleon collisions 
are also included. 

Our value at 250 Bev was obtained by selecting from 
interactions with V,<5 only those whose angular dis- 
tribution was compatible with a nucleon-nucleon colli- 
sion (for details see Sec. 11). 

Our value of (m,) is somewhat higher than the one 
obtained by Hansen and Fretter’ in a cloud-chamber 
measurement. However, it is in good agreement with 
recent cloud-chamber measurements in LiH by Dobrotin 
and Slavatinsky.” 

The energy dependence of (m,) for nucleon-nucleon 
collisions is weaker than given by Eq. (1). It is in 
agreement with an assumed E! dependence. It appears 
that the dependence of (,) on the mass of the target 
nucleus is stronger at high energies than at low energies. 

A model to describe nucleon-nucleus collisions, which 
can be compared with these results, was proposed by 
Landau and Belenki® and by Milekhin.“ They assume 
that the collision takes place with a cylindrical section 
of the target nucleus, and that all the nucleons in this 
column act coherently to form a single compound sys- 
tem (‘‘nuclear fluid model’). This model predicts a 
dependence of the multiplicity of the form 


(n,) & A019 F025, (2) 


It cannot therefore explain all the data of Fig. 2 be- 
cause it predicts the same energy dependence for all 
values of A. The discrepancy at lower energies (6.2 Bev 
and 9 Bey) is not surprising, since the model is expected 
to be valid only at extremely high energies. The model 
is, however, not in contradiction with the experimental 
data in Fig. 2 at energies >100 Bev. The average 
multiplicity for collisions with emulsion nuclei can be 
calculated from Eq. (2), assuming a geometrical cross 
section. It is higher than the multiplicity of a nucleon- 
nucleon collision by a factor of 1.6. This is consistent 
with our present data. 


13S. S. Belenki and L. D. Landau, Suppl. Nuovo cimento 3, 
15 (1956). 

4G. A. Milekhin, Zhur. Eksp. i Teoret. Fiz. 35, 1185 (1958) 
(translation: Soviet Phys.-JETP 35(8), 829 (1959) ]. 


8.8+1.9 
8 +18 
10.0+1.9 
16.5+3.4 
12.9+1.8 
8.541.2 


6340.9 15 +5 
20.043.5 
28.0-46.5 
22. 543.0 

6.5+0.9 


4 See reference 11. 
b See reference 9. 


© This work. 
& See reference 12. 


8. TRANSVERSE MOMENTUM OF THE 
SHOWER PARTICLES 


The transverse momentum /; of a shower particle 
is defined by 


pr= pi sind;, (3) 


where p; is the momentum of the particle in the 
laboratory system. 

Transverse momenta of shower particles were deter- 
mined for 8 geometrically favorable interactions by 
scattering measurements. These measurements have 
been described in detail above. Even when measuring 
favorable events, only lower limits of the energy can be 
obtained for some of the shower particles. If the pro- 
portion of such particles is large, the value of the 
information obtained will be greatly reduced. There- 
fore, only tracks were considered which satisfied the 
following criterion: 


1 sind ;> 1000. (4) 


Here, / is the track length available for scattering 
measurements. 

For three particles only lower limits for p; could be 
obtained. To estimate the influence of these particles, 
the mean value of p;((p:)) was plotted for several values 
of the acceptance parameter / sin; against the relative 
number of tracks for which only lower limits were ob- 
tained, assuming the lower limits to represent the true 
energy. Extrapolation of this plot leads to the following 
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Fic. 2. Dependence of the average number of shower 
particles (m,) on primary energy. 
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Fic. 3. Correlation between transverse momentum /; and 
angle of emission @c.m. for shower particles emitted from proton 
and neutron collisions. 


best estimate for (p;): 
(p:)=370485 Mev/c. 


This result is in good agreement with several other 
measurements at primary energies ranging from 9 Bev 
to several 1000 Bev.’'?'® This shows that (p;) does not 
depend on the primary energy within the accuracy of 
the measurements. 

The acceptance criterion Eq. (4) will influence these 
results in a systematic way, if there is a correlation be- 
tween p, and 6;. Figure 3 shows #; plotted against 0¢.m.. 
6..m, is the angle in the center-of-mass system of a 
nucleon-nucleon collision. 

The distribution of p; can be easily obtained from 
Fig. 3. It is in good agreement with other published 
results. 

Within the rather limited statistics no strong corre- 
lation between p, and either 6; or @¢.m, can be seen. 
Also, no dependence of (;) on the number of black and 
grey tracks associated with the interaction, i.e., on the 
target nucleus, could be found. This is further sub- 
stantiated by the agreement of other measurements on 
interactions in emulsion, carbon, and LiH.7-!2-15 


9. INELASTICITY 


In a collision between a high-energy nucleon and a 
nucleus, only a fraction of the energy of the incident 
nucleon is used for the production of mesons and other 
particles. This fraction is called inelasticity. In the 
laboratory system it is defined by 


n=E,/Eo. (5) 


E, is the sum of the energies in the laboratory system 
of all particles created in the collision. Eo is the kinetic 
energy of the primary particle also in the laboratory 
system. Frequently, the inelasticity is also discussed in 
the center-of-mass system. For the high energies con- 
sidered here, the difference in the numerical values of 


18M. Schein, D. M. Haskin, E. Lohrmann, and M. W. Teucher, 
Phys. Rev. 116, 1238 (1959); this paper contains also more 
references. 
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n as defined in the two different systems is about 10%. 
The definition, Eq. (5), was chosen here because in 
composite collisions the question of the center-of-mass 
system requires further consideration. 

If the transverse momentum ?; is independent of 0,, 
the total energy of the created particles can be calcu- 
lated from the angular distribution of the shower 
particles : 


Evr=1.5 © [m2+ ((p:)/sind;)? }'. (6) 


Measurements made on high-energy interactions, and 
also on the interactions described above, are, at present, 
not in contradiction with this assumption. Moreover, as 
was pointed out above, (;) seems not to depend on the 
primary energy or the target nucleus within the sta- 
tistical accuracy of present experiments. Therefore, the 
same value of (p,) can be used for all events. Combining 
the results of all published measurements’’”:!5 of (p,), 
a better value of (p,)=330 Mev/c was adopted for the 
calculations. In Eq. (6) it is furthermore assumed that 
all shower particles are mesons. It neglects the in- 
fluence of nucleons and strange particles among the 
shower particles. Measurements at this and at higher 
energies show that the proportion of these particles is 
only about 20%. Their influence on Eq. (6) was there- 
fore neglected. 

The inelasticity » was calculated for all events using 
Eqs. (5) and (6). The primary energy /o was taken 
from the scattering measurements. This is a consider- 
able advantage compared to other methods for finding 
Eo, because our method is quite accurate and inde- 
pendent of the angular distribution and other char- 
acteristics of thre interaction. 

Two corrections were applied to 7. First, the influence 
of nucleons among the shower particles has to be taken 
into account. In collisions with a small value of n, a 
large part of the primary energy is retained by a single 
particle, which continues under a very small angle be- 
cause of its high energy. It is reasonable to assume that 
this is the primary nucleon. This track has consequently 
to be left off in the sum equation (6). Assuming a 50% 
probability for a charge exchange of the incident nu- 
cleon in the collision, the continuing nucleon is expected 
to be a proton in 3 of the events. This agrees with our 
observation, that about 50% of the events have one 
track under a particularly small angle. Therefore, the 
track with the smallest angle 6; was left off when calcu- 
lating Exot in 50% of the events, which were selected 
from the group having one track under a very small 
angle. The procedure of always omitting the track with 
the smallest angle might lead to a slight underestimate 
of ». This will be counterbalanced by the presence of 
more nucleons among the shower particles, for which 
no correction was applied. 

A second correction to 7 has to be applied, because 
some of the interactions may have been produced by 
deuterons and not by protons. Our data indicate that 
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the percentage of deuterons among the singly charged 
primary particles is probably smaller than 30%. For 
the correction 20% was assumed. As will be shown be- 
low from a comparison of interactions of protons and 
alpha particles having the same energy/nucleon, the 
energy dissipation for the alpha particles is only in- 
creased by a factor of 2, i.e., it increases more slowly 
than the mass number. It was therefore assumed that the 
energy dissipation by a deuteron is increased by a factor 
of 1.5. This results in an 8% correction to 7. Further- 
more, a corresponding number of additional tracks 
under very small angles were left off from the sum 
equation (6) to allow for the increased number of 
nucleons contained in the primary particle. 

The results corrected for these two effects are shown 
in Table II. They should be compared with the work of 
Dobrotin and Slavatinsky,” who obtained (n)=0.30 for 
collisions of 300-Bev protons and neutrons with LiH. 
This indicates a very slow increase of (n) with the mass 
of the target nucleus, especially if Dobrotin’s value is 
compared with our value for the collisions with heavy 
nuclei (V,>5). 

Our data show that () is independent of V, whereas 
a small increase with V, would be expected. Apart from 
the possibility of statistical fluctuations, this could be 
explained, if the transverse momentum for events with 
Ni<5 and N,>5 would be slightly different. 

The distribution of » obtained from the individual 
collisions is shown in Fig. 4. The events with V,<5 are 
cross-hatched. They appear to have the same dis- 
tribution. It should be noted that events with very 
small inelasticity do occur, a fact which cannot be well 
explained by most models of multiple meson produc- 
tion. The events with »>1 can be attributed to the 
presence of deuterons among the primary particles and 
to statistical fluctuations. Figure 5 shows the correla- 
tion between » and n,. Apart from the existence of a 
group of events with very small m,(<5) and small n, 
no strong correlation between the inelasticity » and the 
multiplicity m, is found. 


10. DISCUSSION OF ENERGY ESTIMATES FROM 
THE ANGULAR DISTRIBUTION 


In very many investigations of high-energy nuclear 
interactions, the angular distribution of the emitted 
shower particles provides the only information about 
the primary energy. Several of the assumptions under- 
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Fic. 4. Frequency distribution of the inelasticity 7 
for p and n collisions. 
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Fic. 5. Correlation between inelasticity 9 and mg. 


lying the use of the angular distribution to determine 
the primary energy are, however, highly questionable. 
A direct check of this method appeared therefore de- 
sirable. Such a check is possible, because in this work 
the primary energy is known from the scattering 
measurements. 

Among the many methods proposed to find the pri- 
mary energy from the angular distribution, the one 
introduced by Castagnoli e/ al.'® was chosen because 
this method was widely used in the past and is easy 
to apply. A detailed discussion of this and of other 
methods was given in an earlier paper.>-!5 

According to Castagnoli ef al.,!® the best estimate for 
the primary energy of an interaction is given by 


1 
logic aay sear > logio tand,, (7) 


nN i=1 


where y is connected with the primary energy £, in 
the laboratory system by 


E.=Me(27*—1). (8) 


E, will, in general, be different from the actual primary 
energy Eo. The value of £, was found from the angular 
distribution of the shower particles of all events with 
n,>5. For the comparison of E, and Eo, the energy 
found from the scattering measurements can be sub- 
stituted for Eo. This will not influence our conclusions 


16 C. Castagnoli, G. Cortini, D. Moreno, C. Franzinetti, and 
A. Manfredini, Nuovo cimento 10, 1539 (1953). 
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Fic. 6. Distribution of logio (£-/Eo). E-: estimate of primary 
energy from angular distribution of shower particles according to 
(7) and (8). £o: true energy. (a) Events with N,<5; 
(b) events with N,>5. The smooth curve is result of Monte 
Carlo calculation 


Eqs. 


as the accuracy of the scattering measurements is much 
better than the accuracy of the method using the 
angular distribution. 

In Figs. 6(a) and 6(b) the distribution of logio(E./ Eo) 
is plotted for the two groups of events with V,<5 and 
N,>5. Events found along the track are cross-hatched. 

It is evident from Figs. 6(a) and 6(b) that for a single 
interaction the angular distribution of the shower par- 
ticles gives a very unreliable value for the primary 
energy. It can be over as well as underestimated by 
more than a factor of 10. 

The extreme fluctuations appearing in the deter- 
mination of /, can be attributed, apart from statistical 
fluctuations, to the breakdown of the following two 
assumptions which are necessary for deriving Eqs. (7) 
and (8): (i) The collision is a nucleon-nucleon collision. 
It has already been pointed out that this assumption is 
not justified for most of the collisions. (ii) Ba=8. Bm is 
the velocity of the mesons in the center-of-mass system 
and £ is the velocity of the center-of-mass system. Data 
on multiple meson production show that this assump- 
tion is also violated. In this case, the primary energy 
will in the average be overestimated if one uses Eqs. 
(7) and (8) (compare reference 5). 

It is important to know if the widespread of the dis- 
tributions of Figs. 6(a) and 6(b) can be explained by 
statistical fluctuations and by the breakdown of assump- 
tions (i) and (ii) only, or if still another physical process 
is involved. We have, therefore, calculated the dis- 
tributions of logio(#./ Fo) to be expected in the case of a 
nucleon-nucleon collision, using a Monte Carlo method. 
In the limit of very many shower particles the dis- 
tribution of logio(#./Eo) should go towards a normal 
distribution. 

A first calculation was carried out for the strongly 
simplified model of isotropic emission of the shower 
particles in the center-of-mass system and with assump- 
tion (ii). The distribution of logio(/./Eo) was in good 
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. 7, Distribution of logio(2./£o) according to 


Monte Carlo calculation 


agreement with a normal distribution for 2,=8 shower 
particles. The rms value of the distribution was 


((logi0( E/E) ?)§=0.72/n,?. (9) 


For the actual comparison with experiment, a second 
Monte Carlo calculation was carried out, using the 
experimental data about meson production. Meson 
showers were constructed in the center-of-mass system. 
The number of shower particles was chosen to be 12. 
The angle and the transverse momentum of each shower 
particle was chosen by a random process from the ex- 
perimentally determined distributions. The angular 
distribution was taken to be symmetric in the center-of- 
mass sytem and somewhat more peaked towards 0° and 
180° than a 1/sin@ distribution. This is the angular 
distribution derived from our events with NV,<5. For 
the distribution of , a distribution averaged over 
various published data was used. 

Values for the angle and for p, can only be chosen 
by a random process, if they are independent. Actually, 
there exists a correlation between these parameters for 
different¥tracks because of energy and momentum 
balance in the center-of-mass system. A calculation 
taking into account this correlation accurately appears 
not to be feasible. Therefore, some simplifications were 
introduced. For the small value of , which was used, 
only momentum conservation has to be considered. The 
conservation of p; can be taken into account by properly 
adjusting the azimuthal angles. This does not affect the 
results. Balance of the longitudinal momentum p; was 
established in the following way: p; was found from the 
randomly chosen values of the angle and #; for 11 of 
the 12 tracks. For the 12th track p; was chosen in such 
a way as to make 


> pi=0. (10) 


Equation (10) together with a randomly chosen value 
of p, determines the angle of the last track. Since Eq. 
(7) is only applied to the charged particles, 35% of the 
tracks were omitted by random process, assuming them 
to be neutral particles. The average multiplicity of 
charged particles was, therefore, m,=7.8. These tracks 
were transformed into the laboratory system, using the 
exact transformation equations and assuming a primary 
energy of 200 Bev. Altogether, 50 events were calcu- 
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TaBLe IV. Characteristics of the angular distribution of the shower particles. 
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lated. The Castagnoli energy E, was determined for 
these events using Eqs. (7) and (8). The resulting dis- 
tribution of log1o(£./£o) isshown in Fig. 7. The average is 


(logio(E./E0))=0.22. (11) 


This means that Eqs. (7) and (8) overestimate the true 
primary in the average by a factor of 1.7 in the case of 
a nucleon-nucleon collision. 

The rms value around the average is 


((logio(E./Eo)—0.22)?)§=0.86/n,4. (12) 


This is quite similar to the value found for the simplified 
calculation [Eq. (9) ]. It indicates that the details of 
the Monte Carlo calculation do not influence the rms 
value strongly. 

The results of the calculation show that for a nucleon- 
nucleon collision Eq. (8) should be substituted by 


E.=Me(2y*—1)/1.7. (13) 


The expected fluctuations of the best energy estimate 
based on Eq. (13) around the true energy are then given 
by Eq. (12). 

The comparison of the Monte Carlo calculation with 
our experiments is given in Fig. 6(a) and Table IV. 
Table IV shows the mean value (logio(#./o)) as found 
experimentally for the collisions with N,<5 and N,>5. 
It is smaller than the theoretical value. This can be 
attributed to the influence of secondary collisions inside 
the same nucleus. For the events with V,<5 the true 
energy is in the average overestimated by a factor of 
1.3 by Eqs. (7) and (8), to be compared with the 
theoretical value of 1.7. 

For the events with V,>5, the effect resulting from 
hitting a heavy target nucleus is much more pro- 
nounced. In the average, for this group of events Eqs. 
(7) and (8) will underestimate the true energy by a 
factor of 1.8. 

The result of the Monte Carlo calculation has been 
included in Fig. 6(a). In order to get a valid comparison 
with experiment, also the uncertainties of the scattering 
measurements and the energy spread of the beam of 
primary protons and neutrons (30% each) were folded 
into the distribution. The experimental distribution is 
much wider than the theoretical one. This shows again 





the influence of the heavier target nuclei. For practical 
purposes, Eq. (12) underestimates, therefore, the limits 
of error; they have to be estimated from the experi- 
mental distributions. 

There is a tail in the experimental distribution at 
small values of E./Eo. It suggests, that also for the 
events with N,<5 secondary collisions can strongly 
influence the characteristics of the interactions. There 
appears to be also a slight excess of events with large 
values of E/E) compared to theory. This effect cannot 
be produced by secondary interactions. It will be neces- 
sary to improve the statistical accuracy of this result, 
in order to establish this effect with certainty. It would 
be explained by assuming that the collision of the pri- 
mary nucleon (core) occurred with a virtual pion from 
the target nucleus. An indication of such an effect has 
also been reported by Friedlander’? for 9-Bev proton 
collisions. 

Recently, Dobrotin and Slavatinski® have observed 
large deviations of the angular distribution of 300-Bev 
p and n collisions with LiH from a symmetrical shape, 
which they have also interpreted in terms of collisions 
of a nucleon core with a virtual pion. 


11. ANGULAR DISTRIBUTION OF 
SHOWER PARTICLES 


The differential angular distribution of the shower 
particles in the laboratory system is given in Figs. 
8(a), (b) and Fig. 9. It is shown for 3 groups of colli- 
sions separately according to the number NV, and n, 
of heavily and lightly ionizing tracks of the primary 
event. The angular distribution is plotted in terms of 
the variable, 


x=logio tané;+3 logioko/(2Mc). (14) 


The second term is added to normalize all events to the 
same primary energy. 

Within the statistical limits of error, all three dis- 
tributions are symmetric. Under assumption (ii) this 
means that a system can be found, in which the angular 
distribution is symmetric with respect to a plane per- 
pendicular to the line of flight (‘‘center-of-momentum 


17 E, M. Friedlander. Nuovo cimento 14, 796 (1959). 
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Fic. 8. Angular distribution of shower particles normalized to 
the same primary energy, as given by Eq. (14). (a) p and m inter- 
actions with N,<5,N,>10; (b) » and n interactions with 
Nix<5, N,<10 


system,” c.m. system). As was already pointed out, 
assumption (ii) is not completely satisfied. 

A correction for this was introduced in an approxi- 
mate and statistical way. The transverse momentum 
of all tracks was assumed to be the same. The best 
value of ~ was obtained by averaging over the dis- 
tribution of p, with a weight function p;-*, since the 
biggest influence comes from the particles which have 
a small value of p,. With this procedure, all angular 
distributions were transformed into a system in which 
the distribution should be symmetric (c.m. system; 
angle @..m.). The Lorentz factor of this system is 
given by Eq. (13). A x? test'® for symmetry was per- 
formed in the logy) tan@o.m./2 and @¢m. coordinate. 
Table V shows the result. Given is the probability of 
obtaining the observed deviations by a statistical 
fluctuation. In Figs. 10(a), (b); 11(a), (b); 12(a), (b); 
distributions are presented in the 6... coordinate. The 
results for the alpha-particle and heavy nucleus inter- 
actions are also included. The distributions are all 
compatible with symmetry, even those from collisions 
with heavy target nuclei (V,>5). 

The distributions in the c.m. system can be approxi- 
mated by 


N (6c.m 7 ax sin 19, ~ | 


(15) 


N, > 5 
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Fic. 9. Angular distribution of shower particles normalized to 
the same primary energy, as given by Eq. (14). p and n inter- 
actions with V,>5. 


8A. Hald, Statistical Theory with Engineering Applications 
(John Wiley & Sons, Inc., New York, 1952), Chap. 23, Sec. 4. 
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for the events with V,<5. Events with V,>5 have a 
more isotropic distribution. 

The symmetry of the angular distribution in the case 
of the events with V,>5 is interesting, since they repre- 
sent collisions with heavy nuclei. The same effect was 
found at higher energies."'® This shows that arguments 
of symmetry are not sufficient to prove that an in- 
dividual collision can be considered as a nucleon-nucleon 
collision. 

Since we are dealing with composite collisions, there 
is nO @ priori reason why the angular distribution should 
by symmetric. 

Belenki, Landau, and Milekhin't have proposed a 
specific model of collision between a nucleon and an 
extended nucleus in which it is assumed that the 
nucleons in the target act coherently (“nuclear fluid” 
model). This has been discussed above. Such a model 
would explain the symmetric angular distribution ob- 
served by us. It would also be consistent with other 
observations as will be 
at present 
if this model should be used at our relatively low pri- 
mary energies of 250 Bev. 


discussed and as 
described below. It is, however, not known 


has been 


TABLE V. x? test for symmetry of 


p and n interactions 


Alpha interactions 
Primary 


Fragments 


Heavy-nucleus interactions 


The mean value (x)= (logio tan@;)+4(logio/o/(2Mc)) 
of the distributions Figs. 8(a), (b), and Fig. 9, is listed 
in Table IV. Each track is given equal weight. For 
Table IV there is also listed a quantity £.’/E» defined 
by logio(E.’/ Eo) = —2(x). E,’ is the value derived for the 
primary energy from Eqs. (7) and (8) for a group of 
interactions which have all the same true primary 
energy Eo, giving the same weight to each track. 

The value for (E,’/Eo) found for the events with 
Ni>S5S is quite similar to the one given in the previous 
section. The total factor by which the energy is under- 
estimated by the angular distribution is 3.4, if one com- 
pares with the theoretical value for a nucleon-nucleon 
collision. If one accepts the hypothesis that the nucleons 
of the target nucleus act coherently in the part which is 
hit in the collision, as was discussed in connection with 
the symmetry of the angular distributions, the average 
number of the nucleons taking part in the collision is 
given by 

1.7E£.'/Eo=3.4. (16) 

19 J. Bartke, P. Ciok, J. Gierula, R. Holynski, M. Miesowicz, 

and T. Saniewska, Nuovo cimento 15, 18 (1960) 
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This is in agreement with what is to be expected for 
the collisions with Ag and Br nuclei. 

The value of (x) for the group of events with V,<5 
and m,<10 agrees quite well with the calculation for a 
nucleon-nucleon collision. However, the group of colli- 
sions with V,<5 and m,>10 shows very markedly the 
effects of a more complex collision. If one again calcu- 
lates the mean number of nucleons which would be 
coherently involved in the collision in the target 
nucleus, one gets 


1.7E£.'/Eo=2.1. (17) 
This is again in reasonable agreement with the number 
expected for collisions with the light nuclei in emulsion. 

The result of Eq. (17) shows that even the inter- 
actions with N,<5 will, in general, not represent 
nucleon-nucleon collisions in a good approximation, in 
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Fic. 10. Angular distribution in center-of-momentum (c.m.) 
system vs angle @..m. for p and m interactions. (a) Na<5; 
(b) Na>5. 


particular if m, is high, i.e., there is a correlation be- 
tween n, and logio(E./ Eo). This was used to get a better 
estimate of the multiplicity for nucleon-nucleon colli- 
sions, by omitting from the group with N,<5 all 
events for which logyo(£./E») <—0.70. These events lie 
outside the limits given by the Monte Carlo calculations 
and are the ones most likely not to be nucleon-nucleon 
collisions. The result has already been discussed in 
Sec. 7 (Table ITI). 

The angular distributions show no indication of a 
two-maximum structure characteristic of the two-center 
model. However, due to the relatively low primary 
energy, no such structure should be expected. The only 
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Fic. 11. Angular distribution in c.m. system vs @c.m. for alpha- 
particle interactions. (a) Na<5; (b) Na>S. 


exceptions are events with very low multiplicity (”,<5). 
They will be discussed elsewhere.” 
The angular distributions can also be discussed in 
terms of the rms value of x, defined in Eq. (14): 
o=((x—(x))?)4. (18) 
An isotropic distribution in the symmetry system corre- 
sponds to ¢=0.39; a distribution of the form of Eq. 
(15) corresponds to c=0.67. The values of o following 
from the experimental data, Figs. 8(a), 8(b), and 9, are 
given in Table IV. 
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Fic. 12. Angular distribution in c.m. system vs @c.m. for 
interactions of heavy nuclei. (a) Primary fragmentations; 
(b) fragments. 


*” J. Gierula, D. M. Haskin, and E. Lohrmann, this issue [Phys. 


Rev. 122, 626 (1961) J. 
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Tase VI. Characteristics of interactions of alpha particles and heavy nuclei. 








Alpha particle 
Ni>S 


All inter- 
actions 


Primary 
fragmentations 





31 +10 
16.24 5 


(n, 
(Np 
(Eo) 
” 
No. of events 


Z 


29.4+7 
3.4+0.8 
210 Bev 


22.2 +4.7 
8.3 +1.8 
165 Bev 
0.22+0.05 

22 
2.0 


210 Bev 


16 9 
12.8 6.9 





12. INTERACTIONS OF ALPHA PARTICLES 


The alpha particles originating from the fragmenta- 
tions of the heavy nuclei were traced through the stack. 
In this way 22 interactions were found in a systematic 
way. They were analyzed in the same way as the p 
and n interactions. The multiplicities, as given in Fig. 


13, show again the correlation between VV, and n,. 
Average values of V, and n, are listed in Table VI. 
The comparison of (,) for the two groups with V,<5 
and N,>5 shows again the strong influence of the 
target nucleus on the multiplicity. The average number 
of charged mesons (.V,,) has been estimated by sub- 
tracting from (m,) two particles which correspond to 
the incident protons. Since one has to expect a con- 
tribution of knock-on nucleons, the average number of 
charged mesons is expected to be somewhat smaller 
than (N,,). 

(Nm) for the alpha-particle collisions is higher than 
the corresponding value of the p and n collisions by 
about a factor of two. It will be shown that the angular 
distribution for the two classes of events looks the same. 
Furthermore, measurements of the transverse momen- 
tum /; of an alpha-particle interaction of very high 
energy gave the same result as measurements on proton- 
induced interactions in the same energy region.” There- 
fore, the inelasticity for the alpha-particle interactions 
can be derived from the calculations done for the p and 
n interactions [Eqs. (5) and (6) ]. The average value 
{n) is smaller by roughly a factor of two for the alpha- 
particle interactions as compared to the p and » inter- 
actions. The accurate value of (7) is listed in Table VI. 

An estimate £, for the primary energy / per nucleon 
was obtained from the angular distribution of the shower 
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Fic. 13. Distribution of N, and n, for alpha-particle interactions’ 


#1 E. Lohrmann and M. Teucher (unpublished). 


particles using Eqs. (7) and (8). For these equations 
only the mesons among the shower particles should be 
included. Therefore, the two tracks having the smallest 
angles #; were omitted from each interaction. It has 
been pointed out® that these tracks most probably are 
due to the nucleons contained in the primary alpha 
particle, and continue with very small angular deflec- 
tion. The same conclusion is supported by our own data, 
because of the small value of the average inelasticity 
{n). This means that a large fraction of the primary 
energy must be carried away by the nucleons originally 
forming the alpha particle. The strong effect of these 
tracks on the estimate of Z, has been discussed in a 
previous paper.® The energy estimate /, obtained from 
the angular distribution was compared with Eo, the 
energy per nucleon as determined from the scattering 
measurements. Figure 14 shows the distribution of 
logio(E./ Eo). The events with V,>5 are cross-hatched. 
They are correlated with small values of E./E». The 
theoretical distribution function for a nucleon-nucleon 
collision, as calculated with the Monte Carlo method, 
is drawn in for comparison. As in Fig. 6(a), the addi- 
tional effects of the error in the scattering measurements 
and the energy spread of the alpha particles were in- 
cluded. The theoretical curve is not in disagreement with 
experiment for large values of £./ Eo. For small values, 
there exists a tail in the experimental distribution. This 
can be explained by collisions with a heavy target 
nucleus, as in the case of the p and » collisions. 

The average values (logio(/./Eo)) are shown in Table 
IV. In the average, the primary energy is underesti- 
mated by a factor of 1.5 for the events with V,>5 and 
overestimated by a factor of 1.2 for the events with 
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Fic. 14. Comparison of primary energy E., as estimated from 
the angular distribution of shower particles, with the true primary 
energy £» for alpha-particle interactions. Cross-hatched area: 
events with V,>5. Smooth curve: Monte Carlo calculation. 
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NaS5. These factors agree with those found for the p 
and » interactions within the accuracy of the experiment. 

The differential angular distributions in the labora- 
tory system are shown in Fig. 15(a) and Fig. 15(b) for 
the two groups of events with V,>5 and N,<5. The 
tracks, which were left off for calculating E,, and which 
most probably are nucleons, are shown cross-hatched. 

The distributions were plotted over the variable x 
defined by Eq. (14) to normalize all events to the same 
primary energy Ep. 

The questions of symmetry of these distributions and 
the transformation into the c.m. system have already 
been given in Sec. 11. 

The values (x), o [Eq. (18) ], and E,'/E» are given 
in Table IV. The cross-hatched tracks were omitted 
when calculating (x), 0, and E.’/Eo. 


13. INTERACTIONS PRODUCED BY HEAVY NUCLEI 


The characteristics of the 16 primary heavy nuclei 
fragmentations are shown in Table I and Table VI. 

They are not an unbiased sample, because their de- 
tection was based on the presence of at least two frag- 
ments (except for two events). One of the consequences 
is the small value of (V,) for these interactions (see 
reference 2). 

The primary energy of the interactions was again 
estimated from the angular distribution of the shower 
particles using Eqs. (7) and (8). The influence of shower 
particles, which are not mesons but fragments of charge 
one coming from the primary nucleus, is still larger 
than for the alpha-particle interactions. If they are 
included in the sum of Eq. (7), the energy estimate FE, 
would in some cases be very much higher than the true 
primary energy E». Therefore, all particles which are 
most likely to be protons or deuterons were not 
considered in Eq. (7). The expected number NV, of such 
particles is given by 


N,=2.->. Z;. (19) 


Z, is the charge of the primary nucleus; }>Z; is the sum 
BSS nucleons N,*5 
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Fic. 15. Angular distribution of shower particles from alpha 
particle interactions. See also Fig. 8. Nucleons are cross-hatched. 
(a) Na<5; (b) Ma>S. 
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Fic. 16. Angular distribution of shower particles from the primary 
fragmentations. Nucleons are cross-hatched. 


of the charges Z, of all fragments with Z;>1. The 
number J, of the shower particles having the smallest 
angles 6; were left off. This procedure is the same as 
used in a previous paper.® The angular distribution of 
these tracks is represented by the shaded area in Fig. 16. 

The average value (logio(E./Eo)), as shown in Table 
IV, should be compared with the #, m, and alpha inter- 
actions having V,<5, because (,) is also small for 
the primary fragmentations. The true primary energy 
is overestimated in the average by a factor of 2.0 by 
Eqs. (7) and (8). 

The fragments originating in the primary fragmenta- 
tions were traced through the stack. Nine interactions 
of nuclei with Z;>2 were found. These interactions can 
be regarded as an unbiased sample of interactions of 
heavy nuclei. The characteristics of these interactions 
are shown in Table VI. The energy estimate E, was 
carried out in exactly the same way as for the primary 
fragmentations. 

For Fig. 17 the distribution of logio(E./Eo) for the 
primary fragmentations and for the fragments is shown. 
The theoretical distribution is also included. The inter- 
actions of the fragments are cross-hatched. Again, the 
experimental distribution is wider than the result of 
the Monte Carlo calculations. The tail at low values of 
E../ Eo can be explained by the influence of heavy target 
nuclei. However, there is also a group of interactions 
for which the angular distribution gives a much too 
high value for the primary energy. This might be partly 
due to uncertainties connected with the cutoff pro- 
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Fic. 17. Comparison of primary energy £,, as estimated from 
the angular distribution of shower particles, with the true pri- 
mary energy Jo, for the primary fragmentations and interactions 
by heavy fragments (cross-hatched). 





LOHRMANN, 


ZZ2 nucleons 





2 4 ° “ 2 


Fic. 18. Angular distribution of shower particles from 
interactions of fragments. 


cedure for those shower particles, which are supposed 
to be protons or deuterons (errors in charge measure- 
ment). It appears, however, unlikely that the anomaly 
can entirely be explained by this and by statistical 
fluctuations. An explanation for a similar indication in 
the case of the p and » interactions has already been 
discussed. An effect of this kind is also to be expected, 
if one takes the “nuclear fluid” model seriously. In 
this model, part of the incident heavy nucleus (NV; 
nucleons) act coherently in colliding with a lump (Vz 
nucleons) in the target nucleus. If mesons are emitted 
symmetrically in the resulting center-of-momentum 
system, the conventional Eqs. (7) and (8) will over- 
estimate the energy/nucleon in the laboratory system 
by a factor of (N;/N,). 

Figures 16 and 18 show the differential angular dis- 
tribution of the shower particles in the laboratory sys- 
tem for the primary fragmentations and the fragments. 
Again, all events have been normalized to the same 
primary energy by plotting over the variable x defined 
by Eq. (14). The tracks considered to be protons or 
deuterons according to Eq. (19) have been cross-hatched. 
They were left off in the further considerations of the 
angular distributions. Figures 12(a) and 12(b) show the 
angular distribution transformed into the c.m. system. 
The values of («), o, and E,’/Ey are shown in Table IV. 
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14. REMARKS ABOUT THE “NUCLEAR 
FLUID” MODEL 


Our results about the angular distributions can be 
formally interpreted in a simple way on the basis of the 
hydrodynamical model proposed by Belenki and 


Landau,'* and Milekhin,'* which was described in Sec. 7 
and Sec. 11. The following observations find a natural 
explanation by this model. 

The angular distribution can be transformed into a 
system in which it is symmetric. This is even true for 
the collisions with heavy nuclei. The Lorentz-factor of 
this system is given by considering the collision as 


taking place between the incoming nucleon and the 
mass of a cylindrical column punched out of the target 
nucleus. Our measurements show that this mass is 
equal to 3.4 nucleons in the case of collisions with heavy 
nuclei and 2.1 nucleons for collisions with NV,<5 and 
N,>10. These values are in agreement with a rough 
geometrical model. 

It has to be pointed out, however, that there are dis- 
crepancies with more detailed predictions of this 
hydrodynamical model and observations at higher 
energy." Also, it is not quite clear whether the 
model applies at our relatively small energy. 
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Two experiments carried out to search for the process of muon capture with electron emission are reported. 
The second of the two experiments is nearly 200 times more sensitive than earlier attempts to find this 
capture mode, but no indication is obtained in favor of the latter. In both experiments negative muons are 
made to stop in copper, where coherent capture is predominant, so that the “capture electrons” should be 
emitted with an energy spectrum sharply peaked around 100 Mev. For the branching ratio of the process 
searched for, relative to ordinary muon capture, upper limits of about 5X 10~® and 5X 10~ are established 


through the first and second experiment, respectively. 





1. INTRODUCTION 


O satisfactory interpretation exists of the experi- 
mental fact that the processes 


ut ~>e ry, 
pt — et+e-+et, 
uw +N — N+e, 


have been searched for as yet unsuccessfully. None of 
these processes, indeed, is incompatible with any of the 
well-established conservation laws upon which any 
present theory of the elementary particles is based. 
One is thus led to think that if some selection rule holds, 
its origin must be found in some peculiar feature of the 
structure of the interaction governing the processes in 
question. The absence of processes (1), (2), and (3) 
might be understood, for example, if the interaction is 
rigorously local or also if two types of neutrino exist.’ 
On account of the now generally accepted ‘“univer- 
sality” of the Fermi interactions, the failure in the 
attempts to observe these processes involves the whole 
field of the weak interactions, even if exhibited in re- 
actions involving specifically the muon. Under these 
circumstances it is clearly of great interest to establish 
the degree of ‘“forbiddenness” of these unobserved 
processes, through accurate measurements capable of 
yielding upper limits as small as possible for their 
branching ratios relative to the corresponding ordinary 
processes [u+— e++v+9 for the case of reactions (1) 
and (2) and u-+p=n-++» for the case of (3) ]. 

Upper limits of the order of 10-* and 10~°, respec- 
tively, have been established** for the case of reactions 
(1) and (2). In the first search for process (3) cosmic-ray 
muons were utilized. More recently, in an experiment 
one hundred-fold more sensitive, carried out at the 
Nevis cyclotron, in which the muons were stopped in 
a Cu target,® an upper limit of about 10-* has been 

* Now at CERN, Geneva, Switzerland. 

1M. Gell-Mann, Revs. Modern Phys. 31, 834 (1959). 

2D. Berley, J. Lee, and M. Bardon, Phys. Rev. Letters 2, 357 
(1959); J. Ashkin, T. Fazzini, G. Fidecaro, N. H. Lipman, 
A. W. Merrison, and J. Paul, Nuovo cimento 14, 1266 (1959). 

3 J. Lee and N. P. Samios, Phys. Rev. Letters 3, 55 (1959). 


4 A. Lagarrigue and C. Peyrou, Compt. rend. 234, 1873 (1952). 
5 J. Steinberger and H. B. Wolfe, Phys. Rev. 100, 1490 (1955). 


established for the branching ratio 


Rate of process u~>+Cu — Cu+e— (4) 
$e, 4 


Rate of process u~+Cu — Ni+7— 


R=— 


Apart from the fact that the present status of the 
theory of weak interactions demands a close examina- 
tion of all possible modes of decay and capture of the 
muon, a further investigation of process (3) appears 
useful from the following considerations. Reactions (1), 
(2), and (3) can be interpreted in terms of a hypo- 
thetical Feynman diagram of the type shown in Fig. 1, 
where the “box” contains the unknown structural 
properties of the interaction. More precisely, such a 
diagram represents process (1) if the emitted photon is 
real. If a virtual photon is emitted which converts 
internally into an (e+—e-) pair, the diagram represents 
process (2). Process (3) can be also represented by the 
same diagram if the virtual photon is absorbed by the 
nucleus responsible for the muon capture. It has been 
shown by Weinberg and Feinberg,® and independently 
by Cabibbo and Gatto,’ that the matrix elements rela- 
tive to these three processes can be written down on a 
phenomenological basis, without attachment to any 
specific property of the structure of the interaction 
“contained” in the box of Fig. 1. These authors have 
also pointed out that even if the mechanism of the 
interaction has properties for which no real photon can 
be emitted [so that process (1) is forbidden], still 
processes (2) and (3), in which a virtual photon is pro- 
duced, might exist at a level experimentally accessible. 
Thus the observed absence of process (1) tells us nothing 
concerning the possible existence of processes (2) and 
(3). A more detailed analysis of the problem shows,*® 


Fic. 1. Feynman diagram la e 
for process p—e+y. It 
also represents the capture 
process p> +N—-N-+e-, if y 
is a virtual photon absorbed 
in the Coulomb field of the 
capturing nucleus. 
6S. Weinberg and G. Feinberg, Phys. Rev. Letters 3, 111 and 
244 (1959). 
7N. Cabibbo and R. Gatto, Phys. Rev. 116, 1334 (1959). 
8 F. J. Ernst, Phys. Rev. Letters 5, 478 (1960). 
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furthermore, that for a given sensitivity of the experi- 
mental device, more information can be derived search- 
ing for process (3) rather than for process (2). 

Contrary to the case of ordinary muon capture, no 
change in the atomic number Z of the capturing nucleus 
occurs as a consequence of process (3). If after absorbing 
the virtual photon of Fig. 1 the capturing nucleus 
remains in its ground state, then the capture mode is 
coherent, the unchanged nucleus participating as a whole 
in the capture process. In this case the electron is 
emitted always with the same energy, which for a Cu 
nucleus turns out to be 103.8 Mev. An incoherent 
capture mode occurs, instead, when the nucleus goes 
into an excited state after absorbing the virtual photon. 
Then the energy of the emitted electron depends on the 
excitation energy of the nucleus. The energy spectrum 
of these ‘‘capture electrons” has been calculated by 
Steinberger and Wolfe using for the nucleus the Chew- 
Goldberger model.’ This spectrum exhibits a maximum 
at about 93 Mev and yields an average energy of nearly 
85 Mev. 

The relative weight of the two possible capture modes 
has been calculated for various nuclei,®? making use of 
electromagnetic form factors known experimentally. 
The ratio of the probabilities of the coherent to the in- 
coherent mode is found to have a maximum of at least 
6 around the value Z=29. This is a first reason to 
choose Cu as a target to stop the negative muons. From 
an experimental point of view it is indeed evident that 
a close investigation of process (3) is made difficult by 
the presence of decay electrons arising from negative 
muons which have escaped nuclear capture. Apart from 
small effects due to the motion of the muon in the Bohr 
orbit,” the decay electrons have a maximum energy of 
about 53 Mev which is only slightly more than half 
the energy of the monoenergetic electrons arising from 
the coherent capture mode. A sharp separation between 
decay and capture electrons can be achieved, therefore, 
if the coherent mode of capture is predominant with 
respect to the incoherent mode in which also low-energy 
electrons are present. A second reason to choose Cu as 
a target to stop the muons is that this material repre- 
sents a convenient compromise between the desirability 
of high Z, in order to have a large fraction of w~ captured 
and, at the same time, of low Z, in order to have a small 
probability of radiation losses for the electrons emitted 
from the target. 

Two experiments have been carried out by us at the 
CERN synchrocyclotron to search for process (3). No 
indication has been obtained in favor of the existence 
of such a process. In the first experiment, described in 
the following section, the sensitivity is increased by a 
factor of ~20 with respect to the last experiment re- 
ported on the subject.® With a further increase of a 
factor ~10 in sensitivity, the second experiment 


*G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 471 (1950). 
L. Tenaglia, Nuovo cimento 13, 284 (1959); H. Uberall, 
Nuovo cimento 15, 163 (1960). 
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Fic. 2. Experimental arrangement in the first experiment. 
Counters 1, 2, --- 11 are plastic scintillators 1.25 cm thick; C; 
and (; are Cerenkov counters. The absorber between counters 10 
and 11 is an Al block 8 cm thick. All other absorbers in ET are 
made of compressed graphite. An event of the type searched for 
would appear as a uw stop (S=1-2-3-4) followed by the emission 
of an energetic electron capable of producing an anticoincidence 
of the type B(B=5-C,-6---C2-10- 1-11) 


(Sec. 3) yields an upper limit of about 5X 10~* for the 
branching ratio (4). Measurements of the efficiency of 
the electron telescopes used in the two experiments are 
reported in Sec. 4. The results of the experiments, 
partly reported and published," are given in Sec. 5. In 
the last section they are discussed and compared with 
those recently obtained by Sard, Crowe, and Kruger” 
in a very accurate experiment on the same problem, 
performed with a different technique. 


2. ARRANGEMENT IN THE FIRST EXPERIMENT 


Taking advantage of the possibility of running simul- 
taneously more experiments in the ‘“‘neutron room” of 

1M. Conversi, L. di Lella, A. Egidi, C. Rubbia, and M. Toller, 
Nuovo cimento 18, 1283 (1960). Reported also at the Naples 
Congress of the Societé Italiana di Fisica, September, 1960 
(unpublished); and by V. Telegdi at the Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, New York, 1960). 

2R. D. Sard, K. M. Crowe, and H. Kruger, Phys. Rev. 121 
619 (1961). Reported also at the Proceedings of the 1960 Annual 
International Conference on High-Energy Physics at Rochester 
(Interscience Publishers, New York, 1960). 
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the CERN synchrocyclotron, our first experiment was 
carried out in parallel with others, using the pion pipe 
of 80-Mev nominal energy. As shown in Fig. 2, the beam 
from this pipe goes through an analyzing magnet which 
bends its charged component with momentum around 
170 Mev/c into a Pb collimator. The beam of negative 
particles thus obtained contains about one muon and 
three electrons per ten pions entering the Pb collimator. 
Pions of momentum 170 Mev/c have a residual range 
(~28 g/cm? in Cu) smaller than that of muons of the 
same momentum. For a proper choice of the thickness 
of the Cu moderator placed just before counter 3 they 
get absorbed, while the muons reach the target. The 
stop of a charged particle in the target is electronically 
defined by an anticoincidence 1-2-3-4 among the 
plastic scintillators 1,2,3 (used in coincidence) and 4 
(in anticoincidence). An event 1-2-3-4 will be indi- 
cated by the letter S (“stop”). The rate of the anti- 
coincidences S was measured for different thicknesses 
of the Cu moderator. From the range curves thus ob- 
tained the thickness of the Cu moderator giving a maxi- 
mum of muon stops in the target was determined. The 
target used in the measurements just mentioned, as 
well as in the main experiment, was a Cu sheet of area 
12X17 cm’, 0.5 cm thick, placed at about 35° to the 
beam direction. Under these conditions the average 
rate of muon stops in the target was ~ 500 particles/sec, 
corresponding to nearly half the intensity of the inci- 
dent muons. 

Only a fraction f=0.92 of the stopped u- mesons 
undergo nuclear capture in Cu, while the remaining 
8% decay with a lifetime of 160 nsec," emitting elec- 
trons of maximum energy of about 53 Mev. On account 
of the rarity of process (3), it is important that the 
experimental device be as insensitive as possible to 
these electrons which might otherwise contribute to 
the background of spurious events simulating the 
“capture electrons” searched for. At the same time the 
device must have a reasonably good efficiency for the 
detection of the latter. These requirements are satis- 
factorily fulfilled making use of the electron telescope 
(ET) of Fig. 2 which, as will be seen later (Sec. 4), has 
an efficiency of the order of 10~* for the decay electrons 
and an efficiency e~0.15 for the capture electrons, thus 
enabling an extremely sharp separation between these 
two types of electrons. This telescope is made up of two 
Cerenkov counters (C; and C2) and six plastic scintil- 
lators (5,6---10), all in coincidence among themselves 
and in anticoincidence with a seventh plastic scintilla- 
tor, 11. 

Graphite absorbers 1 or 2 cm thick are also inserted 
in ET, as shown in the figure. Adding the thicknesses 
of the six coincidence plastic scintillators (1.25 cm each) 
of C; (5 cm of Lucite"), of C. (6 cm of Lucite), and of 

18 J. C. Sens, Phys. Rev. 113, 679 (1959). 

4 Lack of scintillating properties was checked for this material 


in preliminary measurements carried out in Rome using slow 
cosmic-ray muons. 
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the material surrounding all these counters, one finds 
that from the center of the target to the center of 
counter 10 there is a total of ~37 g/cm®* of carbon 
equivalent. An electron of ~50 Mev has a small but 
still appreciable probability to cross such a thickness 
since it may travel partly as a bremsstrahlung photon 
which later converts into an electron pair. The reason 
for using so many counters in ET is then clear: it has 
the purpose to minimize the probability of detecting 
a decay electron which might cross part of ET as elec- 
tromagnetic radiation. For the same purpose low-Z 
material (compressed graphite) has been chosen for the 
absorbers inserted in ET, in each of which electrons 
have a comparatively low probability to radiate, though 
losing an appreciable fraction of their energy by ioniza- 
tion. Compressed graphite has also the advantage of a 
comparatively large density (2.04 g/cm*), so that its 
total thickness can be made large enough to achieve a 
drastic elimination of the decay electrons without ex- 
cessive reduction in the effective solid angle, w, of ET 
seen from the target. 

In addition to the decay electrons, another source 
of spurious events can arise from the background of 
cosmic rays and of particles present around the machine. 
To reduce this source several precautions were taken: 

(1) The apparatus was surrounded by thick blocks 
of heavy concrete and lead, as schematically shown in 
Fig. 2. 

(2) In order to exclude any contamination from 
events simultaneous with the arrival of a particle of the 
beam, also counter 1 was placed in anticoincidence, to 
form an “8-fold” anticoincidence of the type 
B= (5-C,-6---C2-10-1-11). Such a contamination 
might arise, for example, from an electron of the beam 
scattered from the target into ET. 

(3) It was required that the B pulse followed a pulse 
S within the time interval A@ from ~15 to 430 nsec, to 
form an event BS4e). The choice A@=~415 nsec is 
reasonable, corresponding to ~2.6 yw lifetimes in 
Cu (tcu~ = 160 nsec). The fraction of delayed events thus 
accepted is u= exp(— 15/160) [1—exp(— 2.60) ]=0.84. 

(4) In order to reduce to a negligible value a possible 
contribution to the background from the cosmic radia- 
tion, events BS ye) were recorded only if occurring during 
the machine bursts. Subject to rather large fluctuations, 
the average duration of the machine bursts was around 
400 usec. 

If D is the duty cycle of the synchrocyclotron and 
Ns, Np represent the rates of events S and B, respec- 
tively, the rate of accidental events BS4ei is clearly 
nsnzDAé. For a given duty cycle of the machine and 
for the choice A@=2.67rcy~, reduction of the accidental 
rate without a corresponding reduction in the rate of 
the possible genuine events BSae: (which is essentially 
proportional to ms) must be achieved by making mg as 
small as possible. This explains the reason for including 
in ET two Cerenkov counters and the anticoincidence 
counter 11. Indeed, the Cerenkov counters prevent all 
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unwanted slow particles from being detected, while the 
anticoincidence counter 11, at the end of ET, excludes 
fast cosmic-ray muons, as well as energetic electrons 
not originating in the target. On the other hand, a 
capture electron emitted from the target within the 
solid angle w of ET is usually unable to reach the anti- 
coincidence counter 11, because of the 8 cm thick Al 
block placed between counters 10 and 11. Counter 11, 
therefore, causes only a small reduction (~10%, see 
Sec. 4) in the detection efficiency of ET for the capture 
electrons. 

Many different types of events were recorded elec- 
tronically in the way shown by the simplified block 
diagram of Fig. 3. These events are listed and explained 
in Table I where examples of the corresponding physical 
events are also given. The recording of so many types of 
events during the performance of the experiment has 
proved to be of great utility, enabling us to maintain 
the whole apparatus continuously under control. In 
particular, from the relation 


Rate of ADE Rate of ACE 5) 
— —————___—__ = —__ — 5 
Rate of 3-fold Rate of B 
one can determine with good accuracy the rate of acci- 
dental A Bg: (indicated for brevity as ACE: “acci- 
dental capture electrons”) from the measured rates of 
ADE (“accidental decay electrons’), 3-fold, and B 
events (see Fig. 3 and Table I for the meaning of the 
symbols). On account of the rarity of these accidental 
events (only one event recorded in the whole experi- 
ment) their rate would be determined with very poor 
accuracy from the number recorded at the output ACE 
of Fig. 3, which is nevertheless useful for a check of the 
internal consistency of the results. It should also be 
pointed out that the determination of the rate of ACE 
from Eq. (5) is independent of the time structure of the 


{ 5¥010] 
¢ 


B events 


of the electronics used in the first 
experiment to record the events 
listed in Table I 


beam, which is subject to considerable changes during 
the operation of the machine. 

If genuine capture electrons exist at a rate experi- 
mentally accessible, they should appear outside of the 


TABLE I. List of events electronically recorded in the first ex 
periment (see also Fig. 3). Numbers from 1 to 11 refer to the plastic 
scintillators of Fig. 2. In the first column of the table, a line above 
a number means that the corresponding counter is used in anti- 
coincidence. Abbreviations used in the second column are: E for 
“electron,” D for “decay,” C for “capture,” T for “total,” and 
A for “‘accidental.’’ The difference TDE-ADE gives the genuine 
decay electrons capable to reach counter 7. Apart from a possible 
spurious contribution due to the decay electrons, the difference 
TCE-ACE gives the genuine capture electrons searched for. In 
the whole experiment, 3 events of the category TCE and 1 of the 
category ACE have been recorded 


Recorded event Symbol Explanations 

: Recorded as “‘monitors.” 

-3-4 S Typical event: uv 
in the target 

Typical event: decay elec 
tron reaching at least 
counter 7 of ET. 

Typical event: (a) process 

+y+yp; (b) acci- 


2 
2 stop 


5C,7-1 3-fold 


(3-fold) « Suelayed TDE 


use 
dental coincidence of a 
3-fold with an event S. 

Typical event: accidental 
coincidence of a 3-fold 
with an event S. 

‘ypical event: electron 
from the target side 
stopping in the Al block 
between counters 10 
and 11. 

Typical events: (a) process 
uw +N=N-+¢e; (b) acci- 
dental coincidence of 
events S and B. 

BS ACE Typical event: accidental 

coincidence of events 
Sand B 

Recorded for a check of the 
internal consistency. 


(3-fold) «S$ 


5C:6-7-8-9-C@210- 11-1 


BS, lelayed 
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statistical errors in the difference between the recorded 
numbers of “total” and “accidental capture electrons” 
(TCE-ACE). The small difference observed in this first 
experiment (Sec. 5) is of no statistical significance. 


3. ARRANGEMENT IN THE SECOND EXPERIMENT 


The high-intensity beam of low-energy muons 
recently developed at the CERN synchrocyclotron™® 
has been used throughout our second experiment. This 
beam is obtained by injecting the pions produced in the 
internal target of the synchrocyclotron into a magnetic 
channel made up of 24 quadrupole lenses. The latter 
concentrate the muons arising from the decay of the 
pions along their path. At the end of the magnetic 
channel, muons of smaller energy are bent by a deflect- 
ing magnet into a beam which, under the conditions of 
operation used by us, has the following characteristics: 
Average muon energy ~60 Mev; less than 5% pion 
plus electron contamination; intensity and energy 
spread such as to allow the stopping of 3700 muons/sec 
on an area of 100 cm?, in a Cu target 0.5 cm thick 
placed at 45° to the beam direction, at a distance of 
1.1 m from the exit of the bending magnet. 

The apparatus, reproduced schematically in Fig. 4, 
is similar to the one used in the first experiment, though 
its “electron telescope’ (ET) contains only one 
Cerenkov counter and a greater number of plastic scin- 
tillators. The larger number of counters in coincidence 
and the different distribution of the graphite absorbers 
make it possible to achieve a further reduction in the 
probability of detecting spurious events due to decay 
electrons from w~ mesons which have escaped nuclear 
capture in the Cu target. Moreover, in order to mini- 
mize the contribution to the background from spurious 
events of accidental origin, use has been made of two 
additional anticoincidence plastic scintillators, 11 and 


TABLE II. Results of measurements to determine the number 
of w--stops per monitor 1-1’ in the second experiment. The meas- 
urements have been taken without graphite absorbers in the elec- 
tron telescope of Fig. 4, using a graphite target equivalent to the 
Cu target of the main experiment. Under these conditions, the 
efficiency of the system of counters (2, €’, and 3) used to form a 
3-fold coincidence can be estimated as 0.64 from pre-existing 
measurements.* Such a system accepts electrons emitted from the 
target within an average solid angle of ~0.19 steradian. From 
the data reported in the first and second columns, one then finds 
0.4 w- stops per monitor 1-1’. Similar measurements have been 
taken also in the first experiment, giving 4.41107 y~ stops per 
monitor 1-2. Since 3.70X10® monitors 1-2 were recorded, one 
gets V=1.63X108 for the total number of w~ stopped during the 
first experiment. 








Type of 


event 1-1’ 3-fold 5-fold 6-fold 7-fold 8-fold 9-fold 





with C $192 1679 
target 
without 
target 


1238 X108 1053 514 377 288 
No. of 


events 2881 X108 841 214 140 80 57 37 





® S. Lokanathan and J. Steinberger, Suppl. Nuovo cimento 2, 151 (1955). 


1A. Citron e al., 
(unpublished). 
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Fic. 4. Apparatus employed in the second experiment. 


12. The latter, not represented in Fig. 4, was placed 
horizontally above ET (for protection against cosmic- 
ray showers) separated from it by a 2 cm thick Pb layer. 

The simplified block diagram of Fig. 5 shows how the 
events selected by the apparatus of Fig. 4 were elec- 
tronically recorded. On account of the small contami- 
nation, and good energy definition of the beam, a coinci- 
dence 1-1’ between counters 1 and 1’ represents in 
general a muon stop in the target. Such a coincidence 
serves also as a monitor. The total number of muons 
actually stopped in the target during the whole experi- 
ment can be normalized to the number of monitors 1-1’ 
making use of the measurements taken for this purpose 
under the conditions explained in Table II. 

Coincidences among the first » counters of ET, 
starting from n= 3, are scaled if the following conditions 
are fulfilled: (1) They must not be accompanied within 
about 20 nsec by pulses from counters 1 and 11; (2) they 
must occur during the (~400 usec long) machine bursts. 
In the following discussion we shall refer to events 
satisfying these conditions simply as 3-fold, 5-fold, 
6-fold, . . . 9-fold anticoincidences. 

The chief information given by the apparatus is re- 
corded taking the pictures of an oscilloscope. More 
precisely, a 7-fold anticoincidence triggers the sweep of 
a Tektronix 545 A oscilloscope. Through suitable delays 
which serve to achieve a satisfactory spatial separation 
in the pictures, the negative pulses from counters 
7, 8, 9, 10, and 12, as well as the positive pulse from the 
coincidence 1-1’, are displayed on the oscilloscope 
sweep. A picture in which all pulses are present appears 
as in Fig. 6. The oscillogram corresponding to an event 
of the type searched for should not contain pulses from 
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counters 10 and 12, whereas there should be pulses from 
counters 7, 8, and 9, as well as the pulse from the co- 
incidence 1-1’. The latter, furthermore, should be in 
such a position as to indicate a muon stop followed by 
the corresponding capture electron within the time in- 
terval from 15 to 500 nsec. This last condition 
reduces the number of recorded events to a fraction 
u=exp(— 15/160)[1—exp(—485/160) ]=0.87. 


4. EFFICIENCY OF THE ELECTRON TELESCOPES 


For a given value R of the branching ratio (4) and 
for a iotal number N of u~ mesons stopped in the target, 
the expected number of events due to both genuine and 
spurious capture electrons, is given by 


m(R)=aR+), (6) 
where 

a= Nfue(w/4r); (7) 
e is the detection efficiency of the electron telescope, 
and 6 represents the expected background of spurious 
events. 

Rather than calculating it by a Monte Carlo method, 
we have preferred to make an experimental determina- 
tion of the efficiency ¢ of the electron telescopes for the 
capture electrons. This determination becomes possible 
for both experiments, if the efficiency of the electron 
telescope used in the second experiment is measured 
with monoenergetic electrons of various energies. The 
electron beam necessary for these measurements was 
obtained by letting the external proton beam of the 
synchrocyclotron strike a Pb target and selecting, by 
means of two analyzing magnets, the particles produced 
with momenta in a narrow interval. Calibration of the 
selected momentum, corresponding to given values of 
the magnetizing currents, was based on the floating- 
wire technique, 
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TABLE III. Results of measurements of the efficiency of the 
electron telescope used in the second experiment. These measure- 
ments have been taken without the anticoincidence counters 
(10 and 11, see Fig. 4), using monochromatic electrons of various 
energies (first column) filtered through Cu sheets of various thick- 
nesses (second column). Only statistical errors are indicated. The 
numbers of 3-fold coincidences have been calculated as explained 
in the text. 


Cu 
thick- 
E ness 


2 Percentage efficiency 
(Mev) (mm) 3-fold 5-fold 


6-fold 7-fold 8-fold 9-fold 
70 4 
80 
90 
100 
100 
100 
100 
110 


5.3+0.6 
11.8+0.9 


2.2+0.4 0.6 +0.2 ( 
6.3 +0.6 2.7+0.4 
19+ 12.6+1.2 7.82+0.9 
46 + 36 +2 29 +1 2 
38 + 28+1 18.6+1.0 1 
26+ 19.14+0.9 12.9+0.7 8 
18 + 11.1+0.6 7.1+0.5 
32 + 24.7+41.2 18.2+1.0 1 


+0.09 
+0,2 
+0.6 
+1.0 


+0.5 
+-0.3 
+0.7 


He He He HOH He He + 


17 
i.3 
4.0 
0.5 
3.8 +0.8 
4 
4.2 
1.9 


For some of the selected energies the measurements 
of efficiency were performed by interposing along the 
path of the electron beam, before ET, Cu sheets of 
small thickness, in order to see the effect of the energy 
losses suffered by the electrons in the Cu target. 

The results of these measurements are given in 
Table III. The efficiency relative to the 3-fold coinci- 
dences has been calculated. Allowance has not been 
made, in these calculations, for the fact that the ioniza- 
tion losses, reducing the electron energy, have an in- 
fluence on the radiation losses. In this approximation 


(+1) 


(7) (8) (9) 


ho) (12) 


Fic. 6. Reproduction of an oscillogram containing the pulses 
of all counters, 
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which appears legitimate from the consistency of the 
efficiencies calculated and measured, at the same energy 
of 100 Mev, for four different Cu thicknesses—the 
efficiency relative to the 3-fold coincidences has the 
following meaning: It represents the probability that 
an electron of energy E, undergoing only radiation 
losses in a thickness of X radiation lengths, remains 
with an energy greater than that, £;, lost in the same 
thickness by ionization only. This probability is given 
by'® [X—1, In(£/E;) ]!/T(X). 

The curves of Fig. 7 refer to an interposed Cu thick- 
ness of 4 mm, corresponding to nearly half the target 
(one must remember that in the second experiment the 
latter was at 45° to the average direction of the elec- 
trons emitted in ET). The curves are relative to 7-fold, 
8-fold, and 9-fold coincidences (recorded without the 
anticoincidence counters). In the actual experiment the 
presence of the anticoincidence counter 10 causes an 
appreciable reduction in efficiency because of the de- 
velopment of the electrophotonic cascade which may 
occasionally penetrate the whole Al absorber. Using 
100-Mev electrons filtered through a 4-mm thick Cu 
sheet, we have measured the percentage of 8-fold coin- 
cidences accompanied by a pulse of counter 10, Under 
these conditions we have found a reduction in efficiency 
of nearly 10%. 

From the curve of Fig. 7 relative to the 8-fold co- 
incidences and taking into account the 10% reduction 
in efficiency due to counter 10, one finds that the effi- 
ciency for electrons produced in the target with the 
energy spectrum resulting from a mixture 6:1 of co- 
herent and incoherent capture (Sec. 1) is given by 


e=(.14, (for 8-fold in second experiment). (8) 














’ c 100 110 
70 6c 30 e( Mev) 
Fic. 7. Efficiency of the electron telescope ET of Fig. 4 for 
electrons of the energy indicated in abscissa, filtered through a 
4 mm thick Cu sheet. 


16 W. Heitler, Quantum Theory of Radiation (Clarendon Press, 
Oxford, 1936), p. 226. 
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Fic. 8. Relative rate of n-fold coincidences among the first 
n counters of the electron telescope of Fig. 2. The 8-fold rate is 
arbitrarily extrapolated as shown in the figure, merely to indicate 
the smallness of the contribution deriving from the decay electrons. 





By a reasonable interpolation of the data contained 
in Table III, for the electron telescope used in the first 
experiment one finds similarly 


e=0.15 (for first experiment). (9) 


No direct determination has been made of the de- 
tection efficiency of the telescopes for electrons arising 
from the decay of u~ mesons which have escaped nuclear 
capture. From the results reported in the next section 
(Fig. 8) it appears, however, to be about 10~ in both 
experiments. 


5. RESULTS 


For the interpretation of the experimental results we 
shall use the Poisson formula, 


P(R)= (aR+6)’/vle@**, 


which represents the probability that the branching ratio 
has the value R, if » events (genuine plus spurious) of 
the type searched for, have been actually observed when 
their expected number is given by Eq. (6). 

In the course of our first experiment, consisting of 
nearly 200 runs of 30 minutes each taken in the con- 
ditions of Fig. 2, v=3 events have been recorded of 
the type TCE (see Table I). Correspondingly, 
N=1,63X10%u- stops occurred in the target, this 
figure being derived from the total number of recorded 
monitors 1.2 and from the measured number of y~ stops 


(10) 
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per monitor (see Table II). From the geometry of the 
apparatus used in the first experiment one finds 
w/4r=7.5X10-%, Inserting in Eq. (7) these figures, as 
well as the numerical values of f,w (Sec. 2), and ¢ 
[Eq. (9) ], one obtains a= 1.35 X 10°. 

As pointed out in Sec. 2, the background rate is made 
up of a term deriving from the decay electrons and 
another term of accidental origin. Making use of Eq. (5) 
separately for each of the ~ 200 runs, the latter is found 
to be 1.53+0.27, in agreement with the fact that only 
one event ACE (Table I) has been recorded in the whole 
experiment. For an estimate of the former term, meas- 
urements have been taken of the n-fold coincidences 
among the first m counters of ET, with the results 
shown graphically in Fig. 8. Under the assumption that 
up to the 6-fold coincidences the bulk of the recorded 
counts is due to the decay electrons, the former term is 
estimated from the rate of 8-fold coincidences, extrapo- 
lated as shown in the figure, and from the requirement 
that such a coincidence follows a muon stop between 
15 and 430 nsec (Sec. 2). We shall neglect this small 
term, thus making somewhat bigger the upper limit 
that we are going to establish for the branching ratio 
of the process sought. 

The probability curve relative to our first experiment 
is plotted in Fig. 9, as graph 1, together with the curves 
relative to other experiments discussed below (see also 
Sec. 6). All graphs in Fig. 9 are normalized to 1 in their 
maxima and represent functions, Q(R), which are pro- 
portional to those, P(R), given by Eq. (10) for the 
appropriate values of the constants a,b,v. Curve 1 
contains the results of our first expriment: It shows in 
particular that above R= 5X 10-5, Q(R) is < io. Hence, 


if coherent capture is 6 times more probable than in- 
coherent capture [so that the value (9) of e« can be 
used J], our first experiment yields 


R<5xX<10 


with 90% confidence level. 





a(R) | 
1 














rar ore — n 
16" 10° 

Fic. 9. Probability of the result obtained in each of the experi- 
ments indicated, as a function of the branching ratio R. Curve 
(S.W.)’ refers to the result of the experiment of Steinberg and 
Wolfe interpreted as explained in the text; curve S.W. is relative 
to the result reported by the above-mentioned authors; curves 1 
and 2 hold for our first and second experiment, respectively; 
curve S.C.K. for the experiment by Sard, Crowe, and Kruger. 
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TABLE IV. Results of the second experiment. From the number 
of monitors 1-1’ (first column) one obtains the total number WV 
of w~ stops (V=6.26X 108) using the results of Table IT. ‘‘Good” 
n-fold anticoincidences (n=3,5,6,---9) are characterized by the 
absence of pulses from counters 10 and 12 and by the presence of 
a pulse 1-1’ which indicates, with its position on the oscilloscope 
trace, that a pe stop is followed by electron emission between 15 
and 500 nsec. 


Type of 


event 1-1’ 3-fold 5-fold fold 7-fold 8-fold 9-fold 


Tot al 
number 


1.56 X 10° 207 X10 


“Good” 
n-fold 
anticoinci- 
dences 


Table IV contains the results of our second experiment, 
consisting of ~ 47 hours of effective measurements per- 
formed with the apparatus of Fig. 4 exposed to the muon 
beam mentioned in Sec. 3. 

Since no “good” 8-fold anticoincidence has been 
shall use the 
value of ¢ given by Eq. (8) and, for the fractional solid 
angle relative to the 8-fold coincidences, the value 
w/4r=5.5X10- calculated from the geometry of the 
apparatus. From the total number of recorded monitors 
1-1’ (Table IV, 2nd column) and from the number of u 
stops per monitor (Table II) one finds V=6.25X 108 yu 
stops in the whole experiment. Since f=0.92 and in 
this case w= 0.87 (Sec. 3), Eq. (7) 3.98 10°. 

Because of the negative result of this experiment 
(v=0), the probability P(R) given by Eq. (10) is in 
this case equal to the product of the probability, 
exp(—aR), that no genuine event is recorded while the 
expectation value is aR, times the probability, exp(—9), 
that no spurious event is recorded while the expectation 
value is 6. The information derivable from our second 
experiment is, therefore, independent of the expected 
background and the function Q0(R) = exp(— 3.98 X 10°R), 
plotted as curve 2 in Fig. 9, is suitable to represent the 
result. It is seen that 


recorded in the whole experiment, we 


yie lds a 


R<5.9X10-*, 


with 90% confidence level. As before, such a result, 
based on the use of Eq. (8), holds for coherent capture 6 
times more probable than incoherent capture. In the 
case of purely incoherent capture the result depends of 
course on the energy left to the nucleus. If an average 
nuclear excitation energy of 15 Mev is assumed, one 
finds e=0.06, so that R<1.4X10-, 

It should be pointed out that in the course of both 
experiments the apparatus was continuously kept under 
control. In particular, measurements without graphite 
absorbers in the electron telescopes, ET’s, were fre- 
quently taken. Under these conditions the decay elec- 
trons could penetrate into the ET’s, and large numbers 
of n-fold coincidences among the first » counters of the 
telescopes were quickly collected even for the highest 
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values of m (m=8 for the first experiment and n=9 
for the second). ; 

The absence of 8-fold and 9-fold “good” anticoinci- 
dences among the events recorded in the second experi- 
ment (Table IV) is consistent, on the other hand, with 
an estimate of the expected background 8. Indeed, a 
more detailed analysis of our data (including the 
pictures of the oscilloscope traces) leads to the conclu- 
sion that the expectation value of 6 in our second ex- 
periment is between 1 and 2 events. 


6. DISCUSSION 


In addition to the results of the two experiments 
described in this paper, Fig. 9 contains also in graphical 
form the final result reported by Steinberger and Wolfe® 
(curve S.W.) and that obtained by Sard, Crowe, and 
Kruger™ (curve S.C.K.). The graph labelled (S.W.)’ in 
Fig. 9 is deduced from the experimental results of 
Steinberger and Wolfe: (a) assuming that coherent 
capture is 6 times more probable than incoherent 
capture; (b) interpolating from our measurements of 
Sec. 4 the correct value of the detection efficiency of the 
electron telescope used by these authors. Indeed this 
efficiency, calculated by a Monte Carlo method,® was 
overestimated using a radiation length of 62.5 g/cm? 
for electrons in polyethylene, whereas the correct value 
is about 45 g/cm. 

In the recent experiment by Sard, Crowe, and 
Kruger (which has a sensitivity comparable to that of 
our second experiment though based on a quite different 
technique), three events have been recorded of the type 
searched for, whereas the expected background is esti- 
mated by the authors to be 0.23 event. This result 
yields for process (3) a branching ratio R= (443) X10-® 
which is not inconsistent (as one can see also from 
Fig. 9) with our negative result. In this connection 
mention should perhaps be made of the fact that, as 
pointed out recently by Ernst,’ if the intermediate 
boson can be adjusted to account for the absence of 
process (1), a branching ratio of the order of 10~* would 
be expected for process (3). 

On the basis of our negative result, it is possible to 
establish an upper limit for the coefficients which appear 
in the matrix elements derivable on phenomenological 
grounds®” for the interaction represented by the 
Feynman diagram of Fig. 1. Indeed one can compute 
the branching ratio of process (3) relative to ordinary 
muon capture, using expressions of the transition proba- 
bilities given for the former process by Weinberg and 
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Feinberg® and for the latter process by Primakoff.!” 
Then 


W (u-+Cu — Cut+e-) 56(m,c?/h)a®[E(m,?) P 
~ Wi-+Cu— > Ni+») P(1,1)[1-8(A—Z)/2A] 
(11) 


where m,=103.8 Mev is the total energy of the u- 
meson in the K orbit of the Cu nucleus; a= 1/137; y is 
a parameter having the value 0.83'7; I'(1,1) is the 
capture rate of the negative muon by a proton and is 
found to be ~ 260 sec! assuming the universal Fermi 
interaction; 6(A —Z)/2A is 0.82 for Cu and &(m,?) has 
the same meaning as in reference 6. Inserting in Eq. (11) 
the numerical values, the negative result of our second 
experiment yields [£(m,?) <2 10-8, 

In terms of the dimensionless form factors relative 
to electric and magnetic monopole and dipole transi- 
tions, the quantity £(m,?) can be explicitly written as® 


[é(m,?) P= | feo(m2)+ fu 1 (m,2) |? 
+ | fei(m,?)+ fauo(m,2) |?. 





(12) 


The upper limit established* for the branching ratio 
of process (1) implies that 


| fer(O) |?+ | farr(O) |?< 10-1, 


Assuming on the basis of this inequality that these 
dipole terms can be neglected also in Eq. (12), one 
obtains 

| feo(m,?) |?+ | faro(m,?) |?< 2K 10-8, 
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The methods of dispersion theory are used to obtain an exact expression for the V —@ elastic scattering 
amplitude and the amplitude for the production process, V-+-@— N +28, in the Lee model. 


I. INTRODUCTION 


HE Lee model! was introduced to provide a soluble 

but nontrivial field theory exhibiting renormaliza- 

tion. As such it has proved valuable not only for insight 

into this problem! but also as a testing ground for new 

methods of calculation. For example, recently Gold- 

berger and Treiman* and DeCelles and Feldman‘ have 

applied the methods of dispersion theory to obtain the 

classical results of the model. In this paper we show how 

their methods may be used to obtain results not previ- 
ously known from the usual approaches to the model. 

It will be recalled that the Lee model describes the 
interaction of two Fermions, V and J, with a Boson, #@. 
The Fermions are taken to be fixed while the @ with 
mass uw is assumed to have a relativistic momentum- 
energy relation. The particular characteristic of the 
model is the interaction, which allows only the ele- 
mentary process V = V+. With this choice of selec- 
tion rules, the V and @ fields do not need to be renor- 
malized. (The theory is nonrelativistic and thus there 
are no antiparticles), while the V-particle self-energy 
arises only from N—@ “bubbles.” In considering this 
aspect of the problem one is led naturally to study 
together the state vectors for the physical V particle as 
well as for N—@ scattering. It is the study of these 
states which is the primary concern of the “classical” 
Lee model. 

The next most complicated state one can try to study 
is V—@ scattering. However, the selection rules for the 
model couple this state to the three-particle state 
N-+26. Thus, although one can write an integral equa- 
tion for the state vector describing the V—@ system, 
attempts to solve it have been unsuccessful.? In this 
paper we apply the techniques of dispersion theory to 
the problem of V —@ scattering and the related problem 
of @ production in V —@ collisions. By following a method 
suggested by recent work in the theory of nuclear direct 
reactions,® we are able to obtain directly the exact 
amplitude for the scattering and the production process 
without having to calculate the state vectors. In addi- 
tion to providing another solved aspect of the Lee 
model, these new results are, we believe, the first ex- 


* Supported in part by the U. S. Atomic Energy Commission. 

1T. D. Lee, Phys. Rev. 95, 1329 (1954). 

2G. Kallen and W. Pauli, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 7 (1955). 

3M. L. Goldberger and S. B. Treiman, Phys. Rev. 113, 1663 
(1959). This paper will be referred to as GT. 

* P. Decelles and G. Feldman, Nuclear Phys. 14, 517, (1959/60). 

5’ R. D. Amado and R. Blankenbecler (to be published). 


amples of the exact expression for a scattering amplitude 
in which production is possible and of a production 
amplitude in field theory. As such they have a number 
of analogies in real processes, some of which are dis- 
cussed in Sec. V. 

In Sec. II the formal structure of the Lee model is 
reviewed briefly, and the methods of dispersion theory 
are applied to the problem of V —@ scattering. One is 
led to an integral equation for an amplitude closely 
related to the production amplitude and this equation 
is solved. From this the V—@ elastic scattering ampli- 
tude is constructed. In Sec. III the results of the previ- 
ous section are used to obtain the amplitude for the 
process V+0— N+29. In Sec. IV the unitarity of the 
elastic scattering amplitude is established, and in Sec. V 
a brief discussion of the results is presented. Calcula- 
tion of some integrals is relegated to the appendix. 


Il. V—@ SCATTERING 


The Lee model describes a world of three particles, 
V, N, and @. It has been studied extensively particularly 
with regard to the V—@ scattering state and the V- 
particle state and we shall not review the discussion 
here. For completeness we state the Hamiltonian.® 


H=mZyy vv+mbntbwt+ 2s Wp, Ay 
+ebnlbvAt+gyv ywAtimyZypyyyv, (1) 


where 
u(w) 


w= (u?+k?)), 


ak, 
k (2w0)! 


[ax’,ax' |=d:,%', {Yn wn J=1, (dv v'}=1/Z, 
Cax’,ax |= {dv vv} = (ev vv} =0. 


We have quantized in a box of volume Q, laterQ— ~. 
g is the renormalized coupling constant. Py is the re- 
normalized V-particle field operator and Z is a re- 
normalization constant. These are chosen so that 
(O|\~v|V)=1. émy is the V-particle mass renormaliza- 
tion. dmy and Z are easily solved for in terms of the 
other quantities appearing in the Hamiltonian. We 
have assumed that the interaction V — V+ contains 
a source function, u(w), such that all integrals which we 
encounter exist and such that there are no ghost V- 
particle states. 


® Our notation follows closely that of GT, except that we make 
the simplifying assumption, unrestrictive in our case, that the 
V and N have the same mass. 
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We wish to calculate V—@ elastic scattering within 
the framework of this model. The S-matrix element of 
interest is 


S=(V0.— | VO), (4) 


where the plus and minus refer to the usual “in” and 
“out” states. We use the asymptotic definition of these 
states to write 


S=lim(V | ax(t)| VO." de®", 


where the Heisenberg operator a;() is defined by 
a, (t)=exp(iHt)a, exp(—iH2). 
We can write 
- d 
s— iui f e(-K +0) Vj an( V0." dt. 
Be dt 
Defining the 6 current by*? 


(2w)! d 
q(t) =— (-i—-+0)ai(0=—eve"Ovr, 
u(w) dt 


we have 
“ u(w) 
s—i.v=if eV | 7(t)| VO") —dl. 
a (2w)! 


Using the time translation property, 
j(t)=exp(iH1)j exp(—iH2), 
the time integral can be done, and we obtain 


uw) 
S—84,4'= 2915 (w—w’) (V|7| VO,"). 
(2w0)! 


(10) 


We define the scattering amplitude in the usual way by 


(2w0)! 
T (w) =—— 
u(w) 


(V|j| V0.), (11) 
so that 
u?(w) 
S=6, 4’ +2rid (w—w’) 
2wQ 


(12) 


T (w). 


To make further progress in obtaining JT, one must 
contract another particle. One’s success in solving the 
problem depends on which one he contracts. Following 
a method developed to deal with nuclear direct re- 
actions,® we choose to contract the V particle from the 
left. We obtain 


(2wh)! 
T (w) =———- lim(0 | {Wv (0), 7} | V0.“ e™. 
u(w) 


(13) 


The extra term introduced by the anticommutator is 


7H. Lehmann, K. Symanzik, ard W. Zimmermann, Nuovo 
cimento 1, 205 (1955). 
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8 — 
iy £ x) 
V N Vv 
1. Dispersion graph for V —@ scattering corresponding 
to the division of the amplitude given in Eq. (17). 


> 


Fic. 


zero. Proceeding as before, we write® 


(2wQ)! f* d 
T(w)=i—— f cm( i +m) 
u(w) v- dt 


x 


X (0) Wr (O,7}| VO0)0()dt. (14) 


The equal-time anticommutator resulting from dif- 
ferentiation of the theta function gives zero. Thus we 
may write 


(2w0)! 


T (w)=i— J exon (4(0),7}|V0.)dt, (15) 


u(w) 4 , 


d 
f= (-i— +m), (!) 
dt 


= —bmitr()—Yw(DA(. (16) 


If a complete set of intermediate states is inserted in 
(15), we can do the time integral, and we obtain a 
Low-type equation? : 


(2w®)! (0| f|.S)(S| 7} VO.) 
(17) 


S—m—ie 


T(w) 


S u(w) 


The second term from the anticommutator gives no 
contribution. The states S in (17) must be states with 
the same quantum numbers as a V particle. Since 
(0| f|V)=0, only the N—@ state will contribute. We 
choose a “‘plus”’ state, which choice leads to considerable 
simplification later on. We obtain for (17) 


(| f| NOP )(NO." | j| VO.) 
k’ w’ é 
This division of T corresponds to the dispersion graph 
of Fig. 1. Now we define 


(2w0)! 
——(0| f| N@,.+), (19) 
u(w) 
and 
ww’)! 
F (ww) =— —( NO." | 7| VO,,), (20) 
u(w)u(w’) 
then 
K (w’)u?(w’) F (w’ w) 
T(w)=>> — gene 


k’ @ * 


(21) 


8 4(t)=0 for t<0; 6(t)=1 for t>0. 
®F. G. Low, Phys. Rev. 97, 1392 (1955). 
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The problem of calculation of T(w) is then reduced, or 
better expanded, to computing K (w) and F(w’,w). Since 
the N@ state is known, K is known. It is obtained for 
example by GT using dispersion-theoretic methods. 
Thus we need only calculate F (w’,w). 

F(w’w) is nearly a production amplitude for the 
process V+6— N+2¢ but it differs from a normal one 
in that both the states involved are “plus” or “in” 
states. As we shall see in Sec. III, the ordinary produc- 
tion amplitude can still be calculated in terms of F, 
but the presence of the two “plus” states will greatly 
simplify its calculation. To obtain F, we contract the 
6 from the left in (20) and obtain 


(ww")! 
F (w’ ww) =—— “ 


= lim (NV | [ax’(é 
u(w)u(w ) 


t+— a 


),7] V0, e 


(ww')! Log = 
— lim (N | jax’(t)| VO. )e*’*=, (22) 
wleadal w nt — 
The second term is introduced to cancel the extra term 
from the commutator. It is not now zero, but rather 
(V|7|V), 


; y \piw’t — , 
lim (A eo = be" 


ta—w 


jax (t)| V0, 


‘ 


where we have used the definition of the ‘‘in” 
Using (7), we also see that 


(N|j|V)=— 


Thus we may write 


state. 


(23) 


x 


(ww’)! 
Fw’ w) = —i— —f cw 
u(w)u(w’) J. 
X(N | Cax’(2),7]| VO. 


w\? 1 . 
--i(=) — f 6(—t)e"t 
22 u(w)J_, 
we 


X(N [i(),7) i '~*" )dt— — 
u*(w) 


; g 
6(—1t)di————6 x, 
u?(w) 


Ok.k’; (24) 


where we have used the fact that the equal-time com- 
mutator, [a,j ], is zero. Inserting intermediate states 
and doing the time integrals, we obtain 


wr? 1 
(w's)=(~) —¥ (vs SYSI1 V0. 


227 u(w) 8 


1 1 
x(— ee ae ; 
S—w’ mevres w’+S—m—w—ie 


@ 
ee ES Ok,k’. 
u?(w) 


AMADO 


Fic. 2. D ispersion graph for the amplitude F(w’,w) as divided 
in Eq. (26). To each of the eel two graphs there corresponds 
another with the roles of the outgoing @ particles interchanged. 


The states S can be either the V-particle state or the 
N-6 stateYand once more we choose the “plus” 
state. We then get 


F (w’w)= 


The graphic contribution of these terms to F 
sented in Fig. 2. 
If we define the N—@ scattering 


sponding to T of (11) as 


is repre- 
amplitude corre- 
(2wQ)? 


MM (w) =————(N | j| N@, 
u(w 


(27) 


then using (11), (20), (23), and (27) we can write for 
(26) 
WwW 
F(w’ w)=—g —Ox, 4’ 
u*(w) 


g. 
+ r\)( 
0 


aus 


WwW 


u?(w}) Bs 
ft (wy \F (wy 


1 
Xx + 
, ° 
witw ig Se Wi—-W 


This is an integral equation for F in which the kernel 
is known in terms of the known NV —@ scattering ampli- 
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tude. One might worry that the inhomogeneous term 
contains T(w), which is certainly unknown at this 
stage, but if we consider the integral equation as an 
equation in the variable w’, for fixed w, then T(w) 
appears as an unknown constant in the equation. Since 
the sum in (28) is over k’, the appearance of this un- 
known parameter in the solution for F(w’,w) will not 
affect our ability to do the sum and finally we will 
obtain a linear algebraic equation for T(w) which we 
shall certainly be able to solve. 

The analytic properties of F(w’,w) as a function of w’ 
for fixed w may be read off from Eq. (28). Apart from 
the delta-function term, F(w’,w) has poles at w’=0 and 
at w’=w-+ie and branch cuts along the real axis in the 
interval w<w’< © and in the interval w—-p>w’>— ~., 
So long as w<2y, these branch cuts will not overlap. 
This condition on w is, of course, just the condition that 
w be below the production threshold, that is below the 
threshold for the process V+@— N-+-20. In construct- 
ing a solution for F(w’,w) we shall impose the condition 
that w<2y, but once the solution is obtained explicitly 
it may be taken as valid for all w. F(w’,w) has no other 
singularities in the finite part of the w’ plane. The 
singularities of F(w’,w) are completely analogous to the 
singularities encountered in the study of the full rela- 
tivistic production amplitude, or five-point function. In 
particular, the overlapping of the cuts for w>2y is a 
characteristic feature of physical production ampli- 
tudes and its interpretation is clear in the simple model 
presented here. 

In order to solve Eq. (28) we shall need to know the 
behavior of F(w’w) for very large w’, w fixed. From the 
unitarity of the S-matrix (it will be recalled that ghost 
states are explicitly ruled out), it follows that T(w) is 
bounded and therefore that the sum in Eq. (24) must 
exist. K(w’) becomes constant for very large w’,? and 
hence u°(w’)F(w’w)/w” must go to zero sufficiently 
rapidly in w’ for the sum to exist. For very large ,, 
JU(w;) goes to C/w; (C a constant). Thus for w; very 
high, the summand in Eq. (28) may be written 


u?(w ) 1 1 
Cc— P(ers)(—— 4 -). 
w, witw'—w-te wi—w’ +e 


The contribution of this to the sum for very large a; 
may be made arbitrarily small, even if w’ is also very 
large, since u?(w:)F(w:,w)/w;? decreases sufficiently 
rapidly. Hence F(w’,w) goes to zero for very large w’ 
and fixed finite w. 

A useful crossing symmetry of F(w’,w) also follows 
from (28). We see that 


§@ gw 
F (ww) a F(w—o’, w) +——F:,e- x’. (29) 


u?(w u*(w 


This symmetry corresponds to an interchange of the 
two outgoing @ particles in Fig. 2. 
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To solve the integral equation for F(w’,w) it is con- 
venient to make the transition to © volume and change 
the sums to integrals. We obtain for (28) 


w g 1 1 
F(w'w)= fans ——~b,k! + —T (w) (-- ——}) 


u?(w) 20 w w'—w—ite 


1 0 
+-f et sind F (wi,w) 
TY p 


1 1 
x(. — —) do (30) 
witw’—w—-ie wi—w'+ie 
where we have expressed 91 (w;) in terms of the known 
phase shifts for V—@ scattering by 


—(w?— pw?) 1? (w1) MN (ws) = e*! sind, 
T 


(31) 


using the notation 6(w;)=6,; 5(w’)=4’, etc. The integral 
equation (30) is of a general structure well-known in 
dispersion theory.” In particular, equations of just this 
type have been studied by Blankenbecler and Garten- 
haus," so long as w< 2u. In fact the equation they study 
has a real inhomogeneous term and a kernel under the 
integral given in terms of the imaginary part of the 
unknown function, which is assumed to have a known 
phase. It is easily verified that their method of solution 
is still valid in our case in which the inhomogeneous 
terms are not real and in which exp(ié;) sind, F (w1,w) 
~ImF(w:,w). Thus applying their method, we obtain 
the solution 


; ie) 
F (w’,w) = —g——b.,x’ 


u? (w) 


Fas (- ) 
20 w w'—w—ie 


ep (w’)—id’ a) 
+ -—-- fern sindde 


T r 


1 h 
wi—w’ +ie wi +w’—w—ie 


1 1 gw 
— -) an] 
@1—w—ie u?(w) 


+ P(w')er(o—i8", (32) 


P 1 1 
p(w’) = f dw 6, (-—— fe —). (33) 
oa a w—w wy+w’—w 


“ 


where 


10 N. I. Muskhelishvili, Singular Integral Equations (P. Noord- 
hoff, ‘N. V. Groningen, Holland, 1953); R. Omnes, Nuovo cimento 
8, 316 (1958). 

11, Blankenbecler and S. Gartenhaus, Phys. Rev. 116, 1297 
(1959). 
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h is an arbitrary function. @(w) is an arbitrary poly- 
nomial representing the possibility of adding arbitrary 
amounts of solutions of the homogeneous equation to 
the solution of the inhomogeneous equation. We may 
now use the fact that both p(w’) and F(w’w) go to 
zero for large w’. This can only be if ®=0. Further the 
crossing symmetry (29) requires that h=1. 

The problem now is solved. All that remains is to 
do the integrals and assemble the results. The integral 
containing 6,,,- is done immediately, giving 


F (w’ w) 
gw 


=— On. 


u?(w) 


4a sinde? “*’ 
x(7%)- 


(w?— x?) bu? (w) 


" 1 
xf ee Cw sind,( _ 


“ 


(34) 


+ a Jac 
i ; 
@W1Tew —wW 


1 
M(w)= (35) 


Ww 1—B(w) 


—f dw (w1?— pu?) 4? (w1) 
4? w1"(wy—-w—7e) 


a 


where 


B(w)= 


— g?u?(w) (w?—p?)! 
Im8(w) = 


1 


AMADO 


In terms of this function, we show in the Appendix that 


Q 


ep ta’ +id’ (38) 


’ 


[1 —B(w’) if —B(w on w’) 
from which it follows that 


[1—B(w—w’) Im[1- B(w’) 
e~°(#") sing’ = — (39) 
7? 
since for w<2yu, B(w—w’) is real for u<w’< «©. Thus 
using (37), (38), and (39) in (34), we may write 


gw go 
oes T (w) 


0 


F(w'w)=—-- 


w@ | 


—w—ie)[1 —B(w —w’) [1 — B* (w’) | 


T (w)l 
; -, (40) 
22 [1—B(w—w’”) [1—*(w’) | 


where 


u . ; 


w1(wi— w — 1€) (wy —=—is “Tt 


=f Im[1—8(w:) |[1—8(w—w) ](2 


Te 


which we show in the Appendix is 


x ((1—6*(w’) [1 —B(w—w’) ]+8(w)—1}. (42) 


Thus finally we obtain for F(w’,w) the expression 


22 w’ (w’—w—ie)[1—B(w—w’) [1-—B* @’) J 


To get T(w), we insert (43) into (21) along with’® 


K (w’)= : 
1 — B(w’) 


Each of the three terms of (43) will give a contribution 
to T(w) which we call 7), Ts, and 7; in turn. The first 


is trivially evaluated to give 


gwT (w) [1—B(w) ] 


. (43) 
[1—B(w—w’) IL1—B* (w’) l(w’- 9) -1€ wy’ 


22 


Changing the sum to an integral and using (37), we 
may write for the others 


2 L 1 
1-= f dw’—— x 
T w’ (w’ —w—ie) 


“ 


Im[1—8(w’) | 


| — B(w’) 


xX 


T:=o[1—6(w) JT (w) A, 





V-@ COLLISIONS 


where the integral A is 
1 ¢” Im[1—B(o’ )J 1 
fw— a 
»  — & (w’—w—ie)| 1—B(w')|? 
Im[1—8( w’) | 
1—B(w") |? 


B(w—w') 
xe i+ m4 
1—B(w—w’) 
In the Appendix we show that 


1 7” Im[1—8 B(w') J 
B= fa . 
1 y w’ (w’ ceteh 1—B(w’) 3 
—B(w) 


ee (49) 
ofl ~B(w)] 


1—B(w—w’) 


w’ (w’—w—ie) 


=B+C. (48) 


which leaves only C: 


1 fr Im[1—8( w’) | 
J du'— —X 
T oo! (wo! —w—te) 1—B(w") : 


Im[1—8( w’) | 


B(w—w" 


= 
B(w—w’) 


1—B(w—w') 


(50) 


1 x 
2 f duy’— ne —X 
Td y w’ (w’—w) | 1—B(w’) |? 


the second form following from the fact that 6(0)=0. 
Thus for w<2u, C is real. It clearly represents the effect 
of production on the scattering amplitude. Combining 
(45), (46), (47), (48), and (49), we have 

g° g*B(w) 


wf 1—B(w) )] wf1—B(w)] 
+wT (w)[1—B(w) JC, 


T (w) = -+2°C— T (w)B(w) 

(51) 
(g° w) rec 

~ 146(w)—wf1—B( 


s/w 


i iiatennina (52) 
(1—wC) (1+wC )+8(w) 


Since the integral C is in principle known, this com- 
pletes the solution.” 


III. PRODUCTION 


Having calculated the amplitude F(w’w) of the 
previous section, we are in a position to calculate the 
amplitude for the production process V+@— N+28. 
We begin with the S-matrix element, 


S=(NO,1y— | Ve.,.+). (53) 
21f we neglect production (C=0) we get T(w)=g?/ 


{w{ 1+ 8(w)]}. Essentially this result has been obtained previously 
in this approximation by D. A. Geffen (private communication). 
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Contracting in a 6 from the left, we have 
S= 2rd (w"’+w’—w) 


u(w’’) 1 


(NO.'— | 7| VO."?), 
(200"0)3 v2 


(54) 


the extra factor of 1/v2 comes from the identity of 
the @ particles. The S-matrix element is thus expressed 
in terms of the amplitude P(w’,w) defined as 


(ax’)! 


P(w',w) = (NO. |j| V0.0). (55) 


u(w)u(w’) 


The problem is to relate P(w’w) to F(w’w). Inserting 
a complete set of states in (55), we can write 


wo’ j 
P(w' wo) =———_ © (N06, 


S)(S|\ j| V0.). 
u(w)u(w’) s 


(56) 


We take “plus” states for the states S. The selection 
rules of the model restrict S to the V-particle state or 
the V'—@ scattering state, but (V@~)|V)=0. Thus we 
have 
(ww')! 
P (ww) =————_ © (N0,"— | N07") 
u(w)u(w’) k” oo 
X (NO. | 7|VO.), (57) 
which expresses the result in terms of the V—@ scatter- 
ing matrix. Using the energy conservation imposed by 
this element, the sum may be done, and we obtain 
P(w' w) =e? F (w'w), 


(58) 


where 6’ is the V —@ scattering phase shift for energy w’. 
Thus finally Eq. (54) may be written 


1) @2id! 


ae 
v2 


u(w)u(w *)u(w 


S= drib(w” +w"—w)- (59) 


' ‘w). 
( 2es'e eh 


IV. FULL UNITARITY 


It is instructive as well as amusing to verify that our 
solution (52) satisfies unitarity. To see this we calculate 
the imaginary part of T(w) from (11). We write 


(2w0)! 
T (w) =———- lim _(V |[j, a," 
u(w) 


(t)]|V)e-‘*#; (60) 


the extra ordering introduced by the commutator gives 
zero. Using the fact that the equal-time commutator 
[ j,ax' ] vanishes, we have 


x 


T=i f e-#'9(—1)(V|[j,j"()]| Vd. 


—@ 


(61) 


Im7(w) is obtained from the first term 6(—i)=4 
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+4e(—). Hence 


x 


1 
ImT (w) = fe ““V 09,9" ]| Vat 
) 


(62) 


Inserting a complete set of states and noting that only 
the first ordering of the commutator contributes, we get 


Im7T(w)=7 >> °6(m+w— Es) 


Ss 


(V|7|S) 


r>\(V 


, 


q\ VO. 


+x ¥ |(V\j| VO. 00" 


ne one 


With the convention for Boson states implicit in the 
factor 1/v2 in (54) the sum in the second term may run 
over all k’ and k’’. The first term of (63) relates ImT 
to | 7 |? and the second term represents the contribution 
from production. To express it simply, we notice that 
the production S-matrix element (53) may be written 


S= lim (N6,/0.” a,(t)| V)e~*! 
U\w) , 
2rid (w’ + w’ = 59) (NO.'04"" F V 


(2wQ)4 


(64) 


Thus on the energy shell, which is all that concerns us 
here, we have from (59) 


wo” —w) (NOB 


u(w’ )u(w’’) 


e28’F (ww). (65) 


AY ' 


)3 


Inserting this into (63) using (11) and (65) and doing 


the first sum, we have 
ImT (w) 


u?(w) 


LO\? r 
) | de'de” u?(w’)u?(w"’) 
dor 2 


(66) 


or using (37), 


Ww 
Im7T (w)= — Im[1—8(e) }| T()|? 
g 
(20)? 
4 


2rg' 


fata” wa” Im[1—8(w’) | 


X Im[1—8 (wv) ]| Fw’ ,w) | 96 (w’ +w""—w). 
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The term containing 6,,,° in F(w’,w) gives no contribu- 
tion in (67) since the delta function can never 
satisfied on the energy shell. Thus from (43) we have 


be 


ImT (w) 


@ 7 

= — Im[1—8(w) }| T(w) 
iy 

2+T (w)o[1—B8(e) | 


) 92 
“_ 


1 ¢® dw’ Im[1—8(e’ 
x-f 
T ‘—w)|1—B( 


, 
p WW W 


Im[ 1 —B(w- w’) | 


w’) . 1—B(w Gy 


The last integral may be related to C of since 


1% dw’ Im[1i—8(w’) | B(w 
f im( 
TT’ pw 1—B(w’) Pay! (ay’ =} 1 -6 


+ dw’ Iml[1—8(w’) ] Im[1—B8(w— 
T w’ (w’—w) 1 —B w’) , 1-8 w® 


m 


ImC= 


Thus the condition for unitarity is 


Im7T(w)=— Im[1—8(w 


g* 


(70) 


ImT (w) = (71) 


and 
unitarity is obviously satisfied. When w>2u and ImC 
is not zero, the unitarity condition reduces to 


Below the production threshold, C is purely real 


2ew*| T(w) |2/| 1+wC |2= | g?+wT 


w® f1—, @) ii” 
4 . 


or 


4o)*| T (w) 
which is easily verified for our solution (52). 


V. DISCUSSION 


We have seen that using a novel form of contraction 
it is possible to obtain a soluble integral equation for 
the V—@ scattering amplitude and for the production 
amplitude for the process V+0—> N+26 in the Lee 
model. These results are of interest both as a filling 
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out of the solved part of the Lee model, and also, per- 
haps more interestingly, as an example of an exactly 
soluble field theory with production. Probably some 
insight into the structure of scattering amplitudes with 
production and of production amplitudes in relativistic 
field theory can be gained from those presented here. 

There are many extensions and applications of these 
results that come immediately to mind. Within the 
framework of the model and using the methods intro- 
duced here, one should be able to calculate the ampli- 
tude for N+20— N+26. This would complete the 
discussion of amplitudes in the V—@ sector of the Lee 
model and hence should allow a determination of the 
V-—6 and N—6—86 state vectors. Further, one can 
study the V—@ amplitude in more detail looking for 
the cusp that should occur at the production threshold” 
or studying the structure of the perturbation series. 
These aspects are presently under investigation. 

One can also think of interesting directions for ex- 
tending the model. In a sense, V—@ scattering is the 
analog of pion-nucleon scattering in the T= 3 state and 
N—@6 scattering in the T= 4 state. This analogy is most 
apparent from the Born terms. It is seen from the 
structure of (35) and (52) that no resonance occurs at 
low energies for VN —@ scattering, whereas a resonance is 
possible at low energies in V—6 scattering, since from 
(35) we see that Re8<0 for small w. The analogy can 
be made closer if the scalar coupling in the Lee model 
is changed to pseudovector. We are investigating this 
possibility. An even more amusing change is to intro- 
duce a @—@ interaction into the model in analogy with 
the pion-pion interaction. V —@ scattering is unchanged 
but V—@ scattering and the production amplitude are 
altered. A more difficult extension would be to try to 
relax the static assumption and finally to try these 
methods on the field theories of the real world. In 
particular, work is under way to apply these techniques 
to nuclear direct reactions in order to include the effect 
of initial- and final-state interactions in the field- 
theoretic approach to this problem.® 
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APPENDIX 


For Eq. (33) we must evaluate 


i ae 1 1 
p(w’) +is'=- f axa(ay(- —_—_—_ -++—____ -), 
T x—w’—ie xtw’—w 


m7 


3 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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Fic. 3. Contour in the complex w plane. 
Our methods follow those of GT. We write 


1 
5(e)=——(In[1—6(w)]—In[1-8*(w)}}, (A) 
41 


and since 


B*(wt+ie)=B(w—ie), (A.2) 


1 
p(w’) +18’ = -—f Inf 1—8(x) ] 
Cl 


2n1 


1 1 
a iennees 
x—w’ x+a’—w 


where the contour C; goes from © to uw just below the 
real axis and returns to © just above, as shown in Fig. 3. 
Calling C; the contour of the infinite circle, we may write 


as bs 


using the fact’ that 1—8(w) — Z as |w| — © we have 
p(w’) +78’ 

=— {In[1—8(’) |+-In[1—8(w—w’) |—2 InZ} 

22 
= h—______—_—_—_, 
[1—B(w") [1 —B(w—w"))] 

from which (38) follows. 

Next we consider J defined by (41): 


s(s—w—ie)(s—w'+ie)(s+-u’—w) 
=I,+Ib, 


J 8 Im[1—8(z) ][1—8(w—z) |(22—w)dz 


(A.5) 
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where 
Im[1—8(z) ](22—w)dz . 
r= f — — ———_, (A.6) 
rd, 2(2—w—ie)(s—w’ +ie) (z+w’—w) 
using 


1 
Im[1—8(z) ]= — Im§8(z)= —>[B(2)—A(s") J, 
2i 


we write 
(22—w)8(z)dz 


I= —- 


f . mimmearemeinnesn, Oh 
Qmid c) 2(2—w—ie) (s—w’ + ie) (z+w’—w) 


In this case the integral around the infinite contour 
gives nothing and we may write 


ae 


in which case (A.7) can be evaluated directly and we get 


a) 


I= 
; ; ° 
w@ (w —w—te) 


[B(w) —B*(w’)—B(w—w’) |, (A.8) 


where we have used the fact that 8(0)=0. We now 
must calculate J;, 


Im[1—8(z) ]8(w—z)(2z—w)dz 


w ¢* 
I= f . (A9) 
wl, 2(3—w—ie)(s—w' +ie)(2+w’—w) 


Proceeding as above, we write this as a contour integral : 


w B(z)B(w—z)(22—w)dz 
I= - : 
2ri 2(z—w—te) (z—w’ +ie) (z+-w’—w) 


Now the integrand in addition to poles within the con- 
tour has a cut due to 8(w—z) in the interval — «© <z 
<w—p. Thus we can write 


rt. 


where the contour C; is the integral around the negative 


(A.10) 
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cut indicated by the dashed contour in Fig. 3. Thus 


28* (w’)B(w—w’)w 


b— 


B(z) Im[B(w—:z) ](2s—w)dz 
(A.11) 


. * fos few} ; \ 
mw! _, 2(2—w—te)(z—w +1€)(2-+w —w) 


making the variable change z=w—y, the integral in 
(A.11) is seen to be just —J,; hence 


B* (w')B(w—w’) 


w’ (w’ —w—ie) 
X[B(w) —B*(w’) — B(w—w’) +-B*(«)')B(w—w’) }y (A.13) 


which gives (42). 
Finally we must evaluate B of Eq. (49), defined by 


1 7% dw’ Im[1—8(e’) | 1 2 
=f | 
T w’ (w’—w—ie) 1—68(w’) 


7 


using 


| 1 


11—B(w’)| 


Im[1—8(w’) | 
we have 
- dw 


1 lay’ 1 

— f im( 
mJ, w'(w’—w—ie) 1— B(w’) 
1 rs dw’ ( 1 ) 
rid w’ (w’—w—ie) \1—B(w’) 


B(w) 
=— . CS 
w[ 1—B(w) | 
as stated in (49). 
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A relation among the magnetic moments of 2+, 2°, =~, and A is obtained as a consequence of the proposed 
symmetries of strong interactions, a minimal electromagnetic coupling for the electromagnetic interactions 
being assumed. The magnetic moments of the A and = hyperons are calculated with the aid of mass spectral 
representations in which only the contributions of the bound states are taken into account. The present 
calculation of these magnetic moments are compared with various other calculations. Remarks are made 


on the possible experimental values. 





1. INTRODUCTION 


HE measurement of the A magnetic moment pa, 

and the 2 magnetic moments py, uw, and po will 
offer insight into the symmetries of the strong inter- 
actions within the framework of current field theory. 
We shall first discuss ua. So far all estimates on the 
values of ua based on perturbation theory point to a 
small value.'? In particular, it has been shown rigor- 
ously under very general assumptions that ywa=O0 in 
the limit in which the mass differences among the 
baryons are neglected.’ 

The analysis of the nucleon magnetic moment by use 
of spectral representations has revealed that pertur- 
bation theoretical results are unreliable.‘® This treat- 
ment suggests that the necessary modifications of the 
perturbation treatment (which are also valid for the yu) 
are that the baryon-current contribution to ya should 
be neglected, and that the structure of the emitted 
boson and the rescattering terms (contributions other 
than that from the one-baryon poles) of the K current 
be taken into account. The A-current contribution is 
formulated in terms of AK scattering. Further, when 
the K-current contribution from the baryon poles is 
expressed as an integral over the square of some mass 
variable over the range from (2y)* to ~, uw being the 
mass of the K meson, the integration should be carried 
from (2y)* to the physical threshold (2M)*, where M 
is the mass of the A hyperon. These suggestions based 
on arguments of unitarity have been discussed in detail 
by Federbush ef al.® 

When the mass variable exceeds (2M)? one can 
formulate the K-current contribution in terms of the A 
pair annihilation into two K mesons. The A pair of the 
matrix element for the pair annihilation are in *S, and 
3D, states, in analogy to the case of the magnetic 
*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Address for 1960-1961, Istituto di Fisica Teorica, dell’ 
Universita di Napoli, Mostra dell’ Oltremare, Napoli, Italy. 

1H. Katsumori, Progr. Theoret. Phys. (Kyoto) 18, 375 (1957). 
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3G. Feinberg and R. E. Behrends, Phys. Rev. 115, 745 (1959). 

4G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958). 

5 P. Federbush, M. L. Goldberger, and S. R. Treiman, Phys. 
Rev. 112, 642 (1958) (hereafter referred to as FGT). 
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moment of the nucleon. The magnitude of the contri- 
butions from these states is limited by unitarity, so 
that one can set an upper limit to the K-current contri- 
bution for the range from (2M)? to «. If one considers 
the contribution from the baryon poles, the unitarity 
condition is violated. The violation for the contribution 
from the w-meson and pseudoscalar K-meson currents 
to the magnetic moments of A and © is smaller than for 
that to the magnetic moment of the nucleon, and the 
violation for the scalar K meson is approximately the 
same as for the latter. 

The A and & hyperons involved in a strong interaction 
may be considered as a bound state of two particles. 
In the loosely bound case, there is an anomalous 
threshold that gives rise to an additional contribution 
to the magnetic moment. There is no anomalous 
threshold for the cases A—2Z+K, 2—2=+K, and 
~—2Z+7, but there is one for the cases A— N+K, 
>— N+K, and Y—A+7. Rough estimates of these 
additional contributions to the magnetic moments are 
made. 

Let us examine how we may make maximum use of 
the information gained above in the calculation of the 
nucleon magnetic moment and effect an evaluation of 
M4, M, Mo, and wa On the basis of spectral representations. 
The largeness of the rescattering terms for the nucleon 
magnetic moment is due to a resonance in the pion- 
nucleon scattering. In the present case, one needs the 
dispersion relations for (A,A) scattering. Since no 
reliable method of evaluating the rescattering terms 
has been found, and no possible resonance of (A,K) 
scattering is known, we shall henceforth ignore this 
contribution. Further, no information is available on 
the structure of the K meson, although such structure 
may increase or decrease the value of wa obtained for 
a point K meson, so that any detailed analysis with 
some arbitrarily assumed structure for the K meson 
does not appear to be meaningful. 

This leaves only the possible modification of the 
K-current contribution or the contribution from the 

2K) state. This contribution arising from the poles of 
the cascade particle = and the nucleon JN is integrated 
over (mass)? from (2yu)? to (2M)*. The analysis will 
necessarily be exploratory because of lack of detailed 


- 


] 
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experimental data. The essential features that emerge 
from the analysis, however, are expected to survive. 

In Sec. 2, a relation among the magnetic moments of 
A and > hyperons is obtained from symmetry argu- 
ments. In Sec. 3, the method is outlined and an expres- 
sion is obtained for ua, which is evaluated in Sec. 4. 
In Sec. 5, the magnetic moments of = hyperons are 
evaluated and finally some remarks are made in Sec. 6. 

2. MAGNETIC MOMENTS OF A AND 
x HYPERONS 

On the basis of charge independence, Marshak et al.®! 
have shown rigorously that the sum of the magnetic 
moments of =* and =~ is equal to twice that of 2°, i.e., 
Mitu=2uo. Using the method of Feinberg and 
Behrends* and the doublet representation of Gell- 
Mann’ and Pais* in which J = } is assigned to all baryons 
and J=0 to K+ and K°, we shall show rigorously that 


by tu 


The interaction Hamiltonian adopted for r and K 
mesons is 
H.=i(G\NyeysNi1+-G(NoeysNot+N3e7sN3) 


+G, N, zysN, |x, 


2 _ Qua. 


(1) 
and 
Hx=Fy2( (NimN2)K°+ (NimN3)K*] 

+Fyv2[ (Nem 2)K* - (NannN3)K°]+ H.c., 


where #=c=1, 
p >t Z 

Ni= ( ), N.= ( ), N3 = ( ), N,= 
n y° me 


Z°= (A+ 2°)/v2, 


the symbol of a particle denotes the field operator that 
destroys it, and H.c. stands for Hermitian conjugate. 
The assumptions underlying Eqs. (1) and (2) are that 
all strong interactions are charge independent, the 
present baryon spectrum and its isotopic spin assign- 
ments are correct, the baryon spins are } and the K 
spin is zero, the (2,A) parity and (K°,K*) parity are 
even, and the (2,A) mass difference can be neglected 
The factors n; and m1 stand for 1 or 7ys. 

The minimal electromagnetic interactions Hem of the 


baryons and mesons to order e¢ are 


a Ht+H.tdA., 


(2) 


( ) (3) 


Y°=(A—>")/v2, 


(4) 
where 
H,=hie(Niwy,Ni—NwyNaA, 
+ liel KO,K— a,KK |. as 
y= Liel Nay,N2—Nsy,N3]- 1, 
+hiel Kr30,K— 0,Kr3K |. Rs 
H.= diel Ny tsNitNeystsNotNayutsN 3 
+N yy,tsN 4 )A,+ie#T 30,0 ,. 
~ ©R. E. Marshak, S. Okubo, and E. C. G. Sudarshan, Phys. 
Rev. 106, 599 (1957). 


7M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
8 A. Pais, Phys. Rev. 112, 624 (1958). 


(5) 


TANAKA 


Here, K is a component isotopic spinor for the K 
meson! and z is an isotopic vector for the meson. The 
reason for writing 7... in three parts is that the three 
parts transform differently under the transformations 
considered below. The quantity 


(A) = T(A(x)A(y) A y(2) 6) 
is related to the electromagnetic vertex operator for A, 
where J is the time-ordering operator and ( _)o desig- 
nates the expectation value in the physical vacuum.® 
Since I',(A) depends linearly on A,, one can consider 
the transformation of the three parts of H, separately 
so long as H.» remains invariant under the transfor- 
mation. 

In order to obtain relations among the I’,, let us first 
consider the conventional isospin rotation. The trans- 
formation is not the isospin rotation for the doublet 
representation. 


N, any etT2NV 
Nz > —eiltTV, 
N3 —- ettT2NV, 
N; a ettT2NV, 


pixT2y 


> — p, 


>" 
>— 7". 
» — Kt, 


K — eK or At— K°, K° 


The strong interactions given by Eqs. (1) and (2) are 
invariant under transformation (7) since they are 
charge independent. The H, part of 7... is also invariant 
under (7) provided A, — A,. One thus obtains relations 
among the contributions of H,. The H; and H, parts 
of H. are invariant under transformation (7) provided 
A,— —A,. This yields relations among the contri- 
butions of H, and H,. The contribution of H, toT’,(A), 
for instance, will be denoted by 7(AAA,)o*= (A)q. Then 
we have 

r, (A) 


(A)a+(A)o-+(A (8) 


Let U be the unitary transformation that generates 
the transformation (7) and that 
invariant. Then, for instance, 
T(US*3+A,Ut),2 


(Z-2-A 


leaves the vacuum 


\=' /a 


Lt )a= T(ZtE+A ,)0° 
92 
In a similar manner, transformation (7) leads to 
+) = (3+) + (E+), 4-(3 
) 1+\ 14 4 
I'(>°)- 
I'(A)= 
The H, and H, do not contribute 
because of cancellations. 


to I'(2°) and I'(A) 


* It is convenient to use the shorthand notation K= { oe ) for 


the singlets K*+ and K° in the following equations 
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The second transformation which leaves H, and Hx 
invariant is given as 
N,— e**™N, or 
N2— e4*T2N, 
N3;— e't*7?2N, 


N,— et*72N, 


p—n, 


%—> —p, 
t+ Yo, yo —S+, 
2D = b op 2-— —Z2°, 


0 5 Ia a 
= _ — 


—_> — 30 
? way 


(10) 


1 — ett Ti tr -5r, ro, 
e— —7', 
K—K or Kt+— K+, K°—K’. 

This is essentially the product of the transformation 
(7) and the N.— N; symmetry discussed by Pais.*!° 
Moreover H, and H, are invariant under (10), provided 
A,— A,. The H, is invariant under (10) provided 
A,— —A,. Transformation (10) leads to 


(2")a= ) ((2+)a+ (=~ )a) = (A)a, 


with the aid of conservation of charge. 
We obtain from Eqs. (9) and (11) the relation 


r(2+)+r (2-)=21 (2°) =2F (A), 


and, in particular, 


(11) 


bye = 2uo= 2ya. (13) 


As stressed previously, this relation is rigorously true 
to all orders in the strong interactions.':* It has been 
proved under the assumptions of charge independence 
of the strong w and K interactions and symmetry 
between the = and A hyperons. The latter assumes 
that the (2,A) parity is even and that the (2,A) mass 
difference, the smallest such difference in the baryon 
system, can be neglected. In the following calculation 
of wa, the A hyperon is regarded as an isospin singlet 


(I=0). 
3. METHOD 


The linear interaction of the A hyperon with the 
electromagnetic field can be expressed in terms of two 
real scalar functions F(g*) and G(g*), where ¢ is the 
square of the energy-momentum four vector. The 
charge form factor F(q*) and the magnetic form factor 
G(q*) are normalized such that 


F(0)=0, G(0)=wa. 


The magnetic form factor G(q’) can be represented 
by an expression such as 


(14) 


c= f 


where the variable m? represents the square of the mass 
of the various intermediate states through which the 
photon-A interaction is effected, and the limits of 


(15) 


Mr)? 


10In the doublet representation, 


transformation (10) is the 
isospin rotation exp[ixT2*t!]. 
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integration will be explained later. The charge form 
factor F(q*) can also be written in a form similar to 
Eq. (15), but it will not be considered further. 

The weight function g(m?) in Eq. (15) is calculated 
from‘ 


T,=U(p')Liys ImF (¢?) +o qr ImG(q*) ]u(p) 


= J dR 5(q-+R)Xp"| $(0) | sk)(sk| j4(0)| O)ue(p), (16) 


where 
f(x)=( ImG (q*) = g(—¢). 


The initial and final A hyperon momenta are designated 
by p and p’, respectively, and g= “p—?'. 

The states that enter into sum in Eq. (16) must 
have nucleon number zero, zero strangeness, and zero 
charge, and thus must consist of mesons, an even 
number of K mesons, and baryon pairs of zero strange- 
ness. First let us examine the states with w mesons. 
From G invariance one knows that the isotopic scalar 
part of j, contributes to (s| j,|0) for states having an 
odd number of x mesons, whereas the isotopic vector 
of j, involves states with an even number. Since the 
A hyperon has J=0, only states with an odd number 
of mesons contribute to (s| j,|0). The state with one w 
meson does not contribute because of invariance under 
charge conjugation. 

The less massive states that contribute to wa are the 
states with an odd number of x mesons (up to seven), 
and next comes the state with two K mesons. Under 
the present assumptions the x-meson states have been 
found to give a contribution of —0.06e/2M to yay." 
This contribution will be added to the K-meson 
contribution of the ua. The contribution from these 
states vanishes when Mz= My with suitable equalities 
among the coupling constants.’ Let us now examine 
the contribution from the | 2K) state, since this compu- 
tation will offer a direct comparison with previous 
calculations of pa. 

Before going on to the determination of the weight 
function, let us discuss the limitation due to unitarity 
in the range m?>4M? of the dispersion integral (15). 
This can be studied according to the FGT method, 
suitably generalized to the present case. 

Let 8s and 8p be the S-matrix elements for produc- 
tion of a p-wave K-meson pair by a hyperon pair in 
the *S,; and *D,; states, respectively. For the region 
m?>4M2, the unitarity condition yields |8s|, |Bp| <1. 
One can formulate the quantity g(m?) of Eq. (15) in 
terms of 8s and 8p, put 8s=1, Bp=0, double the result, 
and obtain an upper limit on the contribution coming 
from m?>4M? when evaluating Eq. (15). We then find 
that for pseudoscalar K mesons and gzx*=gwx*= 10, 
the calculated magnetic moments of A and = receive 


—¥,'0/dx,+M)yp(x), 


11 G. Feinberg (to be published). 
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too large a contribution for m?24M?. This indicates 
that the limit placed on |8s| and |8p| by considerations 
of unitarity is violated by a factor of 1.5 to 2. This 
factor is less than that involved in the calculation of 
the magnetic moment of the nucleon.” For scalar K 
mesons and gzx*=gwx’*=10, the unitarity limit is 
found to be violated by a factor of about 4. 

If one uses a smaller A-meson coupling constant, 
the violation will appear to be still less significant but 
the maximum contribution from the region m?24M? 
is probably overestimated so that the violation of 
unitarity will persist. In any event, because of the 
possible smallness of the K coupling constant compared 
to the r coupling constant, the violation of unitarity is 
less significant for the present case than in that of the 
magnetic moment of the nucleon. 

The weight function gox(m?) of the 
adapted to the present case, is given as" 


1 i da? ImJ (ce?) 
gox(m?)= | Fx(m*) |? f : mere, 
r J. (0? +-m?—ie)F x(o") 


where a=4y*{1—(u?/4M?)] and Fx is the K-meson 
form factor. Here J(c*) is an appropriate projection of 
the amplitude for the process (AA|KK). We shall 
make the assumption of a point K meson, in which 
case gox(m*) — J(m*) may be obtained from Eq. (16). 
The evaluation of the 2K) state is very similar to 
that of the |27) state for the nucleon magnetic mo- 
ment. One finds from Eq. (16) for the | 2K) state, 


2K) 


State, 


I,(2K)=— bX (on) f Poy 5(git+-q2+q) 
jk 

Xp" | F(O) | 1 7,¢2k)q17,q2k! ju(O)|O)u(p). (17) 
An isospin treatment similar to that for charged x 
mesons is used for the K mesons. Substitution of 
(91J,92k| ju(O) 0) 

= —1e(Gi— G2) w(5j18c2— 8 j28 41) (4w,w)!, (18) 
in which a K-meson form factor has been replaced by 
unity, into Eq. (17) yields 


T,(2K)= je f Pace, 5(g1+92+9)(Gi— G2) 


<X((p’, —q2K-|T| p, a:K-) 
—(p’, —q2K+|T| p, gi:K*) |/(4wiwe)', (19) 


‘ 
ua(HJ)=— 
2M 


8x 
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where (p’| f(0)|¢:j,q2k)u(p) =p’ | f(O) | qiK j,q2K)u(p) 
has been used. The first and second amplitudes on the 
right-hand side of Eq. (19) are related to the (K~,A) 
and (K+,A) scattering amplitudes, respectively. By 
writing 


(p’, —q2K+ T p, qks 
(—A,+17.0,B,) (4w,ws)?, (20) 

and 

QO 5 (gi— 2 a 


—q=NtqQ, 2(p+p’), 


one gets 


I,(2K)=—(e tnt) [ ed: 5(gi+g2+q) (4wiwe) 


XQu{ (A-— A4)—77,0,(B_— B,)}. (21) 

The dispersion relations for (K~,A) and (K*,A) 
scattering can be constructed in a similar way to 
(K,N) scattering. The (A~,A) scattering has a bound- 
state contribution at the mass of the negatively charged 
cascade hyperon Mz and (K*,A) scattering has a 
bound-state contribution at the mass of the proton 
My. We shall neglect the contributions that come from 
the additional and the 
bound-state contributions. 

The dispersion relations obtained in .a standard 
manner for pseudoscalar interaction [ meaning that the 
(AZK) and (A\ K) couplings are pseudoscalar | are 


states confine ourselves to 


A_—A,=Az—Ayn, B.—B, 


where 


Ayq= SF ,?(M— Mu | 


(P+O)2+M x2 


1 
| es) 
(P—Q) Y M 5? 


1 1 
Br=iF| Ey | 
(P+O0/+Mi? (P—-OP+M 2? 


The remaining steps are to substitute Eqs. (22) and 
(23) into Eq. (21) and obtain gox(m?*) which in turn is 
put into Eq. (15) to find wa. Since the relevant contri- 
bution is from (2u)? to (2M)?, the integration is carried 
out to a finite upper limit L?. Since the algebra is similar 
to that of Chew e/ al.,‘ it will not be repeated here. 
The result is 


guK” — 
——{ (1—3n+3x—4x!) (l—n/l)!+ (14+«—n) (2—In)*/ (1-1) +2[(x—) (x—n—«*) — n Jn (n/2) 


—In((2—In)§+1— (n/2))J+[(—4—K«—n—3nn+ 32+ $n? + 2) (1—«-+n))((l— 1) /D) + +«—3n— Sxn+ 3° 
+$n?— 2x3 (1+«—n))(1/ (l—1))§+ (—4—«+n+nn—42— $n’) (P—1)1/ (2-1) ] Inf (d—3(1—«+n) 
+((l—1)(l—n))!)/(ix—n +4 (1—«-+n)?)* +4 (1 —x) (xt — 1) + (— 14+} — K+ 2x! — 3x*) 


+n?(2—xi+3x)—n® (4n— (1—«-+n)")—? cos [1 (n— 1+)?/n(4lx+-n?— 2n(1+x«) + (1—«)*) }}}. 


(24) 


12 The author would like to thank Dr. P. Federbush for a communication on the FGT method. 
18 W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 (1959). 
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The processes that have an anomalous threshold are not treated differently but Eq. (24) is correct for ail processes. 
The correct branch is chosen as in reference 1. Where we have put 


l= 12/4M?, 


£uK >= I H’/ 4dr, 


n= p?/M?, 


and «=M,°/M?. 


The notation ua(H,/) represents the H-baryon contribution to ya, with the upper limit /. From Eqs. (14), (15), 


(16), (21), and (22), ua(/) is expressible as 


wal) =pa(Z)—pa(N,)). 


(25) 


Equation (24) may be applied even when the intermediate baryon has a different mass from the initial one 
and when the upper limit has any arbitrary value /. We have obtained ua for the pseudoscalar coupling, but wa 
for the scalar coupling can be obtained by the replacement x! —> —x’ in Eq. (24). Equation (24) can also be used 
to find the rescattering terms in an effective-range approach, although these terms are neglected here. 


4. EVALUATION 


In order to compare our results with those of perturbation theory, we take the limit /—> « in Eq. (24) and get" 


é 
wa(H,x )= 


as 


+-n(— 1+! —xK+2x!— 3x?) +-?(2—K«'+3x)—n® l[4n— (1—«-+n)?}! cos [(n— 1+«)?/4nx }}}. 


g »2 
=— {1+2(k—n—x!)—[ (xm) (xk—n—x!)—n] In(«/m)+2[«(1—K) (x*§—x) 
dar 


(26) 


It has been shown by a rigorous argument based on unitarity that when the coupling constant is sufficiently 
large the perturbation theory is wrong for L? larger than 4M? or for /> 1. The integration of ua(H,/) should therefore 


be cut off at /=1 so that 


ua(H,1)= (e/2M) (gux?/4r){4(1—n)[4+-«—x}— n— 4x (1+K—n)-" J+[ (x—n) (x—n—«!)—n | 
X [Inn—In[2(1—)!+-2—n] J+ 2[ «(1 —K) (x4—«) + (— 14+} — e+ 2! — 32) + 0? (2— §+-3x) —n*)] 
X[4n—(n+1—x)?}* cos (n—1+x)/(1+n—n)n*}}. (27) 


The numerical results are obtained by neglecting the 
mass differences within the baryon multiplets and using 
the observed mass values My=939, M=1115, Mz 
= 1315, and u.=496 in units of Mev. The numerical 
values of ua for the case =< which corresponds to 
that of standard perturbation theory and the case /= 1, 
together with that of static cutoff perturbation theory,’ 
are shown in Table I. Although there is no compelling 
reason, the rather large value gzx*= gwx*= 10 is used. 

When we add the z-meson contribution of —0.06e 
2M y to the third and fourth rows of Table I, we obtain 
for ua ps and wa, the values —0.083 and 0.54 nuclear 
magneton, respectively. The following discussion on pa 
is based on the values given in Table I. 

The value of wa is due to the differences in the My 
and Mz masses, since we assumed that gex=gwe. It 
is therefore expected that the magnetic moment would 
be small compared to that of the nucleon. The values 
of wa(Z,) and uwa(V,) are in agreement with stand- 
ard perturbation theory.’ 

For the pseudoscalar coupling, the mwa(=,1) and 
us(V,1) contributions are only about a third or a 
quarter of wa(Z,~©) and ywa(N,~), respectively, but 
ua(1) is larger than pa(*) and both are negligible 
even for gzx’=gwnx’= 10. 

14 This expression is in agreement with the value of ua(H,~) 
obtained in reference 1. It can also be obtained by the method 
which is the relativistic generalization of the cutoff meson theory 
discussed by S. Okubo, Nuovo cimento 4, 452 (1957); and K. 
Tanaka, Phys. Rev. 109, 578 (1958). 


There is a remarkable discrepancy in the values of 
ua Obtained by the present theory and by the static 
cutoff theory. This can be understood in the following 
way. In the static cutoff method, the same cutoff value 
(essentially the mass of the A particle) was used for 
both contributions. The ya is the difference between the 
K-current contributions in the virtual processes A —> 
K++Z~- and A— K~+>p. In the process A— Kt++Z-, 
the reduced mass of (K,z) is larger than that of (K,A). 
The latter reduced mass corresponds to the case in 
which the intermediate baryon had the same mass as 
the A hyperon. Thus the range of interaction is reduced 
so that a higher momentum cutoff'® is required in the 
contribution ya(Z,/). By a similar argument, a smaller 
momentum cutoff should be taken for the process 


TABLE I. Summary of values of wa, in units of e/2My for pseudo- 
scalar (ps) and scalar (s) coupling with gzx?=gwx?=10. 


K coupling wa(=/) wa(NJ) wraps mAs 

0.272 

—0.834 

0.057 

—0.303 
0.13 


0.279 —0.007 
—1.522 0.69 
0.080 —0.023 
—0.901 0.60 
0.30 —0.20 


4u2— o Pert. 
theory 


4yu? — 4M? 


pseudoscalar 
scalar 
pseudoscalar 
scalar 

Static cutoff pseudoscalar 
theory 





15 As the range of interaction is reduced, the critical radius 
which defines the region of ignorance is likewise reduced. This 
critical radius corresponds to the momentum cutoff in momentum 
space. 
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TABLE ITI. Contribution to the anomalous magnetic moments 
of = hyperons in units of e/2My from # and K mesons for g,? 
= gux?=gnx*= 10. 


us (=,l) us (N,1) 
ps Ss Ss s 


pz (27,1) ws (Az,)) 
ps 


0.467 


Coupling ps 
0.531 0.266 

—0.915 
0.067 

—0.396 


4yu? — w Pert. 
theory 
4yu? — 4Ms? 


— 1.876 


0.259 0.326 


— 1.280 


Static cutoff 0.56 0.56 0.13 
theory 


A — K_+p since the reduced mass of (K,N) is smaller 
than that of (K,A). This adjustment (in the cutoff) 
that is perhaps necessary for a static cutoff theory 
would increase the value for ua(Z,l) and decrease the 
value of ua(N,/) in Table I. As shown in reference 2, 
the respective values depend very sensitively on the 
cutoff value so that a dramatic cancellation is expected 
to bring about an agreement. 

For the scalar coupling, one has values of wa that are 
measurable if the K-coupling constants are as large as 
the x-coupling constants.'® 

The most reliable expression for wa is given by 
Eqs. (25) and (27). The magnetic moments p,, w_, and 
uo are expressed as a sum over such terms as Eq. (27), 
and their numerical values are obtained in Sec. 5. 


5. MAGNETIC MOMENT OF THE & HYPERONS 


The magnetic moments u,, uw, and wo can be found 
in the same spirit as for ua(/). One finds from Eqs. (9) 
and (11) that 


w,=At+B, up A—B, w=A, (28) 
where 
(29) 


A (l)=px(Z,l)—ps(N,l). 


In order to obtain B(/), the third component of a 
vector in isotopic-spin space, one must carry out an 
expansion of the type in Eq. (16) for the |=) state. 
The | 2) state is the configuration with lowest mass 
that gives a contribution to B(/). Then the | 2K) state 
is reached if the states with many m mesons are neg- 
lected. The contributions from the | 27) and the |2K) 
states are related and (K,=) scattering, 
respectively. Again, considering the bound-state contri- 
butions, one can find that 


B()=ps(Z)+ux(N,))+us(22,))+uz(Az,)), 


to (72) 


(30) 


where us(z,/) and us(Am,l) express the contributions 
from the intermediate |2) state and |A) state in (1,2) 
scattering, respectively. 

The four terms on the right-hand side of Eq. (30) 
can be computed from Eys. (26) and (27). It is assumed 


16 The A magnetic moment will be measured in the near future 
by an Argonne group (W. Kernan, T. Novey, S. Warshaw, and 
A. Wattenberg) and a Brookhaven group (D. O. Caldwell, R. L. 
Cool, D. Hill, R. O. Jenkins, T. F. Kycia, L. Marshall, and R. A. 
Schluter). 
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that # mesons are pseudoscalar and the relative (2,A) 
parity is even, so that there is no scalar m-meson 
contribution. The numerical values are obtained using 
the observed values My=1192 and yu,= 139.6 in units 
of Mev and are tabulated in Table II. For the 7-meson 
contributions in Table I], u denotes the mass of the r 
meson. The x-coupling constant g,?=G*/4r where G 
appears in Eq. (1). The respective contributions for 
l=o are in agreement with standard perturbation 
theory.! 

The magnetic moments obtained for the = hyperons 
by use of Table II, from Eqs. (28), (29), and (30), and 
from the static cutoff theory’ are given in Table ITI. 
The values of the magnetic moments in Table III do 
not include the fourth-order meson contributions that 
were included in reference 2. 


6. REMARKS 


We have made an estimate of ua on the basis of the 
|2K) state. The possible contributions from the - 
meson states have been found to be of the same order 
of magnitude as wap, given in Table I." The value of 
ua When this contribution is included is also given after 
Table I. In the analysis of the |2K) state, the structure 
of the K meson and rescattering terms were not 
considered. It is argued that any analysis of ua with 
these two items should be postponed until some 
experimental data on the K-meson structure and (K,A) 
scattering become available and a reliable method of 
computation with such data is found. Moreover, the 
main features of the present analysis of ua based on 
the bound-state contributions are not likely to be 
altered by the proper treatment of these items.® A 
reason is that ua is the difference of two terms so that 
such modifications would perhaps tend to cancel out. 

The magnetic moments of the A and = hyperons have 
their normal contribution from absorptive processes 
that correspond to the threshold for the creation of 
real particles. When the A hyperon, for instance, is 
considered as a composite particle consisting of NV and 
K, a certain mass inequality (indicating that the A 
hyperon is loosely bound) gives rise to a structure 
contribution.'’? The threshold of this contribution is 
TABLE III. Magnetic moments of the = hyperons in units of 

e/2M yp for g.*= gzx*=gnx’?=10. 


K coupling ps 
4u?— o Pert. 
theory 
4? — 4M3? 


Static cutoff 
theory 





17R. Oehme, Nuovo cimento 13, 778 (1959); R. Blankenbecler 
and Y. Nambu (to be published). These articles have references 
to previous articles. The author is indebted to Professor Nambu 
for a, discussion. 
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below the onset of the absorptive process that gives 
rise to an anomalous threshold. 

In the anomalous case, the contribution to the A 
form factor for zero momentum transfer, resulting from 
a scalar interaction A— N+K (abbreviated ANVK), is 
given from perturbation and dispersion theory as 


Te 4M? a M,y) 
(0, =—| J — 
wl J4 


2 Mx y 


4M Kx? 2r 
+f iy — | (31) 
scm?» -y(4M*y—y*)! 


where 





a(M,y) = ——___——— 
y—2(M?—My?+Mx?) 


2 {oe 
an~} — ag 
(4M*y—y")! 


and 


S(M?)= —[M?—(Mx+My)?] 
<[M2— (Mx—My)?/My?. 


The first term on the right-hand side of Eq. (31) is 
related to the normal contribution due to absorptive 
processes and the second term is the structure contri- 
bution. In order to estimate the relative size of the 
structure contribution to that of the normal contri- 
bution, we integrate the first and second terms on the 
right-hand side of Eq. (31) to obtain 


r(1—n)! 
| ——-In 


ni 2 n 


a") 


(1—n-+x) 1—x-—n 
if RIN 
{4n—(1+n—x)?}! (1+x—n)n! 


a(1+x—2) x(1—n)! 


T° | 
29? Ml {4n—(1—x-+n)?}3 ni 
respectively. 

By a suitable substitution, Eqs. (32) and (33) can 
also be used for the cases 2 K and LAz. The numerical 
result shows that the structure contributions for the 
cases ANK, 2NK, and Az, are about 3%, 10%, and 
32% of the corresponding normal contributions. It 
thus appears that the structure contributions to the 
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magnetic moments of the A and 2 hyperons are not 
appreciable except for the case of DAr. 

It should be mentioned that the fact that pertur- 
bation theory is wrong for m?> (2M)? does not prove 
that cutting off the integral of Eq. (15) at (2M)? is 
the correct procedure. It is, however, the most reason- 
able procedure. Needless to say, it is not possible to 
estimate the errors involved in leaving out the possible 
contributions from an infinite number of states, but 
the error should be small for ua. Keeping these points 
in mind, let us examine the main features of our result 
from our analysis of the magnetic moments. 

Measurement of the magnetic moments of hyperons 
would give insight into the symmetries of the strong 
interaction which is implied by invariance under Eqs. 
(7) and (10). In particular, a small observed value 
(ua~0 to 0.1 nm) would support charge independence 
of the interaction between A and m and between A and 
K mesons and a pseudoscalar K coupling, as indicated 
in Table I. The -interesting point is that although 
ua(Z,1) and pwa(N,1) are considerably smaller than 
standard perturbation results, wa(1) (the difference 
between these two quantities) is much larger than 
ua(*) that is obtained from the K-current part of 
perturbation theory. 

One can obtain a ua(1) as large as a few tenths of a 
nuclear magneton for pseudoscalar K coupling, if the 
relative parity of (A,V) and that of (ZN) are different. 
On the other hand, scalar K couplings can give rise to 
ua(1) of a few tenths of a nuclear magneton with 
fur’ =3 to 15. 

With the anticipated accuracy of about 0.2 nm’ in 
an experimental determination of ya one cannot, 
however, provide information on the relative magni- 
tudes of gzx* and gyx* for pseudoscalar K coupling. 
But for scalar K coupling the ua(1) would give infor- 
mation on gzx” and gyx’ as can be seen from the value 
of wa(1) in Table I. 

Table III shows that uw (1) is about 2 to 3 times 
us(). Further, there is a distinct difference between 
the values for pseudoscalar and scalar K couplings, so 
that information on the coupling as well as charge 
independence of the + and K interactions can be 
obtained from the experimental values of v4, w_, and po. 


18S. Warshaw (private communication). 
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The characteristics of the A-N interaction at low energy have been obtained assuming that the A-N poten 
tial is nonlocal but separable and similar to that suggested by Yamaguchi in the case of V-N potential. The 
unknown parameters entering in the proposed potential are determined on the basis of the global symmetry 
hypothesis of the strongly interacting particles. Our model predicts, in agreement with Dalitz and Downs’ 
phenomenological findings of the nature of the A-N potential based on hyperfragment data, that there is no 
bound A-nucleon system and that the singlet A-N potential is stronger than the triplet potential, both being 
attractive. Binding energies of the A particle in light hypernuclei based on the present model are, however, 
much too high compared with the experimental data. It is further pointed out that although the global 
symmetry hypothesis (gas=gz,=gnx) supplemented by the Yamaguchi type nonlocal A-N potential is 
incompatible with the presently existing data, the restricted symmetry (g4.=gze*#gn~r) model is certainly 


admissible. 


1. INTRODUCTION 


HE study of the A binding in light hypernuclei 

affords us a good insight into the hyperon-nucleon 
problem at low energy. From the knowledge of the 
lightest hyperfragment ,H*, we conclude that it has a 
very Joose structure as the total binding energy of the 
system is of the order of 2.3 Mev. This implies that 
when any pair of particles are very close together the 
third particle is relatively far away from them so that 
it has no important effect on the mutual interaction; 
which shows that the effect of three-body forces may 
be neglected. For the same reason A-nucleon interaction 
in hypernuclei such as ,H*, say, may very well be repre- 
sented by an interaction potential required to describe 
free A-nucleon collisions at low energy of the relative 
motion. As to the strong interaction from which the 
hyperon-nucleon force may originate, one can speculate 
that the force may be due to one K-meson exchange or 
two pion exchanges or both K and m exchanges. The 
range of the interaction thus introduced is Sh/2m,c 
which is small compared to the nuclear force range. 
Further the K-meson exchange leads to an exchange 
type of force while the 27 exchange is of ordinary type. 
As the binding energy of the system is small it implies 
that the system consists predominantly of the S state; 
hence the difference in the two types of forces will not 
be exhibited, as the parity of the state is even. It is 
well known that the effect of an ordinary force is in- 
dependent of the sign of the parity of the state while that 
of the exchange force is dependent on this sign. 

It may be reasonably expected that the properties of 
light hypernuclei could be derived from the over-all 
features of the A-N potential such as the scattering 
length and effective range irrespective of the shape of 
this potential function. Dalitz and Downs! have ana- 
lyzed the hypernuclear binding energies looking for a 
phenomenological potential and restricting themselves 
only to two-body forces. With a _ spin-dependent 

1R. H. Dalitz and B. W. Downs, Phys. Rev. 110, 958 (1958); 
111, 967 (1958); 114, 593 (1959) 
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Gaussian-shaped central potential they were able to 
fit the observed binding energies of light hypernuclei. 
The important conclusions are that the singlet A-N 
potential must be much more attractive than the triplet 
one and that there does not exist any hyperdeuteron. 
Instead of choosing a phenomenological potential, 
Lichtenberg and Ross* calculated the hyperon-nucleon 
potential due to pion exchanges only, assuming that 
the coupling constants ga, and gy, are equal but not 
necessarily equal to the gy, coupling constant, and 
using a static model similar to that of Brueckner and 
Watson.’ The hard-core radius is assumed to be the 
same as in the case of the \V-N potential of Brueckner 
and Watson. These authors have calculated the S-wave 
hyperon-nucleon scattering parameters for small values 
of the energy, by noting that in treating the A-N scat- 
tering one must take into account the transition 
AN @ XN, and hence in addition to the AN@AN 
and SN «+N potentials one should have to define a 
AN XN potential and the whole scattering problem 
will be described by a coupled set of Schrédinger equa- 
tions. They find that their scattering parameters are in 
agreement with those of Dalitz and Downs. Further, 
on introducing K-meson interactions, they find‘ that a 
large coupling constant for AK-meson interactions is in- 
compatible with hypernuclear data. Ferrari and Fonda,° 
using a Tamm-Dancoff approximation, have derived 
the A-N potential and compared the implications of 
their results with those of Dalitz and Downs, and they 
have noticed that K-meson interaction is not capable 
of giving agreement with experiment. 

In the present paper we have introduced the view- 
point that the A-N interaction could be nonlocal and 
may have a separable form as suggested and used by 


21D. B. Lichtenberg and Marc Ross, Phys. Rev. 107, 1714 
(1957). 
3K. A. Brueckner and K. M 
(1953). 
‘D. B. 
(1958). 


5 F. Ferrari and L. Fonda, Nuovo cimento 9, 842 (1958). 


Watson, Phys. Rev. 92, 1023 


Lichtenberg and Marc Ross, Phys. Rev. 109, 2163 
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Yamaguchi® for the N-N case. The necessity of intro- 
ducing a nonlocal potential has already been felt in 
analyzing the high-energy nucleon-nucleon data; how- 
ever, there is no compelling reason to take it into con- 
sideration for low-energy data ; nevertheless, Yamaguchi 
has found that the two-nucleon low-energy data could 
be well-fitted by means of a special type of nonlocal 
potential. Furthefmore, the use of separable potential is 
very attractive as it affords a completely soluble model. 

On account of the absence of any experimental in- 
formation on the scattering of A particles by nucleons 
at low energy, we will make use of Gell-Mann’s’ global 
symmetry model of strong interactions.”* With the help 
of this assumption it would be easy to determine the 
unknown parameters occurring in the proposed A-N 
potential by making use of low-energy nucleon-nucleon 
data, since the A-N potential would be explicitly ex- 
pressible in terms of various spin-dependent N-N po- 
tentials. (We must take into consideration that no 
Pauli principle is applicable for a A-N system.) Such an 
approach will be free from the approximations involved 
in the field-theoretic determinations of the A-N poten- 
tial by the above authors. With these assumptions, the 
coupled Schrédinger equations describing the hyperon- 
nucleon scattering in the 7=} state have been solved 
exactly and the well-depth parameter, scattering length, 
and effective range have been determined. Following 
Dalitz,' the binding energies of the A particle in some of 
the light hypernuclei have been calculated by means of 
a central local potential having the same characteristics 
for low-energy scattering. The main conclusion is that 
the global symmetry hypothesis supplemented by a 
nonlocal separable potential is in qualitative agreement 
with the empirical results of Dalitz and Downs but it 
fails to reproduce the observed binding energies of the 
light hypernuclei considered in this paper. 

Finally, we have abandoned the global symmetry 
hypothesis (the failure of such hypothesis has been 
pointed out by many authors in analyzing other strange- 
particle data) and instead we have assumed in our 
approach the restricted symmetry* of pion-hyperon 
interactions (i.e., the 2,A couplings with pions are 
equal but not the same as the pion-nucleon coupling). 
We find that a nonlocal potential of the form used here 
for the hyperon-nucleon interaction, satisfying the re- 
stricted symmetry of the pion-baryon strong inter- 
action, is quite tenable and the parameters of the inter- 
action potential can be so chosen as to reproduce the 
observed binding energies of the A hyperfragment. 


6 Y. Yamaguchi and Y. Yamaguchi, Phys. Rev. 95, 1628, 1635 
(1954). 

7M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

78 Note added in proof. The global symmetry hypothesis is not 
necessarily restricted to Yukawa type of couplings. One can cer 
tainly generalize it for more complicated couplings between the 
baryons and the mesons and in this paper it is used in this general- 
ized sense. 

8 J. Prentki and B. d’Espagnat, Nuovo cimento 15, 130 (1960). 
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2. FORM OF THE POTENTIAL BASED ON 
GLOBAL SYMMETRY HYPOTHESIS 


We define the potential for describing the hyperon- 
nucleon (Y-N) scattering in T=} state in the following 
way: V4 describes the transition A+N <> A+-N, and 
V* the transition 2+N+«+=2+N only in T=}$ state. 
In addition to these, we should have two more poten- 
tials V4* and V*4 in order to describe the transition 
A+N <2+N. Assuming global symmetry of strong 
interactions, we can easily connect these potentials by 
means of the nucleon-nucleon potential. We have then® 


V4=3(3V"+V09), (1) 
V7=3(3V—"+V,"), (2) 
V82=V2A=W3(Vi"—Vo), (3) 


where V7*% (with T=1 and 0) is the nucleon-nucleon 
potential in the isotopic spin state T. 

Since we are primarily interested in the A-nucleon 
scattering in the nucleus allowing the transition 
AN «+ =N, it would be necessary to solve the following 
system of coupled Schrédinger equations which de- 
scribe completely the T=4 state hyperon-nucleon 
scattering: 


1 
(—v+ Es Ws (r)=VA(r)Wa(r) +V4A2(r)bz(r), (4) 


2ua 


1 
(. V+Es Wolr) =V*(r)bs(r)+V*4(r)Palr), (5) 


2uz 


where. ¥, and Ws denote the A nucleon and = nucleon 
(in T=}3) system and Eq, wa, Ex, and wy denote the 
respective energies and reduced masses of the system. 
(We have chosen #=c=1.) V4, etc., are defined in (1), 
(2), and (3) above. The energies E, and Ey are related 
by 


E,=Es+ 6M, (4a) 


where 6M is the mass difference Mz— M4. 

With quite arbitrary types of potentials (e.g., field- 
theoretic, etc.) Eqs. (4) and (5) can only be solved by 
medns of numerical methods which are no doubt in- 
volved. A way out of this difficulty would be to assume 
suitable type of potential forms for the V’s so that one 
may obtain exact analytical solutions whose advantages 
can easily be realized. To this end, one may assume the 
well-known Yamaguchi potential which is nonlocal but 
separable. The implications of these assumptions in the 
theory will be completely discussed in the following 
section. 


3. CONSEQUENCES OF THE CHOICE OF 
YAMAGUCHI POTENTIAL 


The Yamaguchi potential has an important char- 
acteristic which should be noted. Ignoring noncentral 


®D. Amati and B. Vitale, Fortschr. Physik 7, 375 (1959). 
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forces for a moment, consider the Yamaguchi potential® 
of the form: 


(p| Vi| p’) 


™* (Op, p) rf (Oy, ¢p’)g( p | )g( | p’ | ), (6) 


where the symbols are self-explanatory. If this potential 
V, acts on a wave function y, we have 


ve= | © Vi! py (p’)d*p’. 


From (6) and (7), it is clear that because of the or- 
thogonal properties of the spherical harmonics the 
potential V; acts as a projection operator on y; it picks 
out from y only that particular state having an orbital 
angular momentum /. One can show in an analogous 
manner that a Yamaguchi potential which includes 
noncentral forces will act as a projection operator for a 
state having a particular /ofal angular momentum and 
parity. 

The above property leads to a significant simplifica- 
tion in the hyperon-nucleon potentials as used in this 
paper. Consider, for example, the spin singlet A-N po- 
tential, which according to Eq. (1) is 


V A=7(3Vi.9+Vo.%). (8) 


Since the nucleons obey the Pauli principle, V;,% is an 
even-parity potential while Vo,% is an odd-parity po- 
tential. Equation (8) therefore implies that in general, 
information on both the parity states of the N-N 
system is necessary for a discussion of the Y-N system 
in any one parity state. However, if we choose the 
Yamaguchi potential, then either V;," or Vo, alone 
will contribute according as the Y-N system is in an 
even- or odd-parity state, because of the projection 
property mentioned above. 

In the present discussion we will assume that in the 
ground states of light hypernuclei, the relative motion 
between the hyperon and nucleon will be predominantly 
in the S state and so we are interested only in the even- 
parity hyperon-nucleon potentials. Thus, because of the 
assumptions of the Yamaguchi potential and the pre- 
dominance of the S states in light hypernuclei, the 
following simplified potentials will alone contribute 
to our calculations (we have dropped the superfluous 
isospin index) : 

(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
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Evidently, such a choice is unrealistic, as P states of 
Y-N system may probably be present even in light 
hypernuclei; this is certainly the case when we go to 
heavier hypernuclei. 


4. DETERMINATION OF THE PARAMETERS 
OF THE POTENTIAL 


The well-known nonlocal separable N-N potential 
can be written in the momentum space as® 


V 


(p| V*| p’)=———g(p)g(p’), 
2un 


where \* is the interaction strength and wy denotes the 
reduced mass of the nucleon-nucleon system. For the 
singlet spin state, where the potential has to be central, 
we assume 

&e(p)=g.(p)=1/(p+8,’). 


We fix the values of A," and 6,, the parameters for the 
singlet potential from the low-energy - singlet scatter- 
ing. We require \,*=0.1467 f-* and 8,=1.158f to fit 
the scattering length and effective range: a,= — 23.69 f 
and ro,= 2.7 f. In the triplet state (where tensor forces 
can occur) we assume the following form for the func- 
tion g(p): 
1 

ge(p) =C(p) +—S(p)T(p), 
\/8 
where : 

3 


S(p)=—(1- P)(o2: p)— (o;-a2), 
pr 


T (p) = — tp (p* +--?)?, 


The parameters A;, 8, t, and y could easily be deter- 
mined to fit the following triplet-state properties of 
the two-nucleon system, namely ap[ = (2uyXB.E.)*] 
=0.2316 f-, triplet scattering length a,=5.378 f, deu- 
teron quadrupole moment Q=0.274 f?, and D-state 
probability in deuteron Pp=4%. These require 
A, = 
B= 1.334 f 1 
v= 1.568 f", 
t= 1.784. 


C(p)=1/(P+82), 


0.249 f-*, 


We now write the various 


tentials as 


hyperon-nucleon po- 


4 
VA=——¢(p)g(p’), 
2ua 


(14a) 


b> 


V7=——g(p)g(p’), 
2ux 
Az =A 


V42= ———(p)g(p’)=— ; g(p)g(p’). 
ua 2uz 


(14b) 


(14c) 
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We note that wsA4*=psd*4. The g(p)’s have the same 

form as written above. Using Eqs. (9) and (12), we 
get 

Az A=  (us/mn yA = 0.1193 . (15) 

=} (us/un)AY = 0.0676 f*, (16) 


From (10), (11), and (13), (14) we determine 


A= (uz/ua)rs4, 


—= 3 (us, ‘waa, 
and finally 


(A274), = (A4/A2)aye 


5. BOUND-STATE SOLUTIONS OF COUPLED 
SCHRODINGER EQUATIONS AND THE 
NONEXISTENCE OF HYPER- 
DEUTERON 


We write the coupled Schrédinger Eqs. (4) and (5) 
in momentum space as follows: 


(p2+ex2va(p)=*e( of o(pWa(p')ap’ 
4+\42g(p) f e(p’We(p')d°’, 
(P*+ax!¥o(0)=A%e(p) f gw sw" 


+r%44(p) f e(pwalwde?’, (21) 


2ua and Ey 
using ao= (2us6M )4 


where E,x=—a,? 
(4a), 
write 


=—az"/2ux. From Eq. 
and p=us/ua~ 1.03, we can 


as?=ae’t+yaa?. (20a) 
Equation (20) can be easily solved in terms of Wz, giving 


Az s(p) 


[1-47 (aa) (p?+a”) 
and similarly yz can be obtained as 


r= ZA g(p) 
[i—n I( (as »)) (pP-+az?) 


+a(p)= f e(p’Wx(p’)d¥p’, (22) 


¥z(p)= 


where 


f g(p’)va(p’)d*p’, (23 


g(p’)d*p’ 
(p”+a") 
a? 


~ B.(a+B)? 


for singlet state 


(a+)! 


for triplet state. 


2 ( (Sat?-+ dry +7? | 


1 
B(a+B,)? 8 
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Substituting (23) in (22) we get the homogeneous 
integral equation for Wa: 
N42) 247 (ay) 
[147 (ax) 1-27 (az) 
g(p) 


va(p) = 


(+a. f g(p’)Wa(p’)d%p’. (24) 


The bound-state solution Ya for A-N system with real 
a, will exist only if the Fredholm determinant of (24) 
vanishes. Hence a, must satisfy 


NA*\747 (aa) I (az) 


-=1, (25) 
[1—n47 (aa) i-22 I(az)] 


and the corresponding normalized solutions are 


Nag(p) 
¥a(p)=——_, 


24,2 
> are obtained from 
N47 (a4) 


1—d27 (az) 


where NV, and NV 


Ny 
Na 
and 
NJ (an) +N2J (az)=1, 
with 
| Le 
$e. ——4*p". 
(p?+a*)? 


The compatibility Eq. (25) reduces to 


AT (aa) +A77 (az) = 1, (27) 
in view of the fact that A74A4"=)4\*. Equation (27) 
further reduces to the following by using (17) and (18): 


A.“[T,(aa) +4ul, (az) ]|=1, (28) 
AAT: (ax) +3ul, (az) ]= 1, (29) 


corresponding to singlet and triplet states. 

Using the parameters of the potential it is found 
that neither (28) nor (29) is compatible for any real 
value of aa. This shows that there does not exist any 
bound system of A and nucleon.” We can check this 
result by calculating the well-depth parameter of the 
A-N interaction defined by™ 


s=\4/lim \4(aa), 


a, 


(30) 


10 oTt may be noted that the above implies also that there does 
not exist any Z-N bound system in T=} state. However, even if 
it exists it can never be observed because of its quick transition 
to the A-N channel and such a system is not bound. In our present 
case we have not discussed the hyperon-nucleon interaction in 
T= state at all. 


J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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where A“(aa) is the value of A“ calculated from Eqs. 
(28) and (29). If there is no bound state, s should be 
less than unity. The calculated values are 
s,=0.81, s,=0.69, 

where the suffixes s and ¢ denote singlet and triplet 
nature. The above values confirm that with the present 
choice of the potential supplemented by the global 
symmetry point of view there is no hyperdeuteron and 
they also show that the singlet state is more attractive 
than the triplet one. Thus our hypothesis leads to re- 
sults which agree qualitatively with those of Dalitz and 
Downs.' 

In the next section we calculate the binding energies 
of the light hypernuclei by means of a suitable local 
central potential supposed to be capable of producing 
the parameters as predicted by our model. 


6. BINDING ENERGIES OF LIGHT HYPERNUCLEI 


Since the problem of the calculation of the binding 
energies of hypernuclei directly using our nonlocal, 
noncentral, and nondiagonal (because of the transition 
AN <+=N) is very involved, we proceed as follows. 
First we solve the Schrédinger equations for AN scatter- 
ing below the threshold for 2 production, and from this 
we determine the scattering length a and effective range 
ro for A-N scattering. In light hypernuclei, one expects 
that the A-N scattering will occur with low relative 
momenta and hence the scattering length a and ef- 
fective range ro would be the only important char- 
acteristics of the interaction. Therefore, for the purpose 
of calculating the binding energy, we choose a local 
central A-\ potential having the same a and ro. (For 
comments on this procedure, see Sec. 8.) For heavy 
hypernuclei, the A-N scattering can occur with large 
relative momenta in which case the effective range 
formalism will not do. Further, if relative momenta 
larger than the threshold are involved, = will be pro- 
duced in the A-N scattering process and then this = can 
again be scattered by some other nucleon. Thus, the 
problem becomes complicated and it will be necessary 
to treat the problem by means of Brueckner’s G-matrix 
formalism. However, we shall restrict ourselves to light 
hypernuclei in which case these complications do not 
arise. 

We therefore replace the coupled Schrédinger equa- 
tions by the following pair: 


A“g(p) ' 
—— f e(p’)Wax(p’)d*p’ 


i —te 


Wan(p)=6(p—k)+ 


“=2(p) 
+ —--- 


ra - f so valve, 
p’—k?—ie 


AXD Ss. N. 


BISWAS 


and 


h*g(p) } i a 
¥za(p)=— -f eto Wra(p )d*p 
pte 


*A¢(p) 
- - fe@rwatwrer’ (32) 
P’+a? 

where a?=a,y?—yk* [actually the 6 function in (31) 
should be multiplied by a constant ; but we conveniently 
choose it to be unity ]. The solutions of (31) and (32) 
are immediately obtained as 


Wax (p) =5(p—k) 


\s e(p)g(k) 


—— - , (33) 
[1—\4K(k)—\2/ (a)] P— Bie 


_ g(p)g(k) 
)=—— : 
[1—A4K(k)—NT(a)] +f 
g°(p’)d*p’ 
K(®)= f 


p?—k?—ie 


» (34) 


and I(qa) is defined in Eq. (22a). In writing 
(34) we have made use of (19). 
The 7-matrix element for A-N scattering is 


(Ak'|7|Ak)= f ®ae*(0)(p V\ p’)Van(p’)d*pd*p’, (35) 


where k and k’ are the incident and final momentum of 
the A particle in the c.m. system. We denote by (p| V| p’) 
a 2X2 matrix and WV, ® are column matrices. We have 


. (p|V‘|p’) (p| V4*|p’) 
(o|Vip')=( site Ney ), 
(p|V*4\p’) (p\V*|p’) 


Vax (p) 5(k’—p) 
vau()=( ). baw ()=( ). 
Vs.(p) 0 


Obviously ® and W are the eigenfunctions of the free 
and total Hamiltonians, respectively. 
Using (33), (34), and (35), we have 


1 A 
(Ak’| T| Ak) =——- ——— 


— g(k’)g(k). 
Qua [1—-A4K (k)—A2I (a) ] 


(36) 


The wave functions (33) and (34) can now be written, 
by using (36), in the following way: 


(Ap| 7'| Ak) 
Vau(p) =5(p—k) +24, (37) 
p—h—ie 
A=4— (Ap| 7 | Ak) 
¥re(p) = —2u,—_—_. (38) 
4 P+? 


We express the T-matrix element (36) in terms of the 
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phase-shift 6 and then from the effective-range ex- 
pansion of & coté we can easily determine the scattering 
length and effective range. The results are 


1B 2B 78," 
. 2 we he (ao+8,)? 
1 262 20.8, d2u8,! 
eB. PR deMaotB,)® deAao(aotB,)" 
BA BAe de BP 
a 2 Qe AA 16, 2de4 (aot Bi)? 
Pd? BA(Sac+-4avy+7?) 
16 44 v(aot+y)! 
eae(Be+2y) 2B? 


8y5> At*(ao+B:)? 








(40) 





’ 


1 26? 
i. aes 


Be mes 








2 be AFFPBA 
x(—+ )- 
B? ao (ao+B) 8rr“y (ao+y)* 


2 2u 
{attain 242) 
B? ao(ao+y) 


2yu 
-(-%)} 
ao 


where a and fo are the scattering length and effective 
range and the suffixes denote singlet and triplet, 
respectively. 

Using the numerical values of the various parameters 
from Sec. 4 in the right-hand side of (39)—(42), we get 
the values of a and rp given in Table I. We are now in a 
position to calculate the binding energies of the light 
hypernuclei. Equivalent local and central potentials 
which would regenerate the above a and ro parameters 
are here assumed to be of exponential or Gaussian types: 


(42) 


Vi(r)= ents Voe—"/¢, 


V (r)= — Vo exp(—r*/c’), 


(exponential) 
(Gaussian). 


The parameters Vo and ¢ should be such as to predict 
the values of a and ry given in Table I. The numerical 
results for these are given in Table IT. We note here the 
longer range of the singlet potential compared to that 
of the triplet. 


TABLE I. Calculated values of scattering length 
and effective range. 





Singlet Triplet 





—6.9 f —14f 
3.0 f 3.4f 
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TABLE II. Parameters of equivalent potentials. 





Exponential potential 
Singlet Triplet 
Vo (in Mev) 90.46 90.23 
¢ (in fermis) 0.60 0.52 


Gaussian potential 
Singlet Triplet 


25.87 25.20 
1.76 1.37 








Adopting the same method as used by Dalitz and 
Downs and Lichtenberg and Ross we calculate the 
binding energies and the results are given in Table ITI. 
The potential shapes used in respective nuclei have 
been mentioned by the side of the calculated column. 
Our results (see the last column) clearly indicate a large 
binding energy compared to the experimental values. 
We thus see that a nonlocal potential in conjunction 
with global symmetry is not a valid model for hyper- 
nuclei. In the next section we abandon the global sym- 
metry hypothesis but retain the nonlocal Yamaguchi 
potential as the effective A-N potential. 


7. COMPATIBILITY OF THE RESTRICTED 
SYMMETRY MODEL WITH HYPER- 
NUCLEAR DATA 


Under the restricted symmetry hypothesis of the 
strong interactions it is easy to see that the various 
potentials V4, V*, and V“* defined in Sec. 2 for 
AN + AN, ZN EN (in T=} state only), and AN @ 
=N transitions, respectively, satisfy the following 
relations: 


V.2=43V,4, V2=3V.4, V,A2=v3V,2, 
J 


‘AZ=—v3V,A, (43) 


The nonlocal shape of the potentials are still the same 
as has been assumed in Eq. (14a)—(14c). However, the 
tensor part is now dropped from the triplet potentials, 
since it introduces too many unknown parameters. In 
this model the parameters \ and @ occurring in the 
potential function can no longer be determined from 
nucleon-nucleon data. Hence, to decide whether the 
present model is compatible with the hypernuclear 
data, it is necessary to see whether the scattering length 
and effective range as required by Dalitz and Downs to 
fit the binding energies of light hypernuclei with a 
suitable over-all centra] potential, could be obtained 
with admissible values of the interaction strength A and 
a range parameter 1/8 of the nonlocal potential. 

Using the potential stated in (43), we easily obtain 
in the same way as before, the following algebraic equa- 


TaBLe III. Binding energies of A in light hypernuclei. 








Calculated value 
(in Mev) 


Experimental B.E. 
(in Mev) 


0.12+0.26 
2.20+0.14 
2.36+0.12 
3.08+0.09 


Hypernucleus 
1.06 (exponential) 
4.46 (Gaussian) 

4.46 (Gaussian) 

8.17 (Gaussian) 


aH* 
aHe* 
AHe® 
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TABLE IV. Semiempirical parameters of Dalitz and Downs. 


Singlet 


“Sis —0.53f 
f 3.67 f 


Triplet 
—27 0 ihe 
19 


tions for 6 and X: 


B BF 


8? 
a 2 2mr4 2A(aot+B)? 
1 2¢ 


ro=—t+ 


B m4 


278 


8(a0+B)? A4ao(ao+B)" 


where A*/\‘ is u/3 and 3y for singlet and triplet states, 
respectively. The values of a and ro corresponding to 
the Gaussian central potential determined” by Dalitz 
and Downs from hypernuclear data are given in 
Table IV. 

Using the numerical values of a and ro from Table IV, 
we can solve (44) for 8 and \4. Obviously there again 
exists a number of possible solutions. A set of acceptable 
solutions are given in Table V. 

We thus conclude that restricted symmetry hy- 
pothesis is consistent with the present hypernuclear 
data. It may be remarked here that a similar conclusion 
was also reached by Lichtenberg and Ross? for the 
present problem; however, their discussion is based on 
a potential obtained from the field-theoretic treatment. 
We may further point out that recently in analyzing the 
K--nucleon interaction data, Prentki and d’Espagnat® 
and also Gupta’ have shown that the restricted sym- 


TABLE V. Potential parameters fitted to give the a and ro 
of Dalitz and Downs. 


Singlet Triplet 


1.80 f 
0.145 f-3 


“4 92 f 
»4 0.478 {3 


In fact, Dalitz has assumed the ranges of the potentials from 
semitheoretical considerations and determined only the strengths 
of the potential from hypernuclear data. Hence, the values of \“ 
and 8 which we have determined should be regarded as only one 
of the possible sets which reproduce the observed binding energies. 

18M. L. Gupta, Nuovo cimento 16, 737 (1960). 
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metry model is quite successful in explaining the data 
where one knows in advance that global symmetry 
fails. 

8. FINAL REMARKS 


It should be remarked that the conclusions drawn in 

this paper are not completely free from objections be- 
cause of the number of assumptions made in the 
calculations. First, the low-energy A-N scattering pa- 
rameters deduced on the basis of global symmetry will 
depend also on the high-energy behavior of the N-N 
scattering because of the possibility of the transitions 
AN = =N which involve-the rather high-energy change 
~75 Mev; therefore, before giving a final judgment, 
one has to see whether the separable nonlocal V-N 
potentials fitted to low-energy V-N data can also satisfy 
high-energy N-N data. Secondly, it is necessary to 
establish that the shape-independent parameters such 
as scattering length and effective range alone are 
significant for the calculation of the binding energies of 
light hypernuclei. It has long been known that in the 
case of the normal triton, the results for the ground- 
state energy are highly well-shape dependent. Most of 
the present-day calculations on hyperfragments suffer 
from this uncertainty. Next, the effects of three- and 
many-body forces between A and nucleons have been 
neglected. The calculations of Weitzner'® and Spitzer'® 
suggest that there could be an appreciable effect of 
three-body forces. However, it has recently been shown 
by Liul’ka and Filimonov" that such effects are quite 
small and negligible. Finally, for a rigorous demon- 
stration of the validity of the restricted symmetry 
hypothesis we must calculate the stimulated decay of 
A in the hyperfragment, realizing that the decay can 
go partially through =-decay channel. This evidently 
requires the knowledge of the relative probabilities of 
A and = in the hypernucleus, which can be calculated 
from the solution of the system of Schrédinger equa- 
tions using the potentials (43). 
14 A, Salam: Ninth Annual International Conference in High- 
Energy Physics, Kiev, 1959 (unpublished); also his lecture at 
47th Indian Science Congress, Bombay, 1960 (unpublished); M. 
Ross and G. Shaw, Phys. Rev. 115, 1773 (#959); T. Sakuma and 
S. Furui, Progr. Theoret. Phys. (Kyoto) 23, 1960); and 
S. S. Saxena and S. N. Biswas, Nuovo cimento, 17, 749 (1960). 

16H. Weitzner, Phys. Rev. 110, 593 (1958 

16 R. Spitzer, Phys. Rev. 110, 1190 (1958 

17 VY, A. Liul’ka and V. A. Filimonov, Soviet Phys 
(10), 1015 (1960) (translation). 
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